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Abstract

Let o be an anti-integral element over an integral domain R and f be a
linear fractional transform of a. Let ©u and v be elements of R. Then we

give some conditions that uo — v is a unit of R[a, B].

Let R be an integral domain with quotient field K and R[X] be a

polynomial ring over R in an indeterminate X. Let a be an element of an
algebraic field extension of K and = : R[X] — R|[o] be the R-algebra

homomorphism defined by n(X) = a. Let ¢,(X) be the monic minimal
polynomial of a over K with deg ¢, (X) = ¢, and write

(POL(X) = Xt + ant71 R | P (nl’ o Mg € K)
We define I|,) := ﬂ§=1 (R :g m;), where (R :p m;) ={c € R;cn; € R}. An

element o is called an anti-integral element of degree ¢ over R if Ker nt =

Io 100 (X) RIX].
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Let B be a linear fractional transform of a, that is,

co—d

B = (@, b,c,d e R, ad —bc € R*, aa. — b # 0),

ao — b
where R* denotes the set of units of R.

Set ¢, (X, Y) = X'¢,(Y/X). Since o = (b —d)/(aB —c), it is easily
verified that

0p(X) = g (a, b) "9, (aX —c, bX - d).

Assume that o is in K. Ratliff [7] studied the conditions for Ker(r)
to have a linear base, where it is said that Ker(n) has a linear base if
Ker(n) = Z(piX —q;)R[X] with o = q; /p;(p; # 0, q; € R), that is, Ker(r) =
(R:p 0)(X - a)R[X], where (R :p a) = {c € R; ca € R}. Subsequently,
Mirbagheri and Ratliff [3] proved that Ker(n) has a linear base if and only
if Rla]N R[a"*] = R. In [5], an element o € K is called an anti-integral
element over R if Ker(n) = (R :p o)(X — o) R[X]. Furthermore, in [4], the

notion of an anti-integral element over R was extended to the higher
degree case, that is, the case that o is an element of an algebraic field

extension of K. This notion is a generalization of linear base property.

Let o be an anti-integral element over R and u, v be elements of R. In

(6], they gave a condition for oo —v to be a unit of R[a]. Moreover, [6]

gave some conditions for uo —v to be a unit of R[a]. In the case of
Laurent extension R[a, a_l], [1] gave a condition for o — v to be a unit of
R[o, o !]. Let B be a linear fractional transformation of o. Then the cases

of Rl[a] and Rla, a™'] are special ones of R[a, B]. So it will be worth
considering the case R|o, B] and we generalize the results in [1] and [6]

to the case R[a, B].

Our notation is standard and our general reference for unexplained

terms 1s [2].
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First we study a criterion for o —v to be a unit of R[a, B]. We need

some lemmas:

Lemma 1. Let R be an integral domain with quotient field K. Let o be
a non-zero element of an algebraic field extension of K and B be a linear

fractional transform of a, that is,

B=2"9 b cdeR, ad-be e R, ao—b % 0).
ao —b

Then R[a, B] = R[a, aal— b}

. .. 1 1
Proof. Since B is in R|:OL, m}, we have R(a, B) c R|:OL, s b]'

Conversely set w = ad —bc. Then w is a unit of R and 1 5 =
aol —

w™l(c - aB). Hence R[oc, aocl— b} c R[a, B].

Lemma 2. Let R be an integral domain and o be an anti-integral

element over R. Let B be a linear fractional transform of o, that is,

B=2=9 (4 b e deR ad-bee R, an—b = 0).
ao —b

Let u and v be elements of R such that u # 0. Assume that uo, — v is a unit
of Rlo, B]. Then u(av - bu) is in /¢y (1, v)1y].

Proof. Since uo.—v is a unit of R[a, B], there exists an element
g(X,Y) of R[X, Y] such that (uo —v)g(a, B) =1. Set n = deg g(X,Y)

and

g(X) = (uX - v)(aX - b)" g(X, 22‘_‘2) — (aX - b)".

Then g(X) is in R[X] and g(a) = 0. Since a is anti-integral over R, we
see that g(X) is in I[,9,(X)R[X]. Hence there exists an element A(X)
of Ij,)R[X] such that g(X) = ¢, (X)A(X). Substituting v/u for X, we get

~(av/u - )" = g(v/u) = 94 (v/u)h(v/u).
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Set t =deg ¢, (X), k=degh(X) and A(X,Y)=X*A(Y/X). Then ¢ (v/u)=
u gy (u,v) and h(v/u) = u*h(u, v). Moreover, h(u,v) is in Iq]- Therefore,
we have

Ut (v — bu)t = @, (4, v)h(, V).
Then, whether ¢+ k—n 1is non-negative or not, u(av—bu) is in

V0o W, U)I[a]‘

Lemma 3. Let R be an integral domain and o be an anti-integral

element over R. Let B be a linear fractional transform of o, that is,

B=2=9 (4 b e deR ad-bee R, an—b = 0).
ao —b

Let u and v be elements of R such that u # 0. Let P be a prime ideal of R[o]
or Rlo, B] such that uo. —v € P. Assume that u(av - bu) € \Jo, (u, v)I[g].

Then u?(ao — b) € P.
Proof. Since u(av — bu) € /@, (4, v)I[y), there exist a positive integer

m and an element r of Ij, such that u™ (av - bu)™ = re, (u,v). Set

(P(x(X) = Xt + ant_l +oee T+ MN¢» (nlv < N € K)7

where K is the quotient field of R. Then there exist elements A{,...,A; € K
such that

XU rmuXt X+t
=X o) + (X —0)f T e (X —0) + A (1)
Note that Aq, ..., A, arein (ng, ..., n;) and
t-1

t - t-1 t
Ay =08 Mo 4 ut v et = 0 (w, v),

where (0, ..., ;) is the R-module generated by mny,...,n;. In equation (1),
substituting ua for X and multiplying r by the both sides of equation (1),



SOME CONDITIONS FOR A FORM uo —v ... 237

we have

ro. — o) + rig (wo— o)+ e Ay _g (wo - v) + A, = 0.

Therefore,
r(uo—v) + rhg (o — o)+ e+ Ay (wou— v)
=-TA; = —r(pa(u, v) = —um(av - bu)m.
Because ua—ve P and rAq, ..., rA;_; € R, we obtain u"(av - bu)" € P.

Hence u(av —bu) e P. Moreover, ua —v € P. Therefore, u?(ao —b) =

ua(uo. — v) + u(av — bu) € P.

Theorem 4. Let R be an integral domain and o be an anti-integral
element over R. Let B be a linear fractional transform of o, that is,

B =

co—d

(@, b,c,d e R, ad —bc € R*, aa. — b # 0).
ao —b

Let v be an element of R. Then the following three conditions are
equivalent:

@) a —v is a unit of Rla, B].

(i) av - b € \Jou V) [¢]-
(iil) ao — b € /(o — v)R[a].

Proof. (i) = (i1) In Lemma 2, set u = 1. Then we see that av - b is
in oo (L, v)I[q] = 0o () I[q)-

(i1) = (ii1) Set A = R[a] and let P be an arbitrary prime ideal of A such
that (o —v)A c P. Lemma 3 asserts that ao —b is in P. Therefore,

J(@ao —b)A < P. Since ﬂa_UePP =4/(a - v)A, this asserts that aa. — b e
J(aa —b)A.
(i11)) = (1) By the condition (ii1), there exist a positive integer k and an

element p(X) of R[X] such that (ac. - b)* = (a - v)p(c). Then Lemma 1

implies that p(a)/(ac—b)* isin R[a,B]. Hence (o — v)p(a)/(ao — b)* =1

and o — v is a unit of R[o., B].
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The following generalizes the results of [6, Theorem 6] and [1,
Proposition 9].

Corollary 5. Let R be an integral domain and o be an anti-integral
element over R. Let v be an element of R. Then the following two assertions
hold:

(1) o —v is a unit of R[] if and only if ¢, )1y = R.

(2) Suppose that o # 0. Then o.— v is a unit of Rla, o' if and only
i ve Joa® T

Proof. It is immediate from Theorem 4 by setting ¢ =0,b=-1,¢c =1,
d =0 in (1), and setting a =1, b =0,¢c =0, d = -1 in (2).

Our main theorem is the following:

Theorem 6. Let R be an integral domain and o be an anti-integral

element over R. Let B be a linear fractional transform of a, that is,

p=2=d (b edeR ad-bee R, an—b+0).

ao — b

Let u and v be elements of R such that u # 0. Then the following three

conditions are equivalent:

@) uo —v is a unit of Rla, BJ.
(i) (u, v)R[o, Bl = Rlo, B] and u(av - bu) € |Joq(u, v)I|y].
(i) a0 — b € (uo — v)R[o, B

Proof. (i) = (ii) Assume that (u, v)R[a, B] # R, B]. Then there exists
a prime ideal P of R[o, B] such that (u, v)R[c, B] ¢ P. Thus uo — v is in
P. This contradicts the condition (1). The latter half is proved by Lemma 2.

(il) = (iii) Let P be an arbitrary prime ideal of R[a, B] such that

uo. —v € P. Then u?(ao. — b)e P by Lemma 3. We shall show that u is

not in P. Assume that v € P. Then v and v are in P because uo. —v € P.
This contradicts the fact (u, v)R[o, B] = Rla, B]. Hence ao. — b € P. Note



SOME CONDITIONS FOR A FORM uo —v ... 239

that /(ua—v)R|a, B] =NP, where the intersection is taken over P such
that woa—ve P and P e SpecR[a, B]. This implies that aoa-be

J(uo - v)R[a, B].

(i11)) = (1) By the condition (3), there exist a positive integer k£ and an
element p(X,Y) of R[X,Y] such that (ac —b)* = (ua. - v) p(a, B). Lemma 1
implies that p(a, B)/(ac —b)* € R[a, B]. Hence (ua —v)(p(o, B)/(ac —b)*) =1,

and uo — v is a unit of R[a, B].

Corollary 7 (cf. [6, Theorem 11]). Let R be an integral domain and o
be an anti-integral element over R. Let u and v be elements of R such that
u # 0. Then the following conditions are equivalent:

(1) uo — v is a unit of Rlal].

(i) (u, v)R[a] = Rla] and u € \Joq (1, v)I|).

Proof. By setting a =0, b=-1, ¢ =1, d = 0 in Theorem 6, we can

prove Corollary 7.

Corollary 8. Let R be an integral domain and o be non-zero anti-
integral element over R. Let u and v be elements of R such thatu # 0. Then

the following conditions are equivalent:

(i) uo — v is a unit of Rla,o™].

(i) (u, v)Rlo, a™ ] = Rlo, o] and uv € Jou(u, v) Iy

i) o € y(uo - v)Rlo, o]

Proof. It is clear by Theorem 6 by settinga =1, b=0,¢ =0, d = —1.

Let R be an integral domain and o be an anti-integral element over R.
Let B be a linear fractional transform of a and u, v be elements of R such
that u # 0. We cannot use the condition (u, v)R[o] = R[a] instead of

(u, v)R[a, B] = R, B] in the condition (ii) of Theorem 6 as the following
example shows. Also we cannot use the condition ao — b € +/(uo — v) R[o]

instead of act — b € /(uo — v)R[a., B] in the condition (ii) of Theorem 6.
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Example 9. Set R = Z and a = V3. Then a is an anti-integral element

over Z. Set u=3,v=0 and B = (3 )L. Then the following are easily

verified:

(1) uo—v =33 is a unit of Z[v3, (V3)!].
() (u, v)Z[V3] = 3Z[V3] = Z[V3].
(3) aa — b = V3 ¢ 3V3Z[V3] = \(ua — v)R[a].

(4) Set P = V/3Z[V3]. Then Pis a prime ideal of Z[v3], uo.—v=3vV3 e P

and (u, v)Z[v3] = 3Z[v3] = P. Hence uo. — v is not a unit of Z[vV3].

(1]

(2]
(3]

(4]

(5]

(6]

(7
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