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Abstract 

In this paper, by using the fixed points of strict-set-contractions, we 
study the existence of at least one or two positive solutions to the 
nonlinear four-point boundary value problem 

( ) ( )( ) ( ) ( ) ( ) ( )( ) ,10, <<θ=+−′′ ttyftatytqtytp  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),111,000 21 ηµ=′δ+γξµ=′β−α yypyyypy  

in Banach space E, where θ is zero element of E, ,1,0 <ηξ<  

0,,, ≥δγβα  with ,0>βγ+αδ+αγ  .0, 21 >µµ  As an application, we 

also give one example to demonstrate our results. 

1. Introduction 

In the recent ten years, the theory of ordinary differential equations 
in Banach spaces has become a new important branch (see, for instance, 
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[2, 5, 6] and references therein). On the other hand, recently, multi-point 
boundary value problem for scalar ordinary differential equations have 
been studied extensively (see, for example, [7, 8, 10] and references 
therein). However, to the author’s knowledge, few papers can be found in 
the literature for the existence of positive solutions for multi-point 
boundary value problem in Banach space. Very recently, in [9], the first 
author studies the existence of positive solutions to the following four-
point boundary value problem 

( ) ( ) ( )( ) ,10, <<θ=+′′ ttyftaty  

( ) ( ) ( ) ( ) ( ) ( ),11,00 21 ηµ=′δ+γξµ=′β−α yyyyyy  

in Banach space E. So in this paper, we are interested in the existence of 
positive solutions of the following nonlinear four-point boundary value 
problem (BVP): 

 ( ) ( )( ) ( ) ( ) ( ) ( )( ) ,10, <<θ=+−′′ ttyftatytqtytp  (1.1) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),111,000 21 ηµ=′δ+γξµ=′β−α yypyyypy  (1.2) 

in Banach space E. For abstract space, it is here worth mentioning, Guo 
and Lakshmikantham [4] discuss the multiple solutions of two-point 
boundary value problems of ordinary differential equations in Banach 
spaces. 

The aim of the present paper is to establish some simple criteria for 
the existence of at least one or two positive solutions of the BVP (1.1)-
(1.2) in Banach space E. The key tool in our approach is the following 
fixed point theorem of strict-set-contractions [1, 11]. 

Theorem 1.1 [1, 11]. Let K be a cone of the real Banach space X and 
{ }RxrKxK Rr ≤≤|∈=,  with .0>> rR  Suppose that RrKA ,:  

K→  is a strict-set-contraction such that one of the following two 

conditions is satisfied: 

 (i) rxKxxAx =∈∀≤/ ,,  and .,, RxKxxAx =∈∀≥/  

(ii) rxKxxAx =∈∀≥/ ,,  and .,, RxKxxAx =∈∀≤/  

Then A has at least one fixed point in ., RrK  
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The paper is organized as follows. The preliminary lemmas are in 
Section 2. In Section 3, we discuss the existence of at least one positive 
solution and two positive solutions. Finally, in Section 4, we give one 
example to illustrate our results. 

Let the real Banach space E with norm ⋅  be partially ordered by a 

cone P of E, i.e., yx ≤  if and only if ,Pxy ∈−  and ∗P  denotes the dual 

cone of P. Denote the normal constant of P by N (see [3]), i.e., yx ≤≤θ  

implies .yNx ≤  For arbitrary [ ],, EICx ∈  evidently, [ ]( )⋅,, EIC  

is a Banach space with ( ) .max txx ItC ∈=  Clearly, { [ ] ( )txEICxQ |∈= ,  

θ≥  for }It ∈  is a cone of the Banach space [ ]., EIC  A function 

[ ]EICx ,2∈  is called a positive solution of BVP (1.1)-(1.2) if it satisfies 

(1.1)-(1.2) and ,Qx ∈  ( ) .θ≠tx  

For a bounded set S in a Banach space, we denote ( )sα  the 

Kuratowski measure of noncompactness (see [2, 5, 6], for further 
understanding). In this paper, we denote ( )⋅α  the Kuratowski measure of 

noncompactness of a bounded set in E and in [ ]., EIC  

From now on, we assume that 0,,, ≥δγβα  with ,0>βγ+αδ+αγ  

,0, 21 >µµ [ ] ( )( ),,0,1,01 ∞∈Cp  [ ] ( )( ).0,1,0 ∞∈Cq  ( ),, PPCf ∈  ( ) ,θ=θf  






∈σ

2
1,0  be a constant, [ ] [ )( )∞∈ ,0,1,0Ca  and there exists [ ]σ−σ∈ 1,0t  

such that ( ) .00 >ta  

2. The Preliminary Lemmas 

Lemma 2.1 [10]. Let ψ and ϕ be the solutions of the linear problems 

 
( ) ( )( ) ( ) ( )

( ) ( ) ( )





α=ψ′β=ψ

=ψ−′ψ′

,00,0

,0

p

ttqttp
 (2.1) 

and 

 
( ) ( )( ) ( ) ( )

( ) ( ) ( )





γ−=ϕ′δ=ϕ

=ϕ−′ϕ′

,11,1

,0

p

ttqttp
 (2.2) 
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respectively. Then 

 (i) ψ is strictly increasing on [ ],1,0  and ( ) 0>ψ t  on ( ];1,0  

(ii) ϕ is strictly decreasing on [ ],1,0  and ( ) 0>ϕ t  on [ ).1,0  

Now, let ψ and ϕ be the solutions of the linear problems (2.1) and (2.2) 
respectively, for convenience sake, we set 

( )
( ) ( )

( ) ( )
( )

( ) ( )

( ) ( )
[ ]1,0,

00

00
0 ∈

ψ′ϕ′

ψϕ
≡

ψ′ϕ′

ψϕ
=ρ tp

tt

tt
tp  

( ) ( )

( ) ( )
,

22

11

ηϕµ−ηψµ−ρ

ξϕµ−ρξψµ−
=∆  

( )
( ) ( )

( ) ( )





≤≤≤ψϕ

≤≤≤ψϕ

ρ
=

,10,

,10,1
,

stts

tsst
stG  

( )
( )

( )
( ) ,
1

,
0

1min0 







ψ
σψ

ϕ
σ−ϕ=Λ  ,,min

3

2
01 








Λ
Λ

Λ=Λ  

{ ( ) ( ) },1,min,min
112 tt

tt
ϕψ=Λ

σ−≤≤σσ−≤≤σ
 { },,,1max3 CC ψϕ=Λ  

( ) ( )




∆−
Λξψµµ

+
∆−

Ληϕµµ
+⋅

ρ
Λ

=Λ 321321
2
3

4 1  

( )( ) ( )( )
,312321





∆−
Λξϕµ−ρµ

+
∆−

Ληψµ−ρµ
+  

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ,,,1 1

0

1

0
1221 








ηξϕµ−ρµ+ξηϕµµ

∆
−= ∫ ∫ dsshsGdsshsGhA  

and 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ,,,1 1

0

1

0
2121 








ξηψµ−ρµ+ηξψµµ

∆
−= ∫ ∫ dsshsGdsshsGhB  

where [ ]., EICh ∈  

Lemma 2.2. Let .0≠∆  Then for [ ],, EICh ∈  the problem 

 ( ) ( )( ) ( ) ( ) ( ) ,10, <<θ=+−′′ tthtytqtytp  (2.3) 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),111,000 21 ηµ=′δ+γξµ=′β−α yypyyypy  (2.4) 

has a unique solution 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ϕ+ψ+=
1

0
., thBthAdsshstGty  

Proof. The proof of this lemma is easy, so we omit it. � 

Lemma 2.3. Let .0≠∆  Then 

 ( ) ( ) ,,,,,0 IstssGstG ∈≤≤  (2.5) 

and 

 ( ) ( ) [ ] .,1,,,, 0 IstssGstG ∈σ−σ∈Λ≥  (2.6) 

Proof. The inequality (2.5) is obvious. In following, we are going to 
verify the inequality (2.6). Indeed, when [ ],1, σ−σ∈t  we have 

( )
( )

( )
( )
( )
( )









≤≤≤σ
ψ
ψ

σ−≤≤≤
ϕ
ϕ

=
,1,

,10,

,
,

st
s
t

ts
s
t

ssG
stG  

( )
( )

( )
( )








≤≤≤σ
ψ
σψ

σ−≤≤≤
ϕ

σ−ϕ

≥
,1,

1

,10,
0

1

st

ts
 

.0Λ≥  

This completes the proof. � 

In the rest of the paper, we assume that 

(H)                    ( ) ( ){ } 0,max 21 >ηψµξϕµ>ρ  and .0<∆  

Lemma 2.4. Let (H) hold. If ,Qh ∈  then the unique solution y of the 

problem (2.3)-(2.4) satisfies ( ) ,θ≥ty  ,It ∈  that is, .Qy ∈  

Proof. In view of ( ) ,0, >stG  ( ) ,θ≥hA  ( ) ,θ≥hB  and Lemma 2.2, 

we have ( ) ,θ≥ty  .It ∈  � 

Lemma 2.5. Let (H) hold. If ,Qh ∈  then the unique solution y of the 

problem (2.3)-(2.4) satisfies 
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( ) ( ) [ ] .,1,,1 Istsyty ∈∀σ−σ∈∀Λ≥  

Proof. Since y is the unique solution of the problem (2.3)-(2.4), from 
Lemmas 2.2 and 2.3, we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ϕ+ψ+≤
1

0
1111, shBshAdsshssGsy  

 ( ) ( ) ( ) ( )( )∫ ∈+Λ+≤
1

0
31111 .,, IshBhAdsshssG  (2.7) 

Thus from Lemma 2.3 and (2.7), for any [ ],1, σ−σ∈t  we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ϕ+ψ+=
1

0
111, thBthAdsshstGty  

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ϕ+ψ+=

1

0
1111

11

1 ,
,
,

thBthAdsshssG
ssG

stG
 

( ) ( ) ( ) ( ) ( ) ( )∫ ϕ+ψ+Λ≥
1

0
11110 , thBthAdsshssG  

( ) ( ) ( ) ( )( )∫ +Λ⋅
Λ
Λ

+Λ≥
1

0
3

3

2
11110 , hBhAdsshssG  

( ) ( ) ( ) ( )( )







+Λ+Λ≥ ∫

1

0
311111 , hBhAdsshssG  

( ) .,1 Issy ∈Λ≥  

This completes the proof. � 

Now from Lemma 2.2, it is easy to see that the BVP (1.1)-(1.2) has a 
solution ( )tyy =  if and only if y is a solution of the operator equation 

( ) ( ) ( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )( )( ) ( )∫ ϕ⋅⋅+ψ⋅⋅+=
1

0
, tyfaBtyfaAdssyfsastGty  

( ) ( ).tTy
∆
=  (2.8) 

In the following, the closed balls in spaces E and [ ]EIC ,  are denoted 

by { }( )0>≤|∈= rrxExGr  and { [ ] }( ),0, >≤|∈= rrxEICxB Cr  

respectively. 
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Lemma 2.6. Let (H) hold. Suppose that, for any ,0>r  f is uniformly 

continuous and bounded on rGP ∩  and there exists a constant rL  with 

( )[ ] 1
4 max20 −

∈Λ<≤ saL Isr  such that 

 ( )( ) ( ) ., rr TPDDLDf ∩⊂∀α≤α  (2.9) 

Then, for any ,0>r  operator T is a strict-set-contraction on .rTPD ∩⊂  

Proof. Since f is uniformly continuous and bounded on ,rGP ∩  we 

see from (2.8) that T is continuous and bounded on .rBQ ∩  Now, let 

rBQS ∩⊂  be arbitrary given. By virtue of (2.8), it is easy to show that 

the functions { }SyTy ∈|  are uniformly bounded and equicontinuous, and 

so by [6], 

 ( )( ) ( )( )( ),sup tSTsT
It
α=α

∈
 (2.10) 

where ( )( ) ( ){ } ,fixedis, rGPtSytTytST ∩⊂∈|=  for any .It ∈  Using 

the obvious formula ( ) ( ){ }∫ ∈|∈
1

0
Ittycodtty  for any [ ],, EICy ∈  we find 

( )( )( ) ( ) ( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )( )( ) ( )







ϕ⋅⋅+ψ⋅⋅+α=α ∫

1

0
, tyfaBtyfaAdssyfsastGtST  

  ( ( ) ( ) ( )( ){ })SyIssyfsastGco ∈∈|α≤ ,,  

( ) ( ) ( ( ) ( ) ( )( ){ })SyIssyfsasGco
t

∈∈|ξα
∆−
ψηϕµµ

+ ,,21  

( )( ) ( ) ( ( ) ( ) ( )( ){ })SyIssyfsasGco
t

∈∈|ηα
∆−

ψξϕµ−ρµ
+ ,,12  

( ) ( ) ( ( ) ( ) ( )( ){ })SyIssyfsasGco
t

∈∈|ηα
∆−
ϕξψµµ

+ ,,21  

( )( ) ( ) ( ( ) ( ) ( )( ){ })SyIssyfsasGco
t

∈∈|ξα
∆−

ϕηψµ−ρµ
+ ,,21  

   ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅
ρ
Λ

≤
∈

,max
2
3  

( ) ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅
ρ∆−
Ληϕµµ

+
∈

,max
3
321  
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( )( ) ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅
ρ∆−

Λξϕµ−ρµ
+

∈
,max

3
312  

( ) ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅
ρ∆−
Λξψµµ

+
∈

,max
3
321  

( )( ) ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅
ρ∆−

Ληψµ−ρµ
+

∈
,max

3
321  

  ( ) ( )( ){ }( )SyIssyfsa
Is

∈∈|α⋅⋅Λ=
∈

,max4  

  ( ) ( )( )Bfsa
Is

α⋅⋅Λ=
∈

max4  

  ( ) ( ),max4 BsaL
Isr α⋅⋅Λ≤

∈
 (2.11) 

where ( ){ } ., rGPSyIssyB ∩⊂∈∈|=  For any given ,0>ε  there 

exists a partition ∪n
j jSS

1=
=  with 

 ( ) ( ) ....,,2,1,
3

njSSdiam j =ε+α<  (2.12) 

Now, choose ( )njSy jj ...,,2,1=∈  and a partition ittt <<<= "100  

1=<< mt"  such that 

( ) ( ) [ ] ....,,2,1,,,;...,,2,1,
3 1 mittttnjtyty iijj =∈=∀
ε

<− −  (2.13) 

Clearly, ∪ ∪m
i

n
j ijBB

1 1
,

= =
=  where { ( ) [ ] }.,,1 jiiij SyttttyB ∈∈|= −  For 

any two ( ),ty  ( ) ( [ ] ),,,,, 1 jiiij SyyttttBty ∈∈∈ −  we have, by (2.12) and 

(2.13), 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tytytytytytytyty jjjj −+−+−≤−  

 CjCj yyyy −+ε+−≤
3

 

 ( ) ( ) ,2
3

2 ε+α<ε+⋅≤ SSdiam j  

which implies ( ) ( ) ,2 ε+α≤ SBdiam ij  and so ( ) ( ) .2 ε+α≤α SB  Since ε is 

arbitrary, we get 
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 ( ) ( ).2 SB α≤α  (2.14) 

It follows from (2.10), (2.11) and (2.14) that 

( )( ) ( ) ( ) ,,max2 4 rIsr BQSSsaLST ∩⊂∀α⋅⋅Λ≤α
∈

 

and consequently T is a strict-set-contraction on rBQS ∩⊂  because of 

( ) .1max2 4 <⋅Λ
∈

saL
Isr  

3. Main Theorems 

In the following for convenience, for any Px ∈  and ,∗∈φ P  we set 

( )
,lim

00 x
xf

f
x →

=  
( )

,lim
x
xf

f
x ∞→∞ =  

( )( )
( ) ,lim

00 x
xff

x φ
φ=

→
φ  ( )( )

( ) ,lim
x
xff

x φ
φ=

∞→
φ
∞  

and list some conditions: 

( )1C  For any ,0>r  f is uniformly continuous and bounded on 

rGP ∩ and there exists a constant rL  with ( )[ ] 1
4 max20 −

∈Λ<≤ saL Isr  

such that 

( )( ) ( ) ., rr TPDDLDf ∩⊂∀α≤α  

( )2C  There exists ∗∈φ P  such that ( ) 0>φ x  for any θ>x  and .0 ∞=φf  

( )3C  There exists ∗∈φ P  such that ( ) 0>φ x  for any θ>x  and .∞=φ
∞f  

( )4C  There exists 00 >r  such that 

( )
( )

.sup
1

0
4

0

0 ∫Λ
<

∈ dssaN

r
xf

rGPx ∩
 

Theorem 3.1. Let (H) hold, cone P be normal and condition ( )1C  be 

satisfied. If conditions 00 =f  and ( )3C  or 0=∞f  and ( )2C  are satisfied, 

then the BVP (1.1)-(1.2) has at least one positive solution. 
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Proof. Set 

 ( ) ( ) [ ]{ }.,1,,1 IstsytyQyK ∈∀σ−σ∈∀Λ≥|∈=  (3.1) 

It is clear that K is a cone of the Banach space [ ]EIC ,  and .QK ⊂  By 

Lemmas 2.4 and 2.5, we know ( ) ,KQT ⊂  and so 

 ( ) .KKT ⊂  (3.2) 

We first assume that 00 =f  and ( )3C  are satisfied. Choose >M  

( ) ( ) ,,
11

01

−σ−

σ





Λ ∫ dsstGsa  by ( )3C  there exists 01 >r  such that 

 ( )( ) ( ) .,, 1rxPxxMxf ≥∈∀φ≥φ  (3.3) 

Now for any 

 ,
1

1
Λ

>
Nr

R  (3.4) 

we are going to verify that 

 .,, RyKyyTy C =∈∀≤/  (3.5) 

Indeed, if there exists Ky ∈0  with Ry C =0  such that .00 yTy ≤  

Then from Lemma 2.5 

( ) ( ) [ ] ,,1,,010 Istsyty ∈∀σ−σ∈∀Λ≥  

and so 

( ) ( ) [ ] ,,1,,010 IstsytyN ∈∀σ−σ∈∀Λ≥  

which implies, by (3.4), 

 
[ ]

( ) .min 1
1

0
1

0
1,

rR
N

y
N

ty Ct
>

Λ
=

Λ
≥

σ−σ∈
 (3.6) 

Then from (2.8), (3.6), (3.3) and Lemma 2.5, we get 

 ( )( ) ( )( )0000 tTyty φ≥φ  

( ) ( ) ( )( )( ) ( ) ( )( )( )( ) ( )∫ ψ⋅φ⋅+φ=
1

0
0000, tyfaAdssyfsastG  

( ) ( )( )( )( ) ( )00 tyfaB ϕ⋅φ⋅+  
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( ) ( ) ( )( )( )∫ φ≥
1

0
00, dssyfsastG  

( ) ( ) ( )( )( )∫
σ−

σ
φ⋅≥

1
00, dssyfsastG  

( ) ( ) ( )( )∫
σ−

σ
φ⋅≥

1
00, dssysastGM  

( ) ( ) ( )( )∫
σ−

σ
φ⋅Λ≥

1
0001 ., tydssastGM  

This is 

 ( )( ) ( ) ( ) ( )( )∫
σ−

σ
φ⋅Λ≥φ

1
000100 ., tydssastGMty  (3.7) 

Again, it is easy to see that 

 ( )( ) .000 >φ ty  (3.8) 

In fact, if ( )( ) ,000 =φ ty  since ,0 Ky ∈  ( )( ) ( )( ) 00 0100 ≥φΛ≥φ= syty  

implies ( )( ) ,00 =φ sy  ,Is ∈∀  so we have ( ) θ≡sy0  for any ,Is ∈  and 

consequently ,00 =Cy  in contradiction with .0 Ry C =  Now, by 

virtue of (3.7) and (3.8), we find ( ) ( )∫
σ−

σ
≤Λ

1
01 ,1, dssastGM  which 

contradicts ( ) ( ) ,,
11

01

−σ−

σ





Λ> ∫ dsstGsaM  and therefore (3.5) is true. 

On the other hand, since 00 =f  and ( ) ,θ=θf  for any ∈ε  

( ) ,,0
11

04 














 Λ

−

∫ dssaN  there exists ( )Rr ,02 ∈  such that 

 ( ) .,, 2rxPxxxf <∈∀ε≤  (3.9) 

We now prove that for any ( ),,0 2rr ∈  

 .,, ryKyyTy C =∈∀≥/  (3.10) 

In fact, if there exists Ky ∈1  with ry C =1  such that ,11 yTy ≥  then 

from (2.8), we get 



www.p
phm

j.c
om

BING LIU and XIAOGUI YAO 204

( ) ( )tTyty 11 ≤≤θ  

( ) ( ) ( )( ) ( ) ( )( )( ) ( ) ( ) ( )( )( ) ( )∫ ϕ⋅⋅+ψ⋅⋅+=
1

0
111, tyfaBtyfaAdssyfsastG  

( ) ( )( ) ( ) ( ) ( )( )∫ ∫ρ∆−
Ληϕµµ

+
ρ
Λ

≤
1

0

1

0
1

3
321

1

2
3 dssyfsadssyfsa  

( )( ) ( ) ( )( )∫ρ∆−
Λξϕµ−ρµ

+
1

0
1

3
312 dssyfsa  

( ) ( ) ( )( )∫ρ∆−
Λξψµµ

+
1

0
1

3
321 dssyfsa  

( )( ) ( ) ( )( )∫ρ∆−
Ληψµ−ρµ

+
1

0
1

3
321 dssyfsa  

( ) ( )( )∫ ∈∀Λ=
1

0
14 ., Itdssyfsa  

Hence, by virtue of (3.9) and the cone P is normal, we have 

( ) ( ) ( )( )∫Λ≤
1

0
141 dssyfsaNty  

( ) ( )∫Λε≤
1

0
14 dssysaN  

( )∫ ∈∀⋅Λε≤
1

0
4 ,, ItrdssaN  

and so 

( )∫ <⋅Λε≤
1

0
41 ,rrdssaNy C  

which contradicts with .1 ry C =  Thus, (3.10) is true. 

By Lemma 2.6, T is a strict-set-contraction on { rKyK Rr |∈=,  

}.Ry C ≤≤  Observing (3.2), (3.5), (3.10) and using Theorem 1.1, we see 

that T has a fixed point on ,, RrK  which is a positive solution of BVP 

(1.1)-(1.2). 
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Next, in case when 0=∞f  and ( )2C  are satisfied, the proof is 

similar. In the same way as establishing (3.5) we can assert from ( )2C  

that there exists 02 >r  such that for any ,0 2rr <<  

 .,, ryKyyTy C =∈∀≤/  (3.11) 

On the other hand, since ,0=∞f  for any ( ) ,,0
11

04 














 Λ∈ε

−

∫ dssaN  

there exists 0>l  such that 

 ( ) .,, lxPxxxf ≥∈∀ε≤  (3.12) 

Also, by ( ),C1  

 ( ) .sup ∞<=
∈

bxf
lGPx ∩

 (3.13) 

It follows from (3.12) and (3.13) that 

 ( ) ., Pxbxxf ∈∀+ε≤  (3.14) 

Taking 
( )

( )
,

1
,max

1

04

1

04
2

















Λε−

Λ
>

∫
∫

dssaN

dssabN
rR  we now prove that 

 .,, RyKyyTy C =∈∀≥/  (3.15) 

In fact, if there exists Ky ∈2  with Ry C =2  such that ,22 yTy ≥  

then from (2.8), we get 

( ) ( ) ( ) ( )( )∫ ∈∀Λ=≤≤θ
1

0
2422 ., ItdssyfsatTyty  

Hence, by virtue of (3.14) and the cone P is normal, we have 

 ( ) ( ) ( )( )∫Λ≤
1

0
242 dssyfsaNty  

( ) ( )( )∫ +εΛ≤
1

0
24 dsbsysaN  

( ) ( )∫ ∈∀+ε⋅Λ≤
1

0
24 ,, ItbydssaN C  
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and so 

( ) ( )∫ <+ε⋅Λ≤
1

0
42 ,RbRdssaNy C  

which contradicts with .2 Ry C =  Thus, (3.15) is true. 

By Lemma 2.6, T is a strict-set-contraction on { rKyK Rr |∈=,  

}.Ry C ≤≤  Observing (3.2), (3.11), (3.15) and using Theorem 1.1, we 

see that T has a fixed point on ,, RrK  which is a positive solution of BVP 

(1.1)-(1.2). � 

Theorem 3.2. Let (H) hold and cone P be normal. Suppose that 

conditions ( )1C - ( )4C  are satisfied. Then the BVP (1.1)-(1.2) has at least 

two positive solutions 1y  and 2y  which satisfy 

 .0 102 CC yry <<<  (3.16) 

Proof. Taking the same cone [ ]EICK ,⊂  as in Theorem 3.1. As in 

the proof of Theorem 3.1, we can show that 

 ( ) ,KKT ⊂  (3.17) 

and we can choose r, R with 00 >>> rrR  such that 

 ,,, RyKyyTy C =∈∀≤/  (3.18) 

 .,, ryKyyTy C =∈∀≤/  (3.19) 

On the other hand, it is easy to see that 

 .,, 0ryKyyTy C =∈∀≥/  (3.20) 

In fact, if there exists Ky ∈0  with 00 ry C =  such that ,00 yTy ≥  

then from (2.8), we get 

( ) ( ) ( ) ( )( )∫ ∈∀Λ=≤≤θ
1

0
0400 ., ItdssyfsatTyty  

Hence, by virtue of ( )4C  and the cone P is normal, we have 

 ( ) ( ) ( )( )∫Λ≤
1

0
040 dssyfsaNty  
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( ) ( )∫ ∈
⋅Λ≤

1

0
4

0

sup xfdssaN
rGPx ∩

 

,,0 Itr ∈∀<  

and so ,00 ry C <  in contradiction with .00 ry C =  Thus, (3.20) is 

true. 

By Lemma 2.6, T is a strict-set-contraction on { 0,0
rKyK Rr |∈=  

},Ry C ≤≤  and also on { }.0, 0
ryrKyK Crr ≤≤|∈=  Now observing 

(3.17)-(3.20) and applying Theorem 1.1 to T, RrK ,0
 and T, ,

0, rrK  

respectively, we assert that there exists RrKy ,1 0
∈  and 

0,2 rrKy ∈  such 

that 11 yTy =  and ,22 yTy =  which are two positive solutions of BVP 

(1.1)-(1.2). Finally, (3.20) implies ,01 ry ≠  ,02 ry ≠  and so (3.16) 

holds. � 

4. One Example 

In this section, in order to illustrate our results, we consider an 
example. 

Example 4.1. Consider the boundary value problem in nRE =  

(n-dimensional Euclidean space and 
2
1

1
2 






= ∑ =
n
i ixx ) 

 ( ) ( )( ) ( ) ( ) ( ) ,10,0...,,,
1

11 21 <<=+
+

−′′+ txxxftatx
t

txt niii  (4.1) 

 ( ) ( ) ( ) ( ) ,...,,2,1,
4
111

2
1,

2
1

2
100 nixxxxxx iiiiii =





=′+





=′−  (4.2) 

where ( ) ( )
( )

,
110

1 4

nn
tta

+
−=  and 

( ) ,2...,,2,1,...,,, 2
2121 −=+= ++ nixxxxxf iini  

( ) ( ) ....,,,,...,,, 2
2121

2
1211 xxxxxfxxxxxf nnnnn +=+=−  
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Set ( ) ,0...,,0,0 nR∈=θ  ,1=β=α  ,
2
1=δ=γ  ,

2
1

1 =µ  ,12 =µ  ,
2
1=ξ  

,
4
1=η  ( ) ,1 ttp +=  ( ) ,

1
1

t
tq

+
=  and ( ),...,,, 21 nffff =  then 

( ) ( ) ( ) ( ) ,2,
1

1,1,21,10 =ρ
+

=ϕ+=ψ==
t

tttpp  

{ } { } ,
20
13

5
4

4
3

3
5

4
3

,22,1,1max,,1max3 −=
−

−
=∆==ψϕ=Λ CC  

( ) ( ) ( )( )




∆−
Ληφµ−ρµ

+
∆−

Λξφµµ
+

∆−
Ληϕµµ

+⋅
ρ
Λ

=Λ 321321321
2
3

4 1  

 
( )( )

.
39

844312 =




∆−
Λξϕµ−ρµ

+  

Taking 

{ ( ) },...,,2,1,0...,,, 21 nixRxxxxP i
n

n =≥|∈==  

then P is a normal cone and normal constant .1=N  PPf →:  is 

continuous, ( ) ,00...,,0,0 =f  and the condition (H) holds. Moreover, in 

this case, condition ( )1C  is automatically satisfied since ( )( )Dfα  is 

identical to zero for any .rTPD ∩⊂  It is clear that PP =∗  in this case, 

so we choose ( ),1...,,1,1=φ  and then 

( )( )
( )

( )
.

...,,,

1

1 21

∑
∑

=

==
φ

φ
n

i i

n

i ni

x

xxxf

x
xf

 

We now prove that the conditions ( )2C  and ( )3C  are satisfied. In fact, for 

any ,Px ∈  ,θ≠x  we have ( ) 0>φ x  and 

( )( )
( )

( )

ini

ini
n

i i

n

i i

n

i i

n

i ii

xn
x

x

x

x

xx

x
xf

≤≤

≤≤

=

=

=

= ≥≥
+

=
φ

φ

∑
∑

∑
∑

1

1

1

1

1

1
2

max
max
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,0,
max

11 2
1

1

2

1 

















→












=∞→⋅= ∑

=≤≤

n

i
i

ini
xx

xn
∵  

and 

( )( )
( )

( )

ini

ini
n

i i

n

i i

n

i i

n

i ii

xn
x

x

x

x

xx

x
xf

≤≤

≤≤

=

=

=

= ≥≥
+

=
φ

φ

∑
∑

∑
∑

1

2
1

1

1
2

1

1
2

max
max

 

,,max1 2
1

1

2
1



















∞→












=∞→⋅= ∑

=
≤≤

n

i
iini

xxx
n

∵  

so the conditions ( )2C  and ( )3C  hold. Finally, we are going to verify that 

( )4C  is satisfied. Indeed, 

( )
( ) ( )∫ +

<
+

<Λ
1

0
4 .

12
1

139
17

nnnn
dssa  

Again, taking ,10 =r  since { },1
0

≤|∈= xRxG n
r  ∑ =

≤≤
n
i ix

1
2 10  and 

( )nixi ...,,2,110 =≤≤  for any .
0rGPx ∩∈  Hence (notice ,1=N  

)10 =r  

 ( ) ( )i
niGPx

n

i
i

GPxGPx
fnfxf

rrr ≤≤∈=∈∈
⋅≤













= ∑ 1

2
1

1

2 maxsupsupsup
000 ∩∩∩

 














+⋅=













⋅≤ ∑ ∑∑

= =∈=∈

n

i

n

i
ii

GPx

n

i
i

GPx
xxnfn

rr 1 1

2

1 00

supsup
∩∩

 

( ) ( )
( )

,121
1

0
4

0

∫Λ
<+<+≤

dssaN

r
nnnn  

which implies the condition ( )4C  holds. Hence, by Theorem 3.2, the BVP 

(4.1)-(4.2) has at least two positive solutions [ ]nRICyx ,, 2∈  such that 
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( ) ( )∑ ∑
= =

∈∈
<<<

n

i

n

i
iItiIt

tytx
1 1

22 .max1max0  
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