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Abstract

In this work, we present a new approach in the algorithm of the

Adomian method for the resolution of nonlinear partial differential

equations (PDE) with initial and boundary conditions.

This new method is based on a combination of Adomian decompositional

method and the idea of the successive approximation method [3]. We

have shown that this new algorithm is convergent with a few number of

iterations.
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1. Introduction

We are interested to solve nonlinear PDE with initial and boundary

conditions which model a big number of phenomena in biomathematics

[9, 12, 13]. Several numerical methods of resolution of these PDEs have

been developed. These classical methods of resolution, generally use

discretisation or linearisation methods. The new approach of Adomian,

that we propose, does not discretise, preserves the biological properties of

the model and conditions imposed to the PDE, that is important for the

applications [12-13].

The classical Adomian method [1, 2, 5] is not easy to compute and

this algorithm often does not take into account the boundary conditions

of PDE and it includes some special polynomials called Adomian’s

polynomial which are not easy to compute.

In this paper we introduce a new algorithm which takes into account

the boundary conditions of nonlinear PDE and does not compute

Adomian polynomials. This algorithm is numerically convergent with two

or three iterations.

1.1. Description of the new algorithm proposed

Let us consider the following PDE with initial and boundary

conditions in one space dimension:
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where L and N are respectively linear and nonlinear operators with

( ) ( ) ( ) .0,...,,, 221 ≠+= LuuuLuLuL xxxxxx

For a simple description, we can take the case where ( ) ,xuuL =  then the

equation (1) becomes
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On the other hand, this equation gives
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that is equivalent to the following equation, where one added boundary
conditions:
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which is a Cauchy problem.
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So we bring back the resolution of problems (1) with initial and
boundary conditions to Cauchy problem. This transformation permits us
to solve this kind of problem with success. Afterwards we will illustrate
that through examples. By using the idea of successive approximation (2),
we give
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which is an Adomian canonical form.

So the Adomian algorithm is
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At this level all happens as in [3].

Indeed, the resolution of the algorithm above by the successive
approximation method, consists to determine at each iteration
( )…,2,1=k  the approached solutions

...,,...,,, 21 nuuu
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where

∑
+∞

=

==
0

....,2,1,
n

k
n

k kuu

But it requires a choice of the initial condition 0u  beforehand.

By following the solution, u of the problem (1) is

,lim k
k

uu
∞→

=

if ( ) N∈k
ku  is convergent.

In summary the new algorithm is:
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The approach solution of the problem is obtained by
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The approach solution of the problem is obtained by
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Step k. Calcul of ku
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Finally the solution of the problem is
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1.2. Some examples of illustration

1.2.1. Example 1

Let us consider the following PDE:
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gives, on the one hand,
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The equation approached by the new technique can be written as:
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For ,1=k  with the choice of ( ) ,02 00 =⇒= uNtu  1u  is, therefore, the

solution of
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With initial and boundary conditions, we have
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At this level the classic algorithm of Adomian is
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1.2.2. Example 2

Let us consider the following nonlinear PDE:
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gives
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∂

µ∂
+=

t
d

x

xu
xuxtu

0 2

2 ,
,0,

 ( ( ) )∫ +−µ+−− −µ−µ
t

tedxeue
0

22 .1sin1 (3)
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The approached canonical form associated to the above Adomian
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canonical form is
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To this level the classic algorithm of Adomian is
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1.2.3. Example 3

Let us consider the following nonlinear PDE:
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 π−=





 π 2

2

2

2
2

2
cos2

,
2

,
2

, dxdxt
t

xtu
tutu

 ( ) ,2cos1
2
122

2

2

2

3

2

2
2

2

2

∫ ∫
π

π−

π

π−
++









∂
∂−









∂
∂− dxdxt

x

uu
x

u

that is,

( )∫ ∫
π

π−

π

π− 







+

∂

∂
−





 π−−





 π 2

2

2

2
2

2
cos2

,
2

,
2

, dxdxt
t

xtu
tutu

( )∫ ∫
π

π−

π

π−
=++









∂

∂−








∂

∂+ 2

2

2

2

3

2

2
2

2

2
.02cos1

2
12 dxdxt

x

uu
x

u
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The above equalities give the following approached canonical form:

( ) ( ) ( )∫ ∫ 




 π++µµ

∂

µ∂
+=

t t
k

k
kk tutdd

x

xu
xuxtu

0 0 2

2

2
,cos2

,
,0,

( )∫ ∫
π

π−

π

π−

−









+

∂

∂
−





 π−− 2

2

2

2
2

12
cos2

,
2

, dxdxt
t

xtu
tu

k
k

( ) ( )∫ ∫
π

π−

π

π−

−
−

−
−++









∂

∂−








∂

∂+ 2

2

2

2

3

2

12
21

2

12
22cos1

2
12 dxdxt

x

uu
x

u k
k

k

( ) ( )∫ ∫ µµµ++








∂

∂−








∂

∂+
−

−
−t t k

k
k

dd
x

uu
x

u
0 0

3

2

12
21

2

12
.2cos1

2
12

So the exact solution is

( ) .sincos, xtxtu =

1.2.4. Example 4

Let us consider the following PDE:

( ) ( )

( )

( )















=

=

−=

≥≤≤








∂

∂−+
∂

∂−=
∂
∂

t.lt,u

tt,u

xlxx,u

tl,x,
x

u

x

u
t
u

,0

,0

00
2
11

2
1

2

2

2

2

2

The equation
2

2

2

2

2

2
11

2
1










∂

∂−+
∂

∂−=
∂
∂

x

u

x

u
t
u

can be written as (while considering the operator ,)
t
u
∂
∂  on the one hand

( ) ( ) ∫ ∫ µ








∂

∂−µ
∂

∂−+=
t t

d
x

ud
x

utxuxtu
0 0

2

2

2

2

2
.

2
1

2
1,0,
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On the other hand, the operator 
2

2

x

u

∂

∂  gives

( ) ( ) ( ) ∫ ∫ ∫ ∫ 








∂

∂−




 −
∂
∂−

∂
∂

+=
l l l l

dxdx
x

udsds
t
u

t
tu

ltultu
0 0 0 0

2

2

2
,

2
122

0,
0,,

that is,

( ) ( ) ( ) ∫ ∫ ∫ ∫ =








∂
∂+





 −
∂
∂+

∂
∂−−

l l l l
dxdx

x

udxdx
t
u

x
tu

ltultu
0 0 0 0

2

2

2
.0

2
1220,0,,

That gives

( ) ( ) ( ) ( ) ( )∫ ∂
∂−−+µ

∂

∂−+=
t

x
tu

ltultud
x

u
txuxtu

0 2

2 0,
0,,

2
1,0,

∫ ∫ ∫ ∫ ∫ µ








∂

∂−
∂

∂+




 −
∂
∂+

l l l l t
d

x

udxdx
x

udxdx
t
u

0 0 0 0 0

2

2

2

2

22
.

2
1

2
122

The approached canonical form, according to the method of successive
approximations can be written as:

( ) ( ) ( ) ( ) ( )∫ ∂
∂

−−+µ
∂

∂−+= −
t k

kk
k

kk
x
tu

ltultud
x

utxuxtu
0

1
2

2 0,
0,,

2
1,0,

∫ ∫ ∫ ∫ 








∂

∂+







−

∂
∂+

−−l l l l kk
dxdx

x

udxdx
t

u
0 0 0 0

2

2

121

2
122

∫ =µ








∂

∂−
−t k

kd
x

u
0

2

2

12
,...,2,1,

2
1

that is,

( ) ( ) ( )

( )

+µ
∂
∂−+−= ∫

������� 
������� 	�
kuL

t k
kkk d

x

uttuxuxtu
0 2

2

2
10,,0,

 

( )

( )

.

2
1

2
1

22,

1

0 0 0

2

2

122

2

12

0 0

1
1

��������� 
��������� 	�
−

∫ ∫ ∫

∫ ∫
µ









∂
∂−









∂
∂+









+

∂
∂++

−−

−
−

kuN

l l t kk

l l k
k

d
x

udxdx
x

u

dxdx
t

ultu
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For ,1=k  with the choice of ( ) ,00 00 =⇒= uNu  1u  is therefore,

solution of

( ) ( ) ( ) ∫ µ
∂

∂−+−=
t

d
x

uttuxuxtu
0 2

12
111 .

2
10,,0,

The algorithm of Adomian gives

( ) ( )









=µ
∂

∂
−=

−==

∫ −
t

n
n nd

x

u
u

xlxxuu

0 2

1
1

2
1

11
0

....,2,1,
2
1

,0

The solution at this stage is:

( ) ( )∑
∞

=

+−==
0

11 .
n

n txlxuu

For ,2≥k  we get at every stage the same solution

( ) .21 txlxuuu k +−==== "

So the solution of the problem is obtained by

( ) ( )∑
∞

=
∞→

+−===
0

.lim
n

k
n

k
k

txlxuuu

2. Discussions

As for nonlinear PDE of Cauchy type, examples below show that the

new algorithm is very efficient to solve nonlinear PDE with initial and

boundary conditions. In fact the exact solution of the equation is obtained

very often at the first iteration; this algorithm contrary to the initial

algorithm of Adomian takes into account all conditions imposed to the

PDE. This second point is very revolutionary because the original

algorithm of Adomian cannot take into account all conditions imposed to

a PDE. The first point is very important for the numerical application

because the exact solution is obtained very quickly and explicitly.
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But some problems stay opened. In the present paper, we have not

studied the global theoretical convergence of this algorithm and the case

of system of PDE. We also think that the generalization of this method to

more than two or three space dimensions is easy and we hope to resolve

more complicated PDE problems. These points will be the object of our

future articles.
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