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Abstract

In this note, we provide a formula for the sum of the reciprocals of the
derivatives of a rational function at its zeros, in terms of them and of its
poles. As a remarkable consequence, we obtain a formula for divided
differences of polynomial functions, which does not require the use of
divisions, only multiplications and additions.

1. Introduction

Let r = p/q be a rational function. The degree of r, denoted by
deg(r), is given by deg(r) = deg(p) — deg(q). It is easy to see that this

definition does not depend upon the choice of p and g (see [3], Section
4.2).
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In this note, we first present a geometrical property of rational
functions R with deg(R) = 2 and whose zeros are pairwise distinct. For

the polynomial case, this property is useful for finding the barycentric
weights of polynomial interpolation (see e.g., [1, 5]). As a first application,
we point out a short proof of a fundamental result due to Berrut and
Mittelmann [2], which is used for finding the barycentric weights of
rational interpolants. The barycentric representation is very useful, since
it has many advantages in comparison with the canonical one (see e.g.,

[8]).

Our proof can be found in [7], there we provide a comprehensive
account on rational interpolation as well as some new results on the
subject. As another application, we have obtained in [6] a new proof of a
formula given by Szego in [9] for the Christoffel numbers (see also [4]).

Next we provide a formula for the sum of the reciprocals of the
derivatives of a proper rational function R = p/q, with deg(p) < deg(q),

at the zeros of p, in terms of the zeros of p and q. This result, together
with the one for the case deg(R) = 0, gives rise to a formula for divided

differences of polynomial functions, which does not require any division
at all.

2. Main Results

When R is real and has real zeros, the result we are concerned with 1s
the following: The sum of the slopes of the normal lines to the graph of the
rational function R with deg(R) = 2, considered at its zeros, is zero.

The following lemma, which holds for complex rational functions, is a
generalization to the above statement.

Lemma 2.1. Let L(z) = Hi‘:o

(2 —2j), where z; # zj for i # j. Also,
let Q(z)= Zf«ilo a,2", where Q(z;)# 0 for j=0:1, and consider the

rational function R = L/Q. Then,

[\
~.

!

1

n =Qq; +0;41
2Ry

[
Il
o



A “DIVISION-FREE” FORMULA FOR DIVIDED ... 169

Proof. Let 0 < r < [. Using the Lagrange interpolation formula, we

can therefore, write

l

L(z) r

r
Z].

27 =

- £ (z-2;)L'(z;)

Equating the coefficients of degree [ on both sides, we obtain

A

Zl: i (0, ifos<r<i-l, e
j:OL'(Zj)_ 1, ifr=1L '

This proves the result when a;,; = 0. Now, applying (2.1) to the equality

d L(z;)

one readily finds

which completes the proof.

The next result shows what happens when the denominator degree is

larger than the numerator degree.

Lemma 2.2. Let P(z) = H;L=1 (2 —2j), where z; # z; for i # j. Also,

n+k(

let Q(z) = |_|

consider the rational function R = P/Q. Then

i1 z-yj), where k20 and Q(z;)#0,j=1:n, and

n 4l

n t,
1
Z R’(Z]) = Z(Ztk - ytk+k) Z(ztk,1 - ytk71+(k—1))"' Z(Zto — yto )
tp=1

j=1 tp_1=1 to=1

Proof. We will use double induction on n and k, considering %k = 0,
n=1and n =1, k 2 0 as basis of the induction. We have by Lemma 2.1

that the result holds for the case (n, 0). Furthermore, the result is also
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k+1
valid for the case (1, k). Indeed, let R(z) = (z — 27) H(z - ;). Then
j=1
k+1
1/R'(z) = H(zl - y;j), and so the result is true in both cases. Thus,
j=1

suppose the result holds for the cases (n —1, k) and (n, k —1), and let us
prove it for the case (n, k), where n = 2 and k = 1. We have that

n n | n+k n
>t 2 -3 TT6 =)
j=1 J7 =L p=l p=1

D#]

Applying the case (n, k —1) of the induction hypothesis on the last
summand of the right-hand side of the equality, we get

n+k E
n 1 n-1 |__l(zj_yp) E n
Z RI(Z.) = Z pr: + (Zn [ yn+k) 0 Z (ztk—l - ytk_l"'(k—l))
J= J J= (2- -z ) Bk_lz]_
j T ®p 0
p%i H
n+(k-1)
f n-1 (2j = p)
=1
(zto - yto) - l:l
to=1 =1
0 J H(Z] Zp)
p=1
p#j ]
(n-1)+k
n-1 (ZJ - yp)
= EIZ] ~ In+k Zn yn+kE] p=
DZ] —2n Zj -2y D]Z n-1
(2] zp)
p=l
p#j

= Iner) Y (Fyy = e e) D (2 = i)

tp-1=1 io=1
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Now, applying the case (n —1, k) on the first sum, we get

n 1 n-1 73 i
Z R(x;) = (Ztk - ytk+k) Z (Ztk_l - ytk_1+(k—1))"' Z(zto - D’to)
j= J tk: tk—lzl tO:
n il
+(2n = Ynsk) Z (Ztk_l = Yty +(k—1))"' Z(Zto - yto)
tp-1-1 to=
n 123 i
= (Ztk - ytk+k) z (Ztk_1 - ytk_1+(k—1))”' Z(Zto ~ Vi ).
= tp-1-1 to=

In the light of Lemmas 2.1 and 2.2, a formula for divided differences
of polynomial functions can be derived.

Theorem 2.3. Let z, ..., 2, be n distinct points in C and consider
q(z) = H;tlk(z - y;), where kOZ. Also, denote by qlz, ..., z,] the

(n - 1)" divided difference of q with respect to zy, ..., z,. Then

0, if k<-2
b if k= -1;
qlz1, ..oy 2] = (zj = )) if k=0;

I 1

il
(Ztk _ytk+k)"'2(2to _yto)’ if k=1
=1 to=1

t

>

Proof. It is a well known fact that gz, ..., 2,] = le q(2;)/P'(2;),

where p(z) = |_|;.L=l (z - 2j). Thus, by Lemma 2.1 (if k£ < 0) or Lemma

2.2 (if k > 0), the result is straightforward.
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