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Abstract

We describe the Weyl group associated to 3-extended affine root system

Al(l’l’l)D(l) [1, 5] in terms of the 3-extended affine diagram.

1. Introduction

In 1985, Saito [5] introduced the notion of an extended affine root
system, and especially classified (marked) 2-extended affine root systems
associated to the elliptic singularities, which are the root systems belong
to a positive semi-definite quadratic form I whose radical has rank two.
Therefore, 2-extended affine root systems are also called elliptic root
systems. In 1997, Allison et al. [1] also introduced the extended affine root
systems associated to the extended affine Lie algebras and gave a
complete description of them by using the concept of a semilattice. The
generators and their relations of elliptic Weyl groups associated to the

elliptic root systems were described from the viewpoint of a
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generalization of Coxeter groups by Saito and Takebayashi [6]. In cases of
the simply-laced extended affine root systems, Azam and Shahsanaei [4]
have given a presentation of the corresponding Weyl groups. In [7] and
[8], in cases of the simply-laced 3-extended affine root systems we
described the 3-extended affine Weyl groups in terms of the 3-extended
affine diagrams. In this paper, we describe the Weyl group of the

3-extended affine root system A1(1,1,1)|](1) in terms of the 3-extended affine

diagram.

2. The 3-extended Affine Root System AL1*(1)

We recall the 3-extended affine root system Al(l’l’l)* (1) [1, 5], which is
given as follows:

R={x(; —&9)+2nb+ma+kc (n,m,k0Zs.t. mk = 0(mod 2)),
+ (&) —€9)+(2n+1)b+2ma +2ke (n,m, kO Z)}.
We set;
ag =89 —& +b, 05 =& —&9, 0o =0 +2a,
a] =0 +a, Og=og+2, 0 =o0q+c

The 3-extended affine diagram T'(R) of Al(l’l’l)* (1) is given as follows:

3. The Weyl Group of the 3-extended Affine Root System

The Weyl group of the 3-extended affine root system is defined as
follows [1, 5]. Let V be an (I + 3)-dimensional real vector space
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equipped with a positive semi-definite bilinear form. Let VY be the
3-dimensional radical of the form (,) and (V) be the dual space of V°.
Set V=vOV? and V=voOv°O(W®)" Let {e,.. €} be the
standard basis of V satisfying (¢i, €j) = &;; for all i, j =1, ..., l. Define
the bilinear form (,) on V so that (,) extends the form on V and (,) is

nondegenerate on V. For a O R, we define the reflection wq O GL(V) by

2a

we@)=u-(u,aa @OV) with O(D=<a,a>.

Set Wg = (wy |o e R) <

GL(V). Then WR is the Weyl group of the 3-extended affine root system
R. In the case of Al(l’l’l)*(l), we set X =w, Wy, 1p, ¥ = We,We, 4a>
Z = wy Wy, ¢, and define the central elements n;, ng, m3, by m(w) =
u+(u,2a)b—(u, 2bya, ng(u):=u+(u,2c)b—(u, 2b)e, n3(u):=u+(u, 2c)a

—(u, 2a)c, then the following has been given in [4].

Proposition 3.1 [4]. The Weyl group of the 3-extended affine root

system Al(l’l’l)* (1) is described as follows:
Generators: wy = wq, , X, Y, Z and the central elements Ny, Ng, N3.

wXun X =1 YX = XY
Relations: wi‘z =1, JwYwY =1 ZX = XZng

wiZuwiZ =1, 2Y = YZn;.
From Proposition 3.1, we obtain the following.

Theorem 3.2. The Weyl group of the 3-extended affine root system
A{l’l’l)*(l) is described as follows:

Generators: for each a Ol (R), we attach a generator a, = w,. For
simplicity, we shall write a, a”, @, b, b", b instead of aq, a.o, Ay, ap,

a a

BD: E
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Relations:
U a g =a? =1
1.0 &aF
|Ql:: >
11 H~
N — i) . (aa*@)? = (a*d@a)® = (Gaa™)*
o
o
1.
A _ _ _
R = (AAB)? = (ABA)? = (BAA)?
:OEO where A = A e {a, o*, &}, and B = B, B*, B
o
A
Il ba*b = b*ab*, bdb =bab, ba'b = b*ab*
A B N N
> = aa’bb* = bb*aa”, adbb = bbad,
N ™
oV a*@b*h = b*ba*a
A >~ B

I~ a’t 3

&

I
1
I

%:

aa*(bb*)?d = Gaa* (bb*)?
aa*(bb*)?b = baa*(bb*)?
: ~ ~
ad(bb)’a”* = a*ad(bb )
ad(bb)*b* = b*ad(bb)?

Proof. The case of I.co is the same as [8], so we check the cases of

Il.0o and III.c.

(IL.o) ba*b(u) = u - (u, o + 2B + 2a) (o + 2B + 2a) = b ab” (u).
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The others are similarly checked.
(II1.0) aa™(bb* )ga(u) =u+(u, 2a)(a +B) - (u, 20 + 2B)a — (u, A)a
= daa (bb") (u).

The others are similarly checked.

Next, we show that the relations in Theorem 3.2 are the defining
relations of VT/R. We denote by W(F(R)) the group defined by the
generators and relations in Theorem 3.2. Let N(R) be the smallest

normal subgroup of W(I'(R)) containing a,d, for aO{ay,a;}. Then one

has a natural isomorphism
W(r (R))/N(R) OW (Ryy).

The left hand side is a group obtained from W(I'(R)) by substituting @, b

by a, b. Therefore, it is isomorphic to the central extension VT/(Rel) of the
elliptic Weyl group associated to the elliptic root system R,; [6]. For the

proof of Theorem 3.2, we prepare the following.
Lemma 3.3. We set v3 = (w,w]i;)?, then
() V3 is a central element in W(I(R)),
(i) v§ = wowgw @wiwoliwy = wywiwelgwiwyBowy, — and — y3 =
(w0w8w0)2.
(iii)) N(R) is an abelian group generated by T, = a,ad, for o e

{og, oq} and ys.

Proof. (i) wyys = wow;w; iy ww; 0,

~ ~ ~ \2 ~ 2
wowlwlw{‘wlwlwf (by (wlwfwl) = (wlwlwf) )

~ ~ * ~ * ~ ~ ~
= Wy Wowy wywiwy (by wolbyw, = Wyw )
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~ * ~ * * ~ * ~ * ~ *
Wywywy Wiwowywy (by Wow, = wyiwg )

o~ k ~ * _ b * * _ *
= Wiy = Y3Wo (by wowwy = wywyw).

The others are similar.

(i) V3

here

so, V3
Further,

4 _

Y3 =

= w1w1Dl711W1w1%1w1%1w1w1Dl711w1,

w1w1DLle1w1%1w1%1w1w1D

wlwlwlqzlwlwlwlwlm

wlDw1w1wl%l111111)1DL3111)1L511111w1D

wﬁvlwﬁwlwlwﬁulwlm

wluwlwﬁzlwlwﬁﬁwluwow(%ﬂgwo
wlwlljwowgwl%wgwo

wow(?wlwlw(?wo,

wow(?w@lwgwoidwl .

wowgwﬂlwgwoﬁlw
wowgw1w1uwl%1w(%owowoﬁ1w1
w1w1DwowEwl%1wElZow1w1wowo

(by wowowyw] = wiwiwgwg, Welew Wy = Wy wib)
wywrtwowobowt i oty Wowo (by wrtbwg = Bowrtd, )
wywrtwowrh weilwy Bowo (by wolowiih; = witlweil)
wywikg oty Wowo (by Bwelly = witbgwy).
(wow(?wﬂlwgwoﬁlwl )2

wow&u1ﬁ1w1w1w§ﬂow1w@1w1,
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here,

wlwlwlwlwgwowlwﬁlwl
= wowowoﬁow1w1w1ﬁ1wgluoﬁ1w117}1w1
(by woilo (i@ Y wi = wetwoio (wyid )?)
= wowow(%o,
so, Yg = (wow(*)wo)2-

(i1l)) We show that the subgroup generated by T, (for o € {0, 0})
and yg is closed under the adjoint action Ad,  Oo OT(R).

Ady (Ty,) = wowilwy = welow Wy = Ty Ty, -
Ad T * ~ * _ * ~ * ~ ~
aB( op ) = WoWIIWG = WoloW oL WiWowoio1w; wilb1 Wy
2 ~ 2
= Y3Wo iy = Y3Ta0Ta1-
Adg (Ty,) = Wow10,Wo = wiwoiby = Ty Ty, -
* ~ % * ~ % ~ ~ -1mp-1
Ada{ (Ty,) = wiwilw; = wyw, 0w w0, Wwy = v3 TOll .
Ady, (Ty,) = wiwoiow, = wiwolow, W w, W) 1,0
T 4
= Wi oo iy = TGOT(Xl'
a{( g ) = WIWWoW = Wiy WollgWs Wy WoloWootvy
2 ~ 2 4
= yawwowowy = 13T, T -
Adg, (Ty,) = Wiwolol; = wyw;1wioiv;
_ N~ 4
= Wy = TaOTal.

_ I ~ T
Ad o(Ty,) = wotooibows = wotelowotololowy = Vs Ty,
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The Proof of Theorem 3.2. Let N be a subgroup generated by Z, ng
and ng. Then N is a normal subgroup of VT/'R and there is an isomorphism

Wg/N OW(R,;), where W(R,)= (wy, X, Y, n;). So we have the

commutative diagram:
1 - NR - WIR) - WR,) - 1
! l l
1 -~ N - W - WER) - 1

By the same argument in the case of the elliptic Weyl group [6],

noting the expression of mny, we see that the first arrow is an

isomorphism. Therefore, the middle arrow is also an isomorphism.
Let us denote w, be the reflection in GL(V) such that w, |y = w,,

and set Wi = (i, |o € R). Then, from the same argument in the elliptic

case [6] and Proposition 3.1, we see the following.

Proposition 3.4. (i) The central elements y; and ys € W(I'(R))

corresponding to n; and ne are given as follows:

11 = wow(”i(wlwi‘)2, Yo = woﬁo(wlwl)Q-
(ii) We have an isomorphism W(I(R))/(11, 72, v3) = Wg.

Proof. (i) is directly checked and (i1) is trivial.
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