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Abstract

The aim of this paper is to study how to construct a graph representing a

permutation group, and illustrate much of the basic relations between

its elements by graphs. Finally, some applications are presented.

Introduction

The aim of this paper is to study how to construct a graph

representing a permutation group, and illustrate much of the basic

relations between its elements by graphs. In order to do this we shall

state much of the preliminaries related to both permutations and graphs

in Section 1. Section 2 is devoted to constructing the known expression

representing a given permutation. Also we define the product

( )( )00 ,, vu∆×Γ  of the known expressions ( )0, uΓ  and ( ),, 0v∆  which
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represents the product (composition) αβ, of the permutations α and β

acting on the same points, respectively. Finally we get the minimal graph

of ( )( ).,, 00 vu∆×Γ  Furthermore, some applications are presented in

Section 3.

1. Preliminaries

In this section we give some basic definitions on permutation groups
and graphs.

Let N denote a set. A bijection mapping α of N onto itself, for short

,: NN →α  having the property that ( ){ },and KKNKK ≠α∈|  is

called a permutation of N. The order N  of N is called the degree of the

permutation α.

If both α and β are permutations of N, then their composition is

denoted by αβ and defined by ( ) ( )( ) .NKKK ∈∀βα=αβ  This

composition is bijective, keeps almost all the points fixed, and is therefore
also a permutation.

If a set P of permutations of N forms a group under this composition,

then we call P a permutation group and say that P is acting on N. N  is

then called the degree of P. The set of all permutations of N, i.e., the set

NN →α|α :{  and ( ) KK ≠α  for finitely many }Nk ∈  is a permutation

group, it is called the symmetric group on N. If N has cardinality n, it is

denoted by ,nS  then the elements of N are called points.

Two permutation groups, say P on N and P ′  on ,N ′  i.e., subgroups of

nS  and nS ′  respectively, are similar if and only if there exists a bijective,

NN ′→γ :  and an isomorphism PP ′−φ ~:  such that the following holds:

( ) ( )( ) ( )( )KKNKP αγ=γαφ∈∈α∀ ,,

(this means that by renaming the elements of P by φ and the points of N

by γ, we obtain ).P ′  It is easy to check that two symmetric groups are

similar if and only if they are of the same degree, i.e., if they act on the
same number of points. An excellent account of this material can be found
in [4].
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We may write a permutation α as a succession of disjoint cycles and

the order of α is the least common multiple of the lengths of its cycles.

Then two permutations are conjugate in a symmetric group if and only if

they have the same number of cycles of each length [3].

An oriented graph Γ consists of two disjoint sets, a non-empty set of

vertices ( )ΓV  and a set of edges ( ),ΓE  together with a function

( ) ( )Γ→Γ VEt :  and a fixed involution ( ) ( )Γ→Γ EE  denoted by ,ee →

where ( )ei  and ( )et  are called the initial point of e and the terminal point

of e  respectively e(  is the inverse of e). A morphism of graphs [1, 2]

Γ′→Γ:f  is a map taking each vertex to a vertex and each edge to an

edge or a vertex such that

( ) ( )efef =    and   ( )( ) ( )( ).etfeft =

A path P in the graph Γ is an ordered n-tuple ( ),1≥n

( );...,,, 21 neeeP =  ( ) niEei ≤≤Γ∈ 1;  such that ( ) ( ),1+= jj eiet j≤1

;1−≤ n  ( )1ei  and ( )net  are called the initial and terminal points of P,

written ( )Pi  and ( )Pt  respectively. P is called reduced path [1], if it

admits no elementary reductions, and it will be a loop at V if it is not

necessarily reduced with ( ) ( ) ,VPtPi ==  otherwise it is called a circuit.

A pair of edges ( )21, ee  of Γ is said to be admissible [6] if ( ) ( )21 eiei =

and 21 ee ≠  to obtain a graph denoted by [ ].21 ee =Γ  The morphism

[ ]21 ee =Γ→Γ  is called an edge fold.

Let Γ, Γ′  be two graphs. An edge collapse is a morphism Γ′→Γ:f

whose effect is to identify e, ( )eie,  and ( )et  to one vertex.

A labelling is a map ( ) ,: NEf →Γ  where { }nN ...,,2,1=  such that

( ) ( ) ( ).1 Γ∈∀= − Eeefef  If neeeP ...21=  is a path in Γ, then

( ) ( ) ( ) ( )....21 nefefefPf ⋅=  Now ( ) ( ) ( ) ( )nefefefPf 121111 ...⋅=  is the first

label on the edges .ie  Similarly ( ) ( ) ( ) ( )nefefefPf 222122 ...⋅=  is the

second label on the edges .ie  We use ( ),k  to denote an edge with first
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label k and second label ,  where ,, Nk ∈  where ( ) .2,1;10 == ifi

2. Permutations and Graphs

2.1. The based graph

First of all we shall define how we can construct a based graph which

represents a given permutation. Now we will define from α a labelled

graph Γ with base vertex 0u  as follows: For each ,Nk ∈  we have two

cases:

 (i) If ( ),kk α≠  then take a circuit with two edges e and e′  at 0u

with labels ( )0,k  and ( )( )kα,0  respectively; ( ) ( ).0 etuei ′==

(ii) If ( ),kk α=  then take a loop at 0u  labelled ( )., kk  The graph

( )0, uΓ  is called a based graph representing α, where 0u  is the base

vertex.

Note. { ( ) },,0labelled1 NxxeeT ∈∀|=

{ ( ) }.0,labelled2 NxxeeT ∈∀|=

The identity graph which corresponds to the identity permutation e

consists of n loops labelled ( ) ,1;, nkkk ≤≤  and denoted by ( )., 0uI

Also, we can define the inverse graph ( ) 1
0, −Γ u  of the based graph

( )0, uΓ  which corresponds to the inverse permutation ,1−α  that takes the

second label to the first label of every loop. The inverse graph will be

abbreviated by ( ),, 0
1 u−Γ  such that

( ) ( ) ( ).,,, 00
1

0 uIuu =Γ×Γ −

2.2. The product of based graphs

Let ( )0, uΓ  and ( )0, v∆  be the based graphs representing α and β

respectively. The product of these graphs is denoted by ( )( )00 ,, vu∆×Γ

defined as follows:

(1) The vertices of ( )( )00 ,, vu∆×Γ  are the set of all ordered pairs
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( ) ( ) ( ),,, ∆∈Γ∈∀ VvVuvu  and the base of ( )( )00 ,, vu∆×Γ  is the vertex

( )., 00 vu

(2) The edges of ( )( )00 ,, vu∆×Γ  are given by:

(i) If k is the second label of an edge in ∆ joining ,vv ′→  say with first

label 0, put ( ) ( ) ( )vuvuk ′→ ,,:,0  in ( )( )00 ,, vu∆×Γ  ∀ vertices .Γ∈u

(ii) If k is the first label of an edge in Γ, we have two cases:

(a) If ( ) uuk ′→:0,  in Γ, then put ( ) ( ) ( )vuvuk ,,:0, ′→  in

( )( ) ∀∆×Γ 00,, vu  vertices ;∆∈v

(b) If ( ) uuk ′→:,  in Γ; ,0≠  then put ( ) ( ) ( )vuvuzk ′′→ ,,:,  in

( )( ),,, 00 vu∆×Γ  whenever ( ) vvz ′→:,  in ∆.

2.3. Minimal graph

In this section we start with two definitions which are used later on.

If u is a vertex in ( )0, uΓ  with valency 2, 0uu ≠  and if

 (i) u is an extreme vertex of both 1T  and ,2T

(ii) the labels of the two edges in start ( ) ( ) ( ){ }ueiueu =|Γ∈=Γ 0,,

occur as the labels of some other edges of ( ),, 0uΓ  then u and its adjacent

edges are redundant. If (ii) does not hold, then u and its adjacent edges

are singular.

Now from the based graph, we get a minimal graph as follows:

M1. Collapsing all edges labelled ( )0,0  and folding all edges whose

labels and initial vertex are the same, until no further such folds are
possible;

M2. Remove all the redundant vertices and their adjacent edges;

M3. Combine every two edges 1e  and ,2e  say, where 1e  is an edge

labelled ( )0,k  in 2T  with ( ) ( ) vetuei == 11 ,  and 2e  is an edge labelled

( ),0  in 1T  with ( ) ( ) 122 , uetvei ==  into one edge e labelled ( ),k  with

( ) ( ) ,, vetuei ==  whenever v is singular.
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3. Applications

(i) Let ( ) ( ) ( ) ( ) ( )54321=α  and ( )54321=β  be two permutations in

.5S  Then by using (2.1), we can present α and β by the based graphs

( )0, uΓ  and ( ),, 0v∆  respectively. Also, by using (2.2) we will get

( )( )00 ,, vu∆×Γ  and its minimal graph which corresponds to αβ.

               ( ) :, 0uΓ                                      ( ) :, 0v∆

     

                               Figure 1                                  Figure 2

( )( ) :,, 00 vu∆×Γ

Figure 3
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Applying M1 to Figure 3, we get

   Figure 4

Applying M2 to Figure 4, we get

                        Figure 5                                             Figure 6

Similarly, the based graph ( )( )00,, uvΓ×∆  which corresponds to βα is:

( )( ) :,, 00 uvΓ×∆

Figure 7

(ii) Consider the permutations of the group ( ) ( ),321, 103 ==⋅ PePs
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( )( ) ( )( ) ( ) ( ).231,321,321,231 5432 ==== PPPP  Here we are interested

in presenting it in terms of its multiplication table, or Cayley table.

Table 1

0P 1P 2P 3P 4P 5P

0P 0P 1P 2P 3P 4P 5P

1P 1P 0P 4P 5P 2P 3P

2P 2P 5P 0P 4P 3P 1P

3P 3P 4P 5P 0P 1P 2P

4P 4P 3P 1P 2P 5P 0P

5P 5P 2P 3P 1P 0P 4P

Now let 54321 ,,,,, ΓΓΓΓΓI  be the graph representations corresponding

to the set of permutations 5...,,1,0, =iPi  defined above. If we present

these graphs in terms of its multiplication table, we get

Table 2

I 1Γ 2Γ 3Γ 4Γ 5Γ

I I 1Γ 2Γ 3Γ 4Γ 5Γ

1Γ 1Γ I 4Γ 5Γ 2Γ 3Γ

2Γ 2Γ 5Γ I 4Γ 3Γ 1Γ

3Γ 3Γ  4Γ 5Γ I 1Γ 2Γ

4Γ 4Γ 3Γ 1Γ 2Γ 5Γ I

5Γ 5Γ 2Γ 3Γ 1Γ I 4Γ

It is clearly seen that Tables 1 and 2 are isomorphic.
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