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Abstract

We consider a technique for deriving exact analytic coherent structure
(pulse/front/domain wall) solutions of general NLPDEs via the use of
truncated invariant Painlevé expansions, and prove that these solutions
satisfy the corresponding traveling wave reduced ODE (as conjectured
by Powell et al. [57]). Thus, they not only provide ‘partial integrability’
in Painlevé’s original sense but also a parameterization of the
homoclinic or heteroclinic structures of the traveling wave reduced
ODEs. Coupling this to Melnikov theory, we then consider the
breakdown to chaos of such analytic coherent structure solutions of
various long-wave and reaction-diffusion equations under forcing. We
also demonstrate that similar treatments are possible for integrable
systems (where the soliton/kink solutions represent the homoclinic/
heteroclinic structures of the reduced ODEs) using the well-studied
forced sine-Gordon equation as the main example. A method of treating
the dynamics of the system prior to the onset of chaos by the use of
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intrinsic harmonic balance, multiscale or direct soliton perturbation
theory is briefly discussed. It is conceivable that resummation of such
perturbation series via the use of Pade approximants or other
techniques may enable one to analytically follow the homoclinic or
heteroclinic tangling beyond the first transversal intersection of the
stable and unstable manifolds and into the chaotic regime.

1. Introduction

There has been considerable interest in coherent structure solutions
of nonintegrable nonlinear partial differential equations (NLPDESs) [1, 2,
6, 20-22, 31-34, 44, 50, 51,] since these provide an organizing structure to
the space of solutions. In a very rough sense, this is somewhat analogous
to the way in which families of soliton solution act as basic building
blocks for the solution space of integrable equations. Recent work,
primarily in the context of generalized Ginzburg-Landau amplitude
equations in pattern-forming systems, has included the existence of pulse
(solitary wave), front (shock) and domain wall coherent structures using
center manifold techniques [28, 42], as well as investigations of periodic
and quasi-periodic solutions [3, 24-26, 29]. Another, more physics-
oriented, approach was developed by van Saarloos [65, 66] to investigate
linear and nonlinear marginal stability of fronts. This approach has been
comprehensively reviewed by van Saarloos and Hohenberg [67] in the
context of generalized Ginzburg-Landau equations. Using the idea that
spatio-temporal coherent structure solutions of NLPDEs, whether
periodic, quasi-periodic, or chaotic must obey the underlying singularity
structure, Conte and co-workers [19, 20, 46, 50, 51] have used methods
related to the Painlevé test for integrability [17, 62] and its modifications
[18] to derive families of solutions of the complex cubic and quintic
Ginzburg-Landau equation. Also, using phase-plane techniques on the
ordinary differential equation which must be satisfied by any traveling
wave solution to the real Ginzburg-Landau equation, Powell et al. [57]
have re-derived and significantly elucidated several of van Saarloos’
results [65, 66] in a completely different manner. In addition, they use
simple analytic solutions of the PDE obtained using truncated Painlevé
expansions [13], together with ideas from phase-plane analysis, as well as
absolute versus convective instability of waves to (a) show that
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front/pulse solution of the PDE must satisfy the traveling wave reduced
ODE asymptotically, and (b) derive conditions for the accessibility of the
solutions from compact support initial conditions.

To date, the approaches to the analysis of coherent structures may
broadly be classified into three groups. First, there is the phase-plane/
center manifold qualitative analysis of traveling wave reduced ODEs to
prove existence and stability of coherent structures [58]. The second
approach consists of actual construction of coherent structures via
numerical simulation of the traveling wave reduced ODEs. The third
approach comprises containment arguments wherein, starting from the
correct boundary condition at one end of the interval, one shows that at
the other end the solution asymptotes to a constant value and thus
corresponds to a coherent structure, rather to shooting off to oo — these

may often involve tricky analysis.

In this paper, we shall primarily consider two things. The first is a
proof that certain, constant celerity, classes of solutions (whether pulses
(solitary waves) or fronts (shocks or kinks)) obtained using truncated
Painlevé expansions (or regular Painlevé expansions) are indeed
traveling waves and thus satisfy the corresponding reduced ODE. The
motivation for looking for this comes from the conjecture in [57], as well

as its applicability in various areas of nonlinear science.

The second main focus in this paper will be to use the above result to
develop a new, direct method of treating the behavior of coherent
structure solutions of both nonintegrable and integrable NLPDEs under
stresses such as forcing. The primary advantage of the method developed
here will be its simplicity. However, a key assumption that will go into
this approach is the assumption that a coherent structure which has the
functional form of a traveling wave would remain a traveling wave under
stress, and also not be disrupted by phenomena such as resonances [69]
so that one could deal directly with the forced traveling-wave-reduced
ODE system. In addition, one needs to be in regimes where the dynamics
is dominated by interactions among stable coherent structures [14].
These are motivated by a large body of accumulated evidence. However,
the results still need to be validated ‘a posteriori’. Note that this approach
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is clearly not expected to capture the full dynamical behavior of the PDE
in all regimes — that would require numerical or perturbative treatment
of the PDE. However, it will be seen to treat the evolution of coherent
structures accurately and also capture the dynamics in regimes

dominated by their interactions.

The approach here is, in a sense, an attempt to connect the first two
approaches to coherent structures mentioned above by providing explicit
expressions for non-trivial coherent structures, which are indeed
traveling waves. These are then considered in the context of modeling

forced nonintegrable and integrable systems.

Note also that the modeling aspect considered here is the actual
transition to chaos, since this provides a non-trivial and direct application
of the coherent structure solutions. However, the bifurcations and
dynamics in the pre-chaotic regime may be treated by diverse techniques,
including possible extensions into the chaotic regime. This is considered

in Section 6 and will be the subject of future work.

The remainder of this paper is organized as follows. Section 2
considers some classes of analytic solutions obtained via invariant
Painlevé analysis of various long-wave and reaction-diffusion equations.
Section 3 considers a simple proof that the conjecture in [57] is valid for
such classes of solutions. In fact, once the class of solutions is identified,
the proof is trivial in the regular Painlevé formalism, although it is less
so in the invariant Painlevé formalism whence solutions are usually
derived. These solutions are then used in Section 4 in the modeling of
forced nonintegrable NLPDEs, while Section 5 considers a related
treatment of forced integrable systems. Finally, Section 6 summarizes the

results and conclusions and also briefly considers possible future work.
2. Some Classes of Invariant Painlevé Solutions

In this section, we first briefly summarize the invariant Painlevé
formalism [17].

2.1. Invariant Painlevé formalism

For an NLPDE that is algebraic in U and its derivatives
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EU, x,t)=0,
around a movable singular manifold
¢—¢9 =0 2.1)

one looks, in the invariant Painlevé formulation [17], for a solution as an
expansion of the form

U= U, (2.2)

where the coefficients U; are invariant under a group of homographic

(Mobius) transformations on ¢. The expansion variable x, which must

vanish as (¢ — ¢g) is chosen to be

v = (6 d0) 052

X

The variable y satisfies the Ricatti equations

Te =1+ %sz, (2.32)

1
Xt = —C + CxX < E(CS + Cxx)Xz’ (2.3b)

while the variable y satisfies the linear equations

1
Yex = ) Sy, (2.4a)
1
Y = 9 ¥ — Cy,. (2.4Db)

Note that the systems of Eqs. (2.3) and (2.4) are equivalent to each
other. In (2.3) and (2.4), the quantities S (Schwarzian derivative) and C

(the “dimension of velocity” or celerity) are defined by

2
S EM_E(%j , 2.52)
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C = —¢;/b, (2.5b)

and are invariant under the group of homographic (M&bius) or fractional
linear transformations [44]

_)a(|)+b
co+d’

ad —bc =1. (2.6)

These homographic invariants are linked by the cross-derivative

condition (G = Opaax)
S, + Cppp +2C,.S + CS, = 0. 2.7

This formalism has been used to derive various classes of exact
coherent structure solutions for various equations. The general procedure
involves substituting truncated invariant Painlevé expansions into the
governing NLPDE(s). In other words, if the leading-order analysis

indicates a dominant singularity of order ¢ * about the arbitrary

singularity manifold ¢(x, t) = 0, then one substitutes a truncated version

of (2.2), i.e.,

U, U.
U==94y -1 4.4 .
o a-1 oa-m

x x x

(2.8)

This typically yields coupled systems of NLPDEs for the coefficients

U,,(x, t) in (2.8). For subsequent use in Section 3, we stress here that,

within the invariant Painlevé formalism, these coefficients are thus
functions of the homographic invariants C and S and their derivatives.
Note also that, unlike for non-invariant Painlevé expansions, no
derivatives of y occur in these equations since these are eliminated in the
invariant formalism by the use of the Ricatti equations (2.3). However,
quite often, the NLPDEs for the U,,(x,t)s are too hard to solve in

general and so solutions are typically (though not always) obtained by
making the assumptions that the homographic invariants C and/or S are
constants (see [17, 18] and the references therein for further details).
Certain other classes of solutions of these equations may sometimes be
obtained without this assumption (using Painlevé’s method of

subequations for instance). It is these classes of invariant Painlevé
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solutions which we shall mainly consider here. In particular, we shall
prove that, as conjectured by Powell et al. [57] for arbitrary solutions
obtained from Painlevé analysis, these classes of exact solutions of the
NLPDE resulting from a direct application of Painlevé analysis to the
PDE are indeed traveling wave solutions. Thus, they satisfy the traveling
wave reduced ODE and thereby provide explicit parameterizations of its

homoclinic/heteroclinic structures.

In the next two subsections, we summarize such classes of analytic
solutions of various long-wave and reaction-diffusion equations obtained
by the above procedure and which we shall use subsequently. Following
that, we then prove in Section 3 that such solutions must indeed satisfy
the traveling wave reduced ODE.

2.2. Solutions for the long-wave equations

Following the above procedure, several classes of solutions have been
obtained for various important NLPDEs using truncated invariant
Painlevé expansions. We first consider various long-wave equations [5,
27, 70], followed by some reaction-diffusion equations. The Benjamin-
Bona-Mahoney (BBM) equation (sometimes known as the regularized
long-wave (RLW) equation)

U, +U, +U0U, -U,; =0 (2.9)
was derived by Benjamin et al. as a description of long waves in shallow
water in lieu of the famous Korteweg-de Vries (KdV) equation [14], which

1s a soliton equation solvable by inverse scattering. The modified
Benjamin-Bona-Mahoney (MBBM) equation

U, +aU, +bUU, +cU,, =0 (2.10)

is, similarly, an alternative to the modified KdV (MKdV) equation, which
i1s also an integrable equation solvable by the inverse-scattering
transform. The symmetric regularized long-wave (SRLW) equation

Uy, +aU,, + %b(Uz ) + cUsaty = 0 @.11)

arises in various physical applications, including ion-acoustic wave

propagation in neutral plasmas. It is an alternative to the Boussinesq
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equation, which also arises in numerous contexts and is also completely

integrable by the inverse-scattering transform.

The BBM equation has the analytic solution (see [15, 16, 37, 40, 41]):

URM - N/D, (2.12a)
with
N = (& + &){C -1 -20CQ?}
+{4CQ% + C ~1H{(cf - cB) m(x, 1) - 2cregya(x, 1)}, (2.12b)
D = 2{¢; cos(QE) - Bsin(QE)}7, (2.120)
where
E=x-CT, (2.12d)
yi(x, t) = cos(2Q¢), (2.12¢)
Y2(x, t) = sin(2Q¢), .12

and C, @, ¢; and cy are arbitrary.

Another class of solutions is:

UBBM _ -3(C - 1)[ery3(x, t) + 02y4(xZ, 1) , (©.132)
2c1y4(x, t) — coys(x, t)]
with
_ L
ys(x, t) = sin (02—51)2% : (2.13b)
_ L
y4(x, t) = cos (02—81j2% , (2.13¢)
and
g = (x - Cp). (2.13d)

Similarly, use of an invariant truncated Painlevé expansion yields the
following class of solutions of the SRLW equation (2.11) with a = b =1,
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c=-1:
(ZOC - 1) [Clyﬁ(x’ t) - 02y5(x7 t)]
y5(x, t) = Sin|:—\/2027—1:|’ (2.14b)
yG(x, t) = COS{%}, (2140)

where & = (¢ — Ct), ¢; and ¢y are arbitrary constants, and C is a root of

the cubic equation
1-20C + 9C* - 20C? = 0,
le.,
C =0.0510393 or C = 0.19948 +i0.969456.

The BBM and SRLW equations also possess other well-known
analytic solutions which we summarize briefly here for the sake of
comparison. First, there are the well-known families of one-parameter

traveling wave pulse solutions

1

UBPM(x, t) = 3(1 - C) sech? (C;—Eljz(x - Ct)+ xq |, (2.15)
2 2 1\2
UitV (x, ¢) = S(C 1Jsech2 (C 1J (x — Ct)|. (2.16)

The use of non-invariant Painlevé expansions truncated at different

levels yields additional solutions

Ct
2 [C“CZ 1)
12cicoe -
URPM = S =, (@ =C?) (2.17a)

9 x+C2_1
(C*)icee + Cg
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_ 2
pBBM _ 12 (2.17b)

[a(x —8)+ 2P
and

SRLW _ i1202ccheC(x—Ct)

.
C[xirt]
VC? —1{¢e Vet Co

(2.18)

2.3. Solutions for various reaction-diffusion equations

In a similar manner, one may obtain classes of solutions of various
interesting reaction diffusion equations (see [16, 57, 62] for the original

references where these equations were considered):

U, - U, +%(b+U)(1 _U) 2.19)
U, =BU?1-U)+ DU,, (2.20)
U, =UQ-U?)+U,,. (2.21)

Of these, (2.20) and (2.21) are the well-known Fisher-Kolmogorov
equation and the real Ginzburg-Landau (also known as Newell-
Whitehead) equation. Invariant Painlevé expansions truncated at various
levels yield the following solutions of the above equations.

For (2.19), we have the solution

u® - ig + %(2 —2b - CV2b), (2.22)
where
4l COS(Q&J) —Co Sln(QE.a) (223&)

x= —Q|cg cos QE + ¢; sin QE]’
£=x-Ct (2.23b)

and C has one of the values
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—VJ2 - 2420
C=————=¢C 2.24a
2\/3 1 ( )
2 + 20
C=———"""=C 2.24Db
2\/3 2 ( )
242 + /25
C=—"—=0Cs. 2.24c¢
2\/5 3 ( )
A class of solutions of (2.20) is given by
U _ +w/2D/[3 N 2D 7 Cy2D/B 2.95)
Ty 6D ’ )
where y is given by (2.23), with
2
S = ¢ -2Dp 22DB = 2Q° (2.26)
6D
and
3 2 9
zﬁ(l T Lj _ 23(1 T Lj + QC ﬂ =0. (2.27)
3 " 328D 3 " 3J2BD p 6D>

For instance, with D =1, B = 2, we obtain C = -1, or C = 2.
Finally, for (2.21), we have the class of solutions [13]

(3 +v2C) ¢y + (=3 + V2C) e~ COIN2Z

U=z (r—Co)N2,

] for C = +3/V2. (2.28)

6{cy + cie

3. Proof that Invariant Painlevé Solutions Satisfy the
Traveling Wave Reduced ODE

In this section, we shall show that certain classes of analytic solutions
obtained by the use of invariant Painlevé expansions in fact satisfy the
traveling wave reduced ODE. Thus, they not only provide ‘partial
integrability’ in Painlevé’s original sense, but also provide explicit
parameterizations of the homoclinic or heteroclinic structures of the

traveling wave reduced ODE. Such solutions directly obtained for the
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PDE will therefore satisfy the conjecture of Powell et al. [57] which was
discussed in Section 1 (and tested out in [16]). We shall see that this
feature of such analytic solutions will also be very useful in our
subsequent treatment of forced NLPDESs.

In particular, let us consider the classes of solutions corresponding to

C, =0, i.e., solutions where the celerity is a function of ¢ alone. Equation

(2.7) then shows that
S = S(x - Ct). 3.1)

Using this, both (2.4a) and (2.4b) imply that

v = y(x - Ct). (3.2)
Hence

X = N X(x — Ct). (3.3)

X

As stressed in Section 2.1, the expansion coefficients U,,(x, ) in the

truncated expansion (2.8) are functions of C, S, and their partial
derivatives. Thus, if C;, = 0 as well, i.e., for classes of solutions with

C = constant (3.4)

these expansion coefficients are functions of (x — Ct) as well. Using this

and (3.3) shows that any classes of constant C solutions obtained from
truncated invariant Painlevé expansions like (2.8) will explicitly be

functions of (x — Ct), and hence satisfy the traveling wave reduced ODE.

Note that, as mentioned in Section 2.1, most classes of analytic solutions
are derived assuming constant C for operational purposes, although other
classes may sometimes also be obtained (for instance by Painlevé’s
method of subequations or by iterating Bécklund transformations).
However, most classes of smooth solutions obtained by these other
methods turn out to have constant C, except for non-smooth solutions
such as the cuspons and peakons of the Camassa-Holm equation. They
will thus provide explicit expressions or parameterizations for the
heteroclinic or homoclinic structures of the traveling wave reduced ODE
(corresponding to front (shock) or pulse (solitary wave) solutions of the
PDE respectively).
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Two generalizations of the above result are immediate. The first is for
solutions of equations in more than one spatial dimension and the second
is for NLPDEs whose Painlevé analysis yields more than one singularity
branch.

For NLPDEs in (2 +1) for instance, (2.7) is supplemented by the

conditions
Sy + Kypy +2K,S + KS, =0, (3.5)

Cy, - K, +C,K-CK, =0 (3.6)

and (2.4) is supplemented by

1
Vy = EKxW - K\Ux’ (3.7

where
K = ~0, /0y (3.8)

Now, for classes of solutions with C and K constant, (3.6) is trivially
satisfied, while (2.7) and (3.5) show that

S = S(x - Ky - Ct). 3.9
Using this, (2.4) and (3.7) show that

v = y(x - Ky — Ct) (3.10)

and hence

7= = y(x - Ky - Ct). (3.11)
Vi

Thus, by the same reasoning as above, all coefficients as well as y in the
truncated invariant Painlevé expansion for the solution (the series is
similar to (2.8) except that all quantities occurring in it are also functions

of y) are functions of (x — Ky — Ct). Thus such classes of solutions

corresponding to constant C and K will indeed be traveling wave

reductions and satisfy the traveling wave reduced ODE.

The second extension corresponds to solutions which are constructed
using more than one singularity branch (if the PDE admits more than

one branch of singularities). There are of course a very large number of
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such cases, such as the bright soliton of the Nonlinear Schrédinger
Equation which is most easily constructed using two branches (while the
dark soliton requires only a single branch [19, 56]. Say that a solution is

constructed based on a truncated invariant expansion with two

singularity manifolds yx; and coefficients U,(ei) for branches i =1, 2, i.e.,

m U(l) my U(Z)
U = Z o Z k. (3.12)

k=0 X1 k=0 X2

As for the cases above with one singularity branch, the coefficients

depend on the homographic invariants S; and C; and their derivatives.
For classes of solutions where the C;’s are constants, the analogs of (2.7)
for each branch show that

S; =S;(x-Cit), i=1,2,.. (3.13)
while the analogs of (2.4) for each branch reveal that

v; =vy;(x-Cit), i=1,2,.. (3.14a)

xi = xilx-Cit), i=1,2, ... (3.14b)

Thus, when (3.13-3.14) and C; = constant are used, the coefficients in

(3.12) take the form
Ul = Ud(Cy, Sy(x - Cit), Syl — Cyt), Syl - Cit), o
Cy, So(x — Cat), Sgy(x — Cat), Sor(x — Cot)-++)
= UV (x - Ct, x - Cyt). (3.15)

From (3.12), (3.14) and (3.15), it is now apparent that such classes of
solutions corresponding to the C;’s constant will be functions of

(x — C;t), and thus will satisfy the traveling wave reduced ODE. Also, as

is quite well known, this also indicates that such solutions may
correspond to bidirectional waves for any NLPDE, such as the Boussinesq
equation, where two of the singularity branches may have celerities

(C;’s) of opposite signs.
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This completes the proof. In the next section, we consider forced
NLPDEs where the classes of invariant Painlevé solutions we have
considered in this section will be seen to be important.

4. Forced Nonintegrable Systems

Forced systems arise in many areas (see [36, 38, 52, 54, 61] for
instance), such as the famous Stokes layer problem [68], surface waves
due to time-dependent pressure [60, 74], surface waves in viscous fluids
moving down an inclined plane with an uneven bottom [8, 59], or a very
large variety of configurations involving forced systems of oscillators ([36,
38, 52, 54, 61] for example). In addition, there have also been marginally
related studies of forced integrable systems, such as the forced KdV,
forced Nonlinear Schrodinger Equation, and forced Sine-Gordon systems
(see [9-11, 30, 55, 63] for instance). While studies of forced integrable
systems have made extensive use of the geometry, studies of forced non-
integrable systems have usually involved numerical simulations
supplemented by perturbative/geometric perturbative approaches.

In this section, we shall see that use of the ideas we have considered
earlier allows us to analytically treat the breakdown (to chaos) under
forcing of coherent structure solutions of both integrable and non-
integrable systems. For the sake of accuracy, this statement should be
supplemented with the coda that we shall be able derive the threshold for
the onset of chaos under forcing. However, the analytical consideration of
the actual dynamics prior to the onset of chaos would still require the use
of multiscale perturbation theory (for forcings which are fast compared to
the intrinsic system timescale) [54], or direct soliton perturbation theory
(see [71]-[73] and the references therein for instance for recent reviews)
for forced integrable systems. It is also conceivable that resummation of
these perturbation series [4, 7] may enable one to analytically follow the
homoclinic or heteroclinic tangling beyond the first transversal
intersection of the stable and unstable manifolds and into the chaotic

regime (see [64] for instance).

In order to set the stage, we shall first consider a forced reaction
diffusion system which is of relevance in modeling stirred-tank open
reactor systems [23, 35] used in studies of nonlinear chemical systems,
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two-dimensional Turing pattern formation and so on. It will be seen that
the analysis goes through relatively smoothly in this example, although
even here a particular ordering of the various terms is essential.
However, subsequent examples will illustrate the possible complications,
and show how these may be circumvented by the use of the ideas and
classes of coherent structure solutions which were considered in Sections
2 and 3.

Consider the forced reaction diffusion system
U, =U,, + f(U)+ F cos wt (4.1)
for various possible nonlinear reaction terms f(U). If we consider

coherent structure (pulse (or solitary wave), and front (or kink or shock))
solutions of this equation in the form of traveling waves (this is the
typical situation, see [49] for example), then we have

dUu _ d°U

e = o + f(U) + Fcos{ ofx - )} (4.2)

for the ODE governing them and where z = x — ct. If the parameters c
and F, corresponding to the wave speed and the forcing amplitude, are
ordered as (the motivation for this is to ensure that the unforced ODE
may be integrated relatively simply, and similar orderings are thus fairly
common for various forced systems, including forced integrable systems
such as in [30]):

¢ =¢Cy (4.3a)

F = ¢F,, (4.3b)

where ¢ 1s a small parameter, equation (4.2) becomes

‘f;] - FU) = o Fycos HE=h s o T @9

Picking the reaction function to be the real Ginzburg-Landau (Newell-
Whitehead) one (see [13, 27])

f(U) = +U? -1)U (4.5)

and defining
x=U (4.6a)
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x9 = dU/dz, (4.6b)

equation (4.4) may be written in the standard perturbed Hamiltonian

form suited to setting up a Melnikov integral [36, 52]

X=f+e8, (4.7)
where
f =[xy, F 2 (xf - 1)]T (4.8)
3 - aut
g = {0, -Fy cos{w(zToz)} - ¢ d_Z} . 4.9

Hence, we may set up the Melnikov integral as
MO = [ |f()x &+ 0)]dz

o(x —z-0)
€Cp

—00

= TLJ. ; 2sech?(2z) {FO cos{ } + 2cosech2(22)} dz

= 72F, cosf[a(x — 9)]J. cos(az)sech?(2z) dz
T 2F, sinfo(x — 9)]I sin(az)sech?(2z)dz — 4COI sech?2zdz

= 72F, cos[a(x — 9)].[ cos(az)sech?(2z)dz — %co, (4.10)

where
o = of/ecy (4.11)

and we have used [36, 52] the standard closed-form expressions for the
heteroclinic orbits of the unperturbed Hamiltonian system in (4.7) and
associated values of various integrals in (4.10) which occur commonly in

Melnikov analyses. For typical parameter values © = 0.1, e = 0.1, ¢y =1

for instance, (4.10) yields

M(0) = ¥0.188276 cos(x — 0) — g (4.12)

Thus, for cos(x —0) = +1 for the upper/lower signs respectively, the

Melnikov function has a simple zero. As is well known, this corresponds
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to the first transversal intersection of the stable and unstable manifolds
of the saddle points of the unperturbed Hamiltonian system in (4.7) and
corresponds to the onset of chaos. For the above parameters, this occurs
at a value of the forcing Fy = 1.4747. Of course, as the forcing amplitude

is turned up, one could numerically track the actual breakdown of the
heteroclinic half-orbit in the usual way [36, 52,]. If we consider
parametric forcing, for instance if F in (4.2) is replaced by uF, the above

computation may be redone yielding

M(0) = 2F, sin[o(x — 9)]J wwsin(ocz)tanh(Zz) sech?(2z)dz

* 2
—4COI sech®2zdz

-0
= —0.452068 F} sin a(x — 0) — %co. (4.13)

For the same parameters as above, the onset of chaos now occurs at

larger values of forcing, i.e., Fy > 5.899.

Before we leave this first, elementary example, we should stress two
features. First, consideration of traveling wave coherent structures of the
PDE (4.1) effectively reduces our problem to an ODE. However, the
unforced ODE in this example is easily integrable in terms of elementary
functions, and this yields expressions for the heteroclinic orbits of the
unforced system in (4.7). Secondly, the original PDE is an infinite-
dimensional system which couples all x values in the domain of the
problem. However, in considering the forced traveling-wave reduced ODE
(4.2/4.7), we are in fact assuming that the coherent structures retain
their traveling wave form well into the forced regime. Strong support for
this comes from the robustness of the coherent structures under
perturbation ([8, 12, 38, 43, 47, 54, 59-61, 68, 74,] for instance), but
results need ‘a posteriori’ validation. Note that this is provided that we
are in regimes dominated by stable coherent structures [14] in the
absence of resonances [69]. In computing and interpreting the Melnikov
function, we thus take the point of view that we are in fact dealing with
an ODE, with the x taking one, but arbitrary, value. Carrying this

further, if the Melnikov function goes to zero now at any x, then there will
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be onset of chaos. Note that the important point above is that x may take
any value. In a very imprecise sense, this is analogous to the ‘method of
normal modes’ in hydrodynamic stability analysis, where one allows the
wavenumber k to take one, but arbitrary, value and then sees whether
the system may be unstable at any k (except that linear systems are dealt
with there). This & value is then the one mode among the infinity of
wavenumber values for the various modes which is most unstable, or goes
unstable first. Note that the traveling wave reduced ODE is not expected
to predict full dynamical or bifurcation behavior of the PDE accurately.
As discussed, this needs numeric or perturbative work on the PDE.
However, as we shall check ‘a posterior?’, it captures the qualitative
evolution of coherent structures accurately.

Let us consider a second example next in order to see possible
complications, as well as ways around them. Considering traveling wave
solutions of the real Ginzburg-Landau (Newell-Whitehead) [13, 27]
system (2.21) [47, 57, 62] as above, it is straightforward to verify that the
resulting ODE cannot be integrated in terms of elementary functions, but
one requires the use of elliptic functions. Of course, elliptic functions
solutions are widely used in different contexts, such as water waves and
various other areas in general (see [45, 48] for instance). However, the
solutions obtained from invariant Painlevé analysis give direct ‘partial
integrability’ in terms of elementary functions, and, as discussed in
Section 3, they are in fact traveling wave reductions. Hence, we may use
these direct solutions in (2.28) for the PDE (2.21) as a simple explicit
parameterization for the heteroclinic orbits of its traveling wave reduced
ODE (connecting the saddle points at (+1, 0). Notice too that one need

not order some of the terms to be smaller than others, as was needed in
the earlier example. Hence, for the forced version of (2.21), i.e., (4.1) with

fU)=U@1-U?) (4.14)

and forcing function of the form F; cos(ot)+ Fy, the corresponding

traveling wave reduced ODE (4.2) may be written in the form (4.7) (using
(4.6) and setting ¢ = 1) with

3 3 T
f = |:.’Xf2, —X1 + X1 _Ex2:| (415)
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T
g = {O, -F COS{M} - Fy sin{MH . (4.16)

Thus, the corresponding Melnikov function is

M(0) = —F cosa(x — 0)I; — Fy sina(x — 0) Iy — F, (4.17a)

I - J' _01 cos[oc 2n1n{—2—i(1 J[}U)HdU (4.17b)

I, = J_Ol sin{oc ann{—Z—i(l ;]U)H dU. (4.17¢)

Here, o = \/E(D/S, and we have chosen U for the case C = 3/\/5 in (2.28)

for x;, and its derivative (with respect to z = x — Ct) for x5. Thus, for

the typical parameter values below, the Melnikov integral goes through a

simple zero for

3
a. Fy/Fy, >9.567 for o =—=, a=1 ¢ =c¢cy =1, (4.18)
1/ 2 @ 1 2

b. F1/Fy >21.9092 for o =1, o = g, ¢ =c¢y =1 (4.19)

The above approach may clearly be used for any nonintegrable PDE
where nontrivial families of coherent structure solutions are obtained by

invariant Painlevé analysis, e.g., for the long-wave equations. Thus, for
the solutions UIBBM in (2.13) of the BBM equation (2.9), under forcing of
the form F cos(wt)+ Fy, for typical parameter values c¢; arbitrary,

co = 0, the onset of chaos occurs at:
a. Fo/F, > 2839 for o =1/2n (4.20)
b. Fy/F, > 657.4 for o =1. (4.21)

Clearly, the other solutions to the long-wave equations in Section 2 may
be treated in a similar fashion.

At this point, before concluding the discussion of forced nonintegrable

systems, it is worth briefly mentioning one other related point, which is of
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crucial importance in actual physical modeling applications. In [22] and
[34], the typical approach taken to invariant Painlevé analytical solutions
of nonintegrable PDEs was to consider their real parts for real values of
the arbitrary constants in the solutions (e.g., the ¢;’s in (2.12)). However,

for these to be meaningful physical solutions of the physical PDEs, these
constants need to be chosen such that the full analytical solutions are

themselves real. For instance, the solutions UIBBM in (2.12) may be

shown to be real if

CirCop = —C1iCo; (4.22)
where the r and i subscripts denote the real and imaginary parts of the
constants ¢; and cy. An example is shown in Figure 1 for the real solution

uPPM for parameter values C =05, ¢ =51-ivV2), cg =2 +i

satisfying these conditions. The solution is a real solitary wave or pulse
with asymptotic value 3 (C —1)/2 at both ends.

Figure 1. UPPM in (2.13) for C = 0.5, ¢; = 5(1 — iv/2), and ¢y = V2 +i

satisfying (4.22). In the (&, UIBBM) plane, it is a pulse with asymptotic
values 3(C -1)/2 as & — o,
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Similarly, a fairly involved calculation reveals that, for

Q = q, +igq;, (4.23)

the solutions UIBIBM are real for:

g, =0 (4.24a)
and
Cor = —Cljs C1p = —Coj
or
Cor = €15 C1p = Cgj
or
Cor = —Cois  C1p = €1
or
Cop = Coj, C1p = —Cqj- (4.24b)
OR
q; =0 (4.25a)
and
cor =¢13 =0, ¢ = Feg;
or
Cop = —Cgj, C1; = FCgj, C1p = *Cy;
or
Cor = C2i, C1j = +C2j» C1r = +Cgi
or
Cor = ¥C1ps €15 = FC4
or

Cor = FCg;, C1; = FCqp
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or
Cip = FCor, Coi = FCyj- (4.25b)

In (4.25b), either the upper or the lower signs apply, but one should
not mix an upper and a lower sign. Note too that the cases in (4.24) have
q, = 0 and will be genuine real and spatially confined coherent structure

solutions of the BBM equation, while those in (4.25) with g; = 0 really

correspond to solutions which are periodic and thus not spatially confined
coherent structures. An example of the former is shown in Figure 2 for
parameters C = 0.5, @ =i, ¢; = (1 —i)n, cg = (1 +i)n satisfying (4.24).

The solution is a solitary wave with asymptotic values

lim UBPM = 4c@? + ¢ -1, (4.26)

z—to

and this would be readily apparent in a (&, UI]%BM) plot. Figure 3 shows a
periodic, non-coherent structure wave-train for C =2, @ =1, q; =0,

and ¢; = ¢g = (1 —i)n corresponding to (4.25).

Figure 2. U™ in (2.12) for C =05 Q=i ¢ =(1-i)n, and
co = (1+i)n satisfying (4.24). In the (¢, URPM) plane it is a pulse with

asymptotic values (4CQ% + C —1) as & — +w.
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u_II,BBM

-1000

Figure 3. Periodic case of UI]%BM in (2.12)for C=2, @ =1, g; =0, and

BBM

¢; = cg = (1 -1i)n corresponding to (4.25). In the &, Ui plane, it is a

periodic wave-train.

This concludes our discussion of forced nonintegrable systems, and we

next briefly consider forced integrable systems in a similar fashion.
5. Forced Integrable Systems

Given the above, the effects of forcing on multisoliton solutions of
integrable PDEs may now be treated in a manner analogous to Section 4.
Note that there is an extra issue here, viz. the compatibility of the forcing
and the initial conditions [54].

Consider the forced damped driven nonlinear Sine-Gordon equation
which has been considered extensively before, although from a completely
different perspective using its rich geometry and also using direct
numerical simulations [9-11, 30, 55, 63]

Uy; - U, +sinU = g[-aU, + I sin of]. (5.1)

Note that we have ordered the terms as in earlier studies, i.e., both the
damping and driving (the perturbation or stress terms) are weak or

ordered to be O(g) for the reasons discussed in Section 4, i.e., so that the
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unperturbed or unstressed system is easily integrable. Several earlier
studies focused on cases where the initial unperturbed, i.e., undamped
and unforced, configuration was the breather solution of the Sine-Gordon
equation. Since our approach is very direct, we shall consider cases where
this unperturbed configuration is either the 1-kink, 2-kink, or the

breather solution of the SG equation.

For the one-soliton (kink) solution of the unperturbed system (the

Sine-Gordon equation)

U=4 tan_{exp{wﬂ 5.2)

1—02

we may, exactly as in Section 4, cast the traveling wave reduced ODE in

Hamiltonian form and hence set up the Melnikov integral

M(0) = { . 24a(31)2 J._O:o sechﬂ%} dz
+ \/12_22 i w(x — e)J cos( )sech{%} dz

- \/12_F62 (o(x ~6) I sm( jse hl:m} dz}. (5.3)

Here, z is the usual traveling wave reduced variable (x —ct). Picking

parameters ® = 0.87, ea = 0.04, ¢ = 0.1 corresponding to [9-11, 30, 55,

63], the Melnikov function has a simple zero corresponding to the onset of

chaos for
r

a. o >16.98 for ¢ =09, 2z, =0 (5.4)

b. g >164.48 for ¢ = 0.98, z, = 0. (5.5)

Repeating the process when the initial unperturbed configuration is
the two-kink solution

U, =4 tan_l[(al * azjtan (bg — ¢1)} (5.62)

Qg9 — g
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0; = 4tan1(exp[—ai§ - iD, 1=12,.. (5.6b)
1

éz(x—t)’ T:(x+t)

5 5 (5.6¢)

for @; = 1.5, ag = -2 (so that (a; + a9)/(as — @) > 0) shown in Figure 3,
the simplest way to formulate the Melnikov integral now is to recast the
system in terms of the characteristic variables & and 1 of (5.6¢c) using the

chain rule. Once this is done, one may then consider the equation
T=x-¢§ (5.7

resulting from (5.6¢) at fixed, but arbitrary x (as in Section 4) to obtain
the damped, forced system (4.6)/(4.7) with

f =[xy, —sinx ] (5.8)

T
g= [o, % + el sin o(x — zg)} (5.9)

and the overdot representing d/d&¢. The Melnikov integral may now be

readily evaluated as

M(0) = g{% jj; Ugédg + I sin o(x — ZG)J.jOw Uy cos(208) dg

~T cos o(x — 26)‘[ i Uy sin(208) dé}, (5.10)

where the subscript § indicates a partial derivative with respect to &.
Evaluating this at both ends and the midpoint of an interval of length 24
(as in [30]) for the parameters mentioned above yields the onset of chaos
for

g >13.605 at x =0 (5.11a)
r
5 >6.113 at x =12 (5.11b)
r
. > 3.94 at x = 24. (5.11c¢)
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Clearly, as for the numerical studies, one must take slices at different x
values and see where the lowest g threshold occurs.

Finally, repeating the above for the case where the initial unstressed

configuration is the breather solution
Us = 4tan ' [(1 - 0?) 0! sin(wy) (¢ — vx) sechy(l — ®? )1/2 (x —vt)] (5.12)
with
y=@-0v?)? (5.13)

and we pick v = 0.95, so that the solution is close to a pure traveling

wave. The Melnikov integral may be computed in a manner analogous to

that for the simple one-kink case yielding

M(0) = ¢ loc x2al,2'+1"sinM xg cos| 22 | dz
-1 o2 ¢ o €

— T cos M J._io X9 sin(%zj dz}. (5.14)

For ® = 0.87 as above, the onset of chaos under forcing occurs at

g > 3.779 for ¢ = 0.3 (5.15a)
g > 14.047 for ¢ = 0.6 (5.15b)
g > 36.0445 for ¢ = 0.9. (5.15¢)

This concludes our treatment of the damped, driven Sine-Gordon
equation and we proceed next to briefly discuss our results, consider the
features, validity, and scope of the treatment we have developed here,

and also comment on possible future extensions.
6. Summary and Conclusions

In this paper, we have primarily done two things. The first is a proof

that certain, constant celerity, classes of solutions (whether pulses
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(solitary waves) or fronts (shocks or kinks)) obtained using truncated
Painlevé expansions (or regular Painlevé expansions) are indeed
traveling waves and thus satisfy the corresponding reduced ODE. As
mentioned earlier, the motivation for looking for this comes from its

applicability in various areas of nonlinear science.

The second main focus in this paper was to use the above result to
develop a new, direct method of treating the behavior of coherent
structure solutions of both nonintegrable and integrable NLPDEs under
stresses such as forcing. The primary merit of this approach was of course
its simplicity. However, a key assumption that went into this approach
was the assumption that a coherent structure which had the functional
form of a traveling wave would indeed remain a traveling wave under
stress so that one could deal directly with the forced traveling-wave-
reduced ODE system. As mentioned earlier, this was motivated by a body
of accumulated evidence to this effect [8, 12, 38, 43, 47, 54, 59-61, 68, 74].
Let us now briefly consider how this assumption stacks up, i.e., whether
the results obtained from it validate it a posteriori or not.

In particular, note how close the agreement obtained using this point
of view is qualitatively between the result in (5.15a) and that in [9-11, 30,
55, 63] where the onset of chaos occurs at ¢’ = 0.105 and sa = 0.04, or
for

T _ 0.105
a

> —— = 2. . .
> LoD = 2.625 6.1)

When comparing these, note that we have chosen a breather initial
condition as in [9-11, 30, 55, 63]; however, the breather parameters could
not be exactly matched to those used in [9-11, 30, 55, 63] since the latter
are not completely specified save the localization length and number of
peaks per period). This may be considered to be strong a posteriori
evidence that the direct approach developed in this paper in treating the
evolution of coherent structure solutions under forcing (or other stresses
or perturbations) is accurate. In particular, this does indicate that the
key assumption which was made in this treatment, i.e., coherent
traveling wave pulse and front structures retaining their traveling wave
forms well into the forced regime, is indeed valid. In addition, they

control the dynamics and are not disrupted by resonance effects [14, 69].
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Finally, let us conclude by making some remarks regarding possible
extensions of this work which are in progress. We have considered
thresholds for the onset of chaos in this paper. However, the
consideration of the actual dynamics prior to the onset of chaos is
something that is worth studying further analytically and checking
against existing numerical studies of forced NLPDEs. Possible
approaches that could be tried include multiscale perturbation theory (for
forcings which are fast compared to the intrinsic system timescale) [6,
53], or direct soliton perturbation theory (see [7, 72, 73] and the
references therein for instance for recent reviews) for forced integrable
systems. Another fruitful approach may be to consider both static and
dynamic (Hopf or Flutter) bifurcations in the pre-chaotic regime via the
intrinsic Harmonic Balance Method developed by Huseyin [39]. It is also
conceivable that resummation of these perturbation series [4, 64] may
enable one to analytically follow the homoclinic or heteroclinic tangling
beyond the first transversal intersection of the stable and unstable
manifolds and into the chaotic regime (see [64] for instance). One other
simple possibility, although unlikely to yield results correlated to those
for the actual forced NLPDE and hence of questionable value, would be to
integrate the forced traveling wave reduced ODEs numerically, and study
the results using the standard numerical diagnostics [52].
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