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Abstract

We describe the Weyl group associated to the 3-extended affine root

system Al(l’l’l) [1, 5] in terms of the 3-extended affine diagram.

1. Introduction

In 1985, Saito [5] introduced the notion of an extended affine root
system, and especially classified (marked) 2-extended affine root systems
associated to the elliptic singularities, which are the root systems belong
to a positive semi-definite quadratic form I whose radical has rank two.
Therefore 2-extended affine root systems are also called elliptic root
systems. In 1997, Allison et al. [1] also introduced the extended affine root
systems associated to the extended affine Lie algebras and gave a
complete description of them by using the concept of a semilattice. The
generators and their relations of elliptic Weyl groups associated to the

elliptic root systems were described from the viewpoint of a
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generalization of Coxeter groups by Saito and Takebayashi [6]. In the
cases of the simply-laced extended affine root systems, Azam and
Shahsanaei [4] have given a presentation of the corresponding Weyl

groups. In [7], in the cases of simply-laced 3-extended affine root systems
except for Al(l’l’l), similarly to the cases of the elliptic root systems, we

described the 3-extended affine Weyl groups in terms of the 3-extended
affine diagrams. In this paper, we describe the Weyl group of the 3-
extended affine root system Al(l’l’l) in terms of the 3-extended affine
diagram.

2. The 3-extended Affine Root System A{l’l’l)

We recall the 3-extended affine root system A{l’l’l) [1, 5], which 1is

given as follows:

R = {t(g; —g9) + nb+ ma + ke (n, m, k € Z)}.

We set

QO=82—81+b, o1 = & — &9,
(l;:(li‘i‘a (i:O,l), &i:ai+c (120,1)

The 3-extended affine diagram I'(R) of Al(l’l’l) is defined as follows:

3. The Weyl Group of the 3-extended Affine Root System

The Weyl group of the 3-extended affine root system is defined as

follows [1, 5]. Let V be an (I + 3)-dimensional real vector space
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equipped with a positive semi-definite bilinear form. Let VY be the
3-dimensional radical of the form (,) and (V%) be the dual space of V°.
Set V=vOV? and V=VaoV’®[V®" Let {e,..¢} be the
standard basis of V satisfying (¢, €j) = & for all i, j =1, ..., . Define
the bilinear form (,) on V so that (,) extends the form on V and (,) is

nondegenerate on V. For a O R, we define the reflection wq O GL(V) by

we@)=u-(u,aVa @OV) with o = 20 Get Wg = (wy |a € R)

(o, @)

c GL(V). Then VT’R is the Weyl group of the 3-extended affine root

system R. In the case of Al(l’l’l), we set X = wy Wy, 14, ¥ = We,We, 4a>
Z = wq Wy, ¢, and define the central elements n;, ng, 3, by m(w) =
u+ (u, a)b —(u, bya, ma(u):=u+(u, c)b—(u, bye, n3(w) = u+(u, 2c)a
—(u, 2a)c, then the following has been given in [4].

Proposition 3.1 [4]. The Weyl group of the 3-extended affine root

system Al(l’l’l) is described as follows:
Generators: wy = Wy » X, Y, Z and the central elements ny, Ng, N3.

lele =1 YX = XYT]l
Relations: w? =1, Jw,YwY =1 ZX = XZng

wlZwlZ = 1, ZY = YZT]3
From Proposition 3.1, we obtain the following.

Theorem 3.2. The Weyl group of the 3-extended affine root system

A{l’l’l) is described as follows:

Generators: for each o € I'(R), we attach a generator a, = w,. For
simplicity, we shall write a, a”, @, b, b*, b instead of aq, a0 A, ap,

a a

BDy 'g
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Relations:
! a g —a? =1
1.0 a°
R+
1 _ §> a = (aa*@)? = (a*@a)® = (daa*)?
11
o
1. B B .
A = (AAB)* = (ABA)* = (BAAY’
) where A # A € {o, o, a}, and B =B, B, B
0
A
I — AABB = ABBA = BBAA = BAAB
A E: where {A =a, A =o*, B=p, B =p*},
=l
:X( (A=a’ A=G,B=p" B=por
0
A oo B {A=o,A=G B=p B =p

aa*bb*d = daa*bd*

aa*bb*b = baa*bb*

~7 7 % % o~y 7
aabba” = a aabb

adbbb* = b*adbb

Proof. In the case of 1.0 is the same as in [7], so we check the cases of

I.o, Il.co, and III.c0.



THE WEYL GROUP OF THE 3-EXTENDED AFFINE ROOT ... 373
(I.0) (AABY*(u) = u — (u, 2A — 2A)B — (u, - 24 — 2B) A
—(u, 2A + 2B) A = (ABA)*(u) = (BAA)*(u).
(IT.0) AABB(u) = u + (u, d)(A + B) - (u, A + B)d = ABBA(u)
= BBAA(u) = BAAB(u). (A = A+d, B = B+d)
(II1.0) aa*bb*a(u) = u + (u, a) (o + B) - (4, a + B)a — (u, &)a

= aaa"bb*(u).
The others are similarly checked.

Next, we show that the relations in Theorem 3.2 are the defining
relations of VT/R. We denote by W(F(R)) the group defined by the

generators and relations in Theorem 3.2. Let N(R) be the smallest

normal subgroup of W(I'(R)) containing a,d, for o e {og, o). Then one

has a natural isomorphism
W(C(R)/N(R) = W(Ry)).

The left hand side is a group obtained from W(I'(R)) by substituting @,

b , by a, b. Therefore, it is isomorphic to the central extension W(Rel) of
the elliptic Weyl group associated to the elliptic root system R,; [6]. For

the proof of Theorem 3.2, we prepare the following.
Lemma 3.3. We set v3 = (w,w]i;)?, then
@) v = (wowiidy ),
(ii) v3 is a central element in W(I'(R)),

(i) N(R) is an abelian group generated by T, = a,d, for o e

{0, a1} and ys.
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Proof.

(wy wf wy )2

@) v3
= wlwfwlw@owowowowfﬁl
* ~ * ~ b ~ ~ * * o~ ~
= wywywolowwy Wowy (by WywWowow; = wyw, oW )
* * * ~ * ~
= W W Wyl ool W1l
_ * ~ * ~ b * * ~ _ o~ * *
= wWowowoowy (by wywywewily = Wow;wywowy )
_ o \2
= (wowgity )™
(11) It is trivial from the relations
*~ \2 * ~ 2 ~ *\2 o~ \2
(w10, )" = (wylhw, )* = ([@Wywywy )" = (wowowo)
_ * ~ 2 *\2
= (wowowo) = (wowowo) .

(iii)) We show that the subgroup generated by T, (for o € {og, 01})
and y3 is closed under the adjoint action Ad, ., Vo € I'(R),

Ady,, (Ty, ) = wow 1wy = Wew,W1Wwelolo
= wyibow; Wywoiby = T2 T
= Wolpt1 oo = 4, Loy

Adaa (Tal) = walﬁlw(*) = wSﬁOwOwoﬁowlLEle

= woi o Towolowy Wy, = y3T2 T,
= WolbploWooloWooloWor Wy = Y34, Loy

Adg, (T, ) = Wow, 010 = wewoWow W Wo
N 2
= WolWogWoWo1 = T(XOT

ap?

Ad . (Ta, ) = wiw@yw] = wiw, 0wy wy W Wwy = yngOle.
1
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Similarly,

Adoq (Tao ) = Tao le ) Adoﬁ (Tao ) = Y3T51 T

ag?
Adg, (Tyy) = TugTh o Ad o (Tyy) = 13'T,,

The Proof of Theorem 3.2. Let N be a subgroup generated by Z, ng
and mg. Then N is a normal subgroup of WR and there is an isomorphism
Wg/N = W(R,;), where W(R,)= (w;, X,Y,n;). So we have the

commutative diagram:

1 > NR > WrR) - WR, - 1

2 2 |
1 - N - Wg > WR,;) - 1

By the same argument in the case of the elliptic Weyl group [6],
noting the expression of 1y is generated by Y, we see that the first arrow

1s an isomorphism. Therefore the middle arrow is also an isomorphism.
Let us denote w, be the reflection in GL(V) such that w, |y = w,,

and set Wp = (i, |o € R). Then, from the same argument in the elliptic

case [6] and Proposition 3.1, we see the following.

Proposition 3.4. (i) The central elements y; and ys € W(I'(R))

corresponding to n; and mo are given as follows:
11 = WoWoWIWT, Yy = Woilows Dy
(ii) We have an isomorphism W((R))/(11, 72, v3) = Wxg.
Proof. (i) is directly checked and (i1) is trivial.
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