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Abstract

Let α be an anti-integral element over an integral domain R and β be a

linear fractional transform of α. Let u and v be elements of R. Then we

give some conditions that vu −α  is a unit of [ ]., βαR

Let R be an integral domain with quotient field K and [ ]XR  be a

polynomial ring over R in an indeterminate X. Let α be an element of an
algebraic field extension of K and [ ] [ ]α→π RXR:  be the R-algebra

homomorphism defined by ( ) .α=π X  Let ( )Xαϕ  be the monic minimal

polynomial of α over K with ( ) ,deg tX =ϕα  and write

( ) ( )....,,, 1
1

1 KnXXX tt
tt ∈ηη++η+=ϕ −

α "

We define [ ] ( )∩t
i iRRI

1
,::

=α η=  where ( ) { }.;: RcRcR iiR ∈η∈=η  An

element α is called an anti-integral element of degree t over R if =πKer

[ ] ( ) [ ].XRXI αα ϕ
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Let β be a linear fractional transform of α, that is,

( ),0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

where ∗R  denotes the set of units of R.

Set ( ) ( )., XYXYX t
αα ϕ=ϕ  Since ( ) ( ),cadb −β−β=α  it is easily

verified that

( ) ( ) ( ).,, 1 dbXcaXbaX −−ϕϕ=ϕ α
−

αβ

Assume that α is in K. Ratliff [7] studied the conditions for ( )πKer

to have a linear base, where it is said that ( )πKer  has a linear base if

( ) ( ) [ ]∑ −=π XRqXp iiKer  with ( ),,0 Rqppq iiii ∈≠=α  that is, ( ) =πKer

( ) ( ) [ ],: XRXR R α−α  where ( ) { }.;: RcRcR R ∈α∈=α  Subsequently,

Mirbagheri and Ratliff [3] proved that ( )πKer  has a linear base if and only

if [ ] [ ] .1 RRR =αα −∩  In [5], an element K∈α  is called an anti-integral

element over R if ( ) ( ) ( ) [ ].:Ker XRXR R α−α=π  Furthermore, in [4], the

notion of an anti-integral element over R was extended to the higher

degree case, that is, the case that α is an element of an algebraic field

extension of K. This notion is a generalization of linear base property.

Let α be an anti-integral element over R and u, v be elements of R. In

[6], they gave a condition for v−α  to be a unit of [ ].αR  Moreover, [6]

gave some conditions for vu −α  to be a unit of [ ].αR  In the case of

Laurent extension [ ],, 1−ααR  [1] gave a condition for v−α  to be a unit of

[ ]., 1−ααR  Let β be a linear fractional transformation of α. Then the cases

of [ ]αR  and [ ]1, −ααR  are special ones of [ ]., βαR  So it will be worth

considering the case [ ]βα,R  and we generalize the results in [1] and [6]

to the case [ ]., βαR

Our notation is standard and our general reference for unexplained

terms is [2].



w
w

w
.p

ph
m

j.c
om

SOME CONDITIONS FOR A FORM vu −α  … 235

First we study a criterion for v−α  to be a unit of [ ]., βαR  We need

some lemmas:

Lemma 1. Let R be an integral domain with quotient field K. Let α be

a non-zero element of an algebraic field extension of K and β be a linear

fractional transform of α, that is,

( ).0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

Then [ ] .1,, 





−α
α=βα

ba
RR

Proof. Since β is in ,1, 





−α
α

ba
R  we have ( ) .1,, 





−α
α⊂βα

ba
RR

Conversely set .bcadw −=  Then w is a unit of R and =
−α ba

1

( ).1 β−− acw  Hence [ ].,1, βα⊂





−α
α R

ba
R

Lemma 2. Let R be an integral domain and α be an anti-integral

element over R. Let β be a linear fractional transform of α, that is,

( ).0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

Let u and v be elements of R such that .0≠u  Assume that vu −α  is a unit

of [ ]., βαR  Then ( )buavu −  is in ( ) [ ]., ααϕ Ivu

Proof. Since vu −α  is a unit of [ ],, βαR  there exists an element

( )YXg ,  of [ ]YXR ,  such that ( ) ( ) .1, =βα−α gvu  Set ( )YXgn ,deg=

and

( ) ( ) ( ) ( ) ., nn baX
ba
dcXgbaXvuXXg −−






−α
−α−−=

Then ( )Xg  is in [ ]XR  and ( ) .0=αg  Since α is anti-integral over R, we

see that ( )Xg  is in [ ] ( ) [ ].XRXI αα ϕ  Hence there exists an element ( )Xh

of [ ] [ ]XRI α  such that ( ) ( ) ( ).XhXXg αϕ=  Substituting uv  for X, we get

( ) ( ) ( ) ( ).uvhuvuvgbuav n
αϕ==−−
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Set ( ) ( )XhkXt deg,deg =ϕ= α  and ( ) ( )., XYhXYXh k=  Then ( ) =ϕα uv

( )vuu t ,α
− ϕ  and ( ) ( )., vuhuuvh k−=  Moreover, ( )vuh ,  is in [ ].αI  Therefore,

we have

( ) ( ) ( ).,, vuhvubuavu nnkt
α

−+ ϕ=−−

Then, whether nkt −+  is non-negative or not, ( )buavu −  is in

( ) [ ]., ααϕ Ivu

Lemma 3. Let R be an integral domain and α be an anti-integral

element over R. Let β be a linear fractional transform of α, that is,

( ).0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

Let u and v be elements of R such that .0≠u  Let P be a prime ideal of [ ]αR

or [ ]βα,R  such that .Pvu ∈−α  Assume that ( ) ( ) [ ]., ααϕ∈− Ivubuavu

Then ( ) .2 Pbau ∈−α

Proof. Since ( ) ( ) [ ],, ααϕ∈− Ivubuavu  there exist a positive integer

m and an element r of [ ]αI  such that ( ) ( ).,vurbuavu mm
αϕ=−  Set

( ) ( ),...,,, 1
1

1 KXXX tt
tt ∈ηηη++η+=ϕ −

α "

where K is the quotient field of R. Then there exist elements Kt ∈λλ ...,,1

such that

t
t

t
t

tt uXuuXX η+η++η+ −
−

− 1
1

1
1 "

( ) ( ) ( ) .1
1

1 tt
tt vXvXvX λ+−λ++−λ+−= −
− " (1)

Note that tλλ ...,,1  are in ( )tηη ...,,1  and

( ),,1
1

1
1 vuuvuuvv t

t
t

t
tt

t α
−

−
− ϕ=η+η++η+=λ "

where ( )tηη ...,,1  is the R-module generated by ....,,1 tηη  In equation (1),

substituting αu  for X and multiplying r by the both sides of equation (1),
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we have

( ) ( ) ( ) .01
1

1 =λ+−αλ++−αλ+−α −
−

tt
tt rvurvurvur "

Therefore,

( ) ( ) ( )vurvurvur t
tt −αλ++−αλ+−α −
−

1
1

1 "

( ) ( ) ., mm
t buavuvurr −−=ϕ−=λ−= α

Because Pvu ∈−α  and ,...,, 11 Rrr t ∈λλ −  we obtain ( ) .Pbuavu mm ∈−

Hence ( ) .Pbuavu ∈−  Moreover, .Pvu ∈−α  Therefore, ( ) =−α bau2

( ) ( ) .Pbuavuvuua ∈−+−α

Theorem 4. Let R be an integral domain and α be an anti-integral
element over R. Let β be a linear fractional transform of α, that is,

( ).0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

Let v be an element of R. Then the following three conditions are
equivalent:

  (i) v−α  is a unit of [ ]., βαR

 (ii) ( ) [ ].ααϕ∈− Ivbav

(iii) ( ) [ ].α−α∈−α Rvba

Proof. )ii()i( ⇒  In Lemma 2, set .1=u  Then we see that bav −  is

in ( ) [ ] ( ) [ ].,1 αααα ϕ=ϕ IvIv

(ii) ⇒ (iii) Set [ ]α= RA  and let P be an arbitrary prime ideal of A such

that ( ) .PAv ⊂−α  Lemma 3 asserts that ba −α  is in P. Therefore,

( ) .PAba ⊂−α  Since ( )∩ Pv
AvP

∈−α
−α= ,  this asserts that ∈−α ba

( ) .Aba −α

(iii) ⇒ (i) By the condition (iii), there exist a positive integer k and an

element ( )Xp  of [ ]XR  such that ( ) ( ) ( ).α−α=−α pvba k  Then Lemma 1

implies that ( ) ( )kbap −αα  is in [ ].,βαR  Hence ( ) ( ) ( ) 1=−αα−α kbapv

and v−α  is a unit of [ ]., βαR
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The following generalizes the results of [6, Theorem 6] and [1,

Proposition 9].

Corollary 5. Let R be an integral domain and α be an anti-integral

element over R. Let v be an element of R. Then the following two assertions

hold:

(1) v−α  is a unit of [ ]αR  if and only if ( ) [ ] .RIv =ϕ αα

(2) Suppose that .0≠α  Then v−α  is a unit of [ ]1, −ααR  if and only

if ( ) [ ].ααϕ∈ Ivv

Proof. It is immediate from Theorem 4 by setting ,1,1,0 =−== cba

0=d  in (1), and setting 1,0,0,1 −==== dcba  in (2).

Our main theorem is the following:

Theorem 6. Let R be an integral domain and α be an anti-integral

element over R. Let β be a linear fractional transform of α, that is,

( ).0,,,,, ≠−α∈−∈
−α
−α=β ∗ baRbcadRdcba

ba
dc

Let u and v be elements of R such that .0≠u  Then the following three

conditions are equivalent:

  (i) vu −α  is a unit of [ ]., βαR

 (ii) ( ) [ ] [ ]βα=βα ,,, RRvu  and ( ) ( ) [ ]., ααϕ∈− Ivubuavu

(iii) ( ) [ ]., βα−α∈−α Rvuba

Proof. (i) ⇒ (ii) Assume that ( ) [ ] [ ].,,, βα≠βα RRvu  Then there exists

a prime ideal P of [ ]βα,R  such that ( ) [ ] .,, PRvu ⊂βα  Thus vu −α  is in

P. This contradicts the condition (i). The latter half is proved by Lemma 2.

(ii) ⇒ (iii) Let P be an arbitrary prime ideal of [ ]βα,R  such that

.Pvu ∈−α  Then ( ) Pbau ∈−α2  by Lemma 3. We shall show that u is

not in P. Assume that .Pu ∈  Then u and v are in P because .Pvu ∈−α
This contradicts the fact ( ) [ ] [ ].,,, βα=βα RRvu  Hence .Pba ∈−α  Note
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that ( ) [ ] ,, PRvu ∩=βα−α  where the intersection is taken over P such

that Pvu ∈−α  and [ ].,Spec βα∈ RP  This implies that ∈−α ba

( ) [ ]., βα−α Rvu

(iii) ⇒ (i) By the condition (3), there exist a positive integer k and an

element ( )YXp ,  of [ ]YXR ,  such that ( ) ( ) ( )., βα−α=−α pvuba k  Lemma 1

implies that ( ) ( ) [ ].,, βα∈−αβα Rbap k  Hence ( )( ( ) ( ) ) ,1, =−αβα−α kbapvu

and vu −α  is a unit of [ ]., βαR

Corollary 7 (cf. [6, Theorem 11]). Let R be an integral domain and α
be an anti-integral element over R. Let u and v be elements of R such that

.0≠u  Then the following conditions are equivalent:

 (i) vu −α  is a unit of [ ].αR

(ii) ( ) [ ] [ ]α=α RRvu,  and ( ) [ ]., ααϕ∈ Ivuu

Proof. By setting ,0=a  ,1−=b  ,1=c  0=d  in Theorem 6, we can

prove Corollary 7.

Corollary 8. Let R be an integral domain and α  be non-zero anti-

integral element over R. Let u and v be elements of R such that .0≠u  Then

the following conditions are equivalent:

  (i) vu −α  is a unit of [ ]., 1−ααR

 (ii) ( ) [ ] [ ]11 ,,, −− αα=αα RRvu  and ( ) [ ]., ααϕ∈ Ivuuv

(iii) ( ) [ ]., 1−αα−α∈α Rvu

Proof. It is clear by Theorem 6 by setting .1,0,0,1 −==== dcba

Let R be an integral domain and α be an anti-integral element over R.

Let β be a linear fractional transform of α and u, v be elements of R such
that .0≠u  We cannot use the condition ( ) [ ] [ ]α=α RRvu,  instead of

( ) [ ] [ ]βα=βα ,,, RRvu  in the condition (ii) of Theorem 6 as the following

example shows. Also we cannot use the condition ( ) [ ]α−α∈−α Rvuba

instead of ( ) [ ]βα−α∈−α ,Rvuba  in the condition (ii) of Theorem 6.
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Example 9. Set Z=R  and .3=α  Then α is an anti-integral element

over Z. Set 0,3 == vu  and ( ) .3 1−=β  Then the following are easily

verified:

(1) 33=−α vu  is a unit of [ ( ) ].3,3 1−Z

(2) ( ) [ ] [ ] [ ].3333, ZZZ ≠=vu

(3) [ ] ( ) [ ].3333 α−α=∉=−α Rvuba Z

(4) Set [ ].33Z=P  Then P is a prime ideal of [ ] Pvu ∈=−α 33,3Z

and ( ) [ ] [ ] .333, Pvu ⊂= ZZ  Hence vu −α  is not a unit of [ ].3Z

References

[1] M. Kanemitsu, K. Baba and K. Yoshida, The invertibility of an element a−α2  of a

super-primitive extension [ ] RR α  and a linear form of a Laurent extension

[ ],, 1−ααR  Scientiae Mathematicae 3(3) (2000), 371-376.

[2] H. Matsumura, Commutative Algebra, 2nd ed., Benjamin, New York, 1980.

[3] A. Mirbagheri and L. J. Ratliff, Jr., On the intersection of two overrings, Houston J.

Math. 8 (1982), 525-535.

[4] S. Oda, J. Sato and K. Yoshida, High degree anti-integral extensions of Noetherian

domains, Osaka J. Math. 30(1) (1993), 119-135.

[5] S. Oda and K. Yoshida, Anti-integral extensions of Noetherian domains, Kobe J.

Math. 5 (1988), 43-56.

[6] S. Oda and K. Yoshida, On units of an anti-integral extension [ ]αR  and conditions

for a linear fractional transformation β of α to satisfy [ ] [ ],α=β RR  submitted to

Algebra Colloquium.

[7] L. J. Ratliff, Jr., Conditions for Ker [ ] [ ]( )bcRXR →  to have a linear base, Proc.

Amer. Math. Soc. 39 (1973), 509-514.

g


