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Abstract

A new Lie algebra RY is constructed by introducing the cycled numbers,

whose resulting loop algebra R% is also presented, which is used to
establish a linear isospectral problem. It follows that an integrable
hierarchy of soliton equations with 8-potential functions is obtained,
from which the well-known KN integrable system is produced as a
reduced case. Therefore, a type of expanding integrable system of the
KN hierarchy is worked out. The method proposed in the paper can
deduce a great many of other integrable soliton hierarchies.

1. Introduction

As we all know that it is an important topic to look for new integrable
solitary hierarchies [11]. One has taken various approaches to obtain a
host of interesting hierarchies of soliton equations such as the results in
[1-3, 6-8, 10]. While integrable couplings are a quite new aspect of soliton
theory, which are introduced by the study of the Virasoro symmetry
algebra and the solitary solutions [4]. In terms of the related concepts of
integrable couplings [9], we find they belong to the scope of integrable
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systems. Based on some associated theories on integrable couplings, we
construct a new Lie algebra RS by introducing the cycled numbers. The

resulting loop algebra RS is given as well. It follows that the linear
isospectral Lax pairs are constructed. By employing Tu scheme, an
integrable system, as a matter of fact, an integrable coupling of the KN
hierarchy, is obtained, which is a type of expanding integrable model of
the KN hierarchy. The method given in this paper can be used to produce
a lot of other integrable solitary hierarchies with multi-component

potential functions.
2. An Integrable Solitary Hierarchy

Definition 1. The number set {gg, €1, ..., &¢} is called cycled, if the

relations hold

8i+j9 l+] < S,
i€ = 20N 1)
€iyj_sg-1, L+J]=8+1,

where ¢; #0,0<i<s;¢, #¢j, k# ]

@ by
(12 bg
b
Definition 2. As for two vectors a = 93 , b= 31e RG, a
ay by
as b5
ag bs
commuting operation in RS is defined by
[e;a, ,b] = [a, ble;ep,, 0<1i, k<s, 2)
where
asby — agbs
a1bg — agb;
arby — agby

3

03b5 - a5b3 + a6b2 - asz '
a1b6 — aﬁbl + a4b3 — 03b4

a1bs — asby + agby — agby
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A resulting loop algebra RS is given by

4
ag
RS = e Zi A, ()
as

Qg
with a commuting operation presented as

[ejal™, £,bA"] = [eja, k], (5)
where a, b € RS.

Consider the linear isospectral Lax pair as follows:

{cpx =[U, o],

~ 6
0, =[V.ol %, =0,0 U,V e RS, ®)

whose compatibility leads to the zero-curvature equation just as showed
in [5]
U -V, +[U,V]=0. (7

In what follows, we take spectral U and V in (6) and only consider

s =0, 1 for calculational convenience.

g2 goa(m, 0) + gya(m, 1)
(e0q0 + £1q1)2 Megb(m, 0) + &1b(m, 1)]
Taking U = (eorp + &171)A V- i Mege(m, 0) + e1¢(m, 1)] p2m
0 = eod(m, 0)+ g1d(m, 1)
(egpo + €1P1)M Meof(m, 0) + &1 f(m, 1)]
(e9Sg + £181)M Mege(m, 0) + g1e(m, 1)]

solving the stationary zero-curvature equation
V. =[U, V] (8)

yields the recursion relations for V as follows:
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a,(m, 0) = rgb(m + 1, 0) + nb(m + 1, 1) — qoe(m + 1, 0) — gye(m + 1, 1)
= rpcx(m, 0) + ricy(m, 1) = qoby (m, 0) — q1b,(m, 1),

a,(m, 1) = rgb(m +1, 1) + nb(m + 1, 0) — ggc(m + 1, 1) — gye(m + 1, 0),
= 1pcx(m, 1) + e (m, 0) = qoby (m, 1) = g1by(m, 0),

c(m +1, 0) = b, (m, 0) + rya(m, 0) + na(m, 1),

c(m +1,1) = b.(m, 1) + rpa(m, 1) — na(m, 0),

b(m +1, 0) = cy(m, 0) + goa(m, 0) + g1a(m, 1),

b(m +1,1) = ¢, (m, 1) + qoalm, 1) + gya(m, 0),

d,(m, 0) = rgf(m +1, 0) + if(m + 1, 1) — pge(m + 1, 0) — pye(m +1, 1)
+ 8ob(m +1, 0) + s1b(m + 1, 1) — gpe(m + 1, 0) — gye(m + 1, 1),

d,(m,1) =ryf(m+1,1)+ rf(m+1, 0)— pge(m + 1, 1) — pye(m +1, 0)
+sgb(m +1, 1) + 8;b(m + 1, 0) — gge(m + 1, 1) = gye(m + 1, 0),

e(m +1, 0) = f,.(m, 0) + sgpa(m, 0) + sya(m, 1) + ryd(m, 0) + rd(m, 1),
e(m +1,1) = f,(m, 1) + spa(m, 1) + s;a(m, 0) + ryd(m, 1) + rd(m, 0),
f(m+1, 0) = e, (m, 0) + pga(m, 0) + pya(m, 1) + god(m, 0) + ¢;d(m, 1),

f(m+1,1) = e,(m, 1) + pga(m, 1) + p;a(m, 0) + god(m, 1) + g;d(m, 0),

)

with the following initials:
a(0, 0) = a(0, 1) = a, b(0, 0) = ¢(0, 0) = d(0, 0) = £(0, 0) = b(0, 1)
=¢(0,1) = f(0,1) = €(0, 1) = a(1, 0) = 0, b(1, 0) = algo + q1),
¢, 0) = a(rp + 1), e(1, 0) = a(sp + 1), (1, 0) = a(po + p1),
d(1, 0) = a(ris; + 18y + 7080 + 081 — Podo — Pod1 — P1q1 — P1d0),
a(l,1) =0, b(1, 1) = algy +qo), c(1, 1) = alry + 1),
e(l, 1) = a(s; +sp), f(1, 1) = alpy + po),

d(1, 1) = afrpsy + 7980 + 1180 + 1181 — Poq1 — Podo — P190 — P191)-
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goa(m, 0) + g1a(m, 1)
Megb(m, 0) + g,b(m, 1)]
Mege(m, 0) + g1¢(m, 1)]

god(m, 0) + g;d(m, 1)
Meof(m, 0)+&1f(m, 1)]
Mege(m, 0) + g1e(m, 1)]

n
Denote V) = > a2n=2m - yn) oy () _ g2y
m=0

then Eq. (8) can be written as
-V + U, v = V) - U, vV (10)

It is easy to verify that the terms on the left-hand side in above formula
are of degree > 0, however, the terms on the right-hand side are of
degree < 1. Therefore, the terms on the both sides are of degrees 0, 1.

Thus we have

€00y (n, 0) + g1a,(n, 1)
Mege(n +1, 0) + gre(n + 1, 1))
Megb(n +1, 0) + g1b(n + 1, 1)]

god,(n, 0) + g1d, (n, 1)
Mege(n +1, 0) + gre(n + 1, 1)]
Meof(n +1, 0) + g1f(n + 1, 1)]

-V U Vi) = -

Taking a modified term A,, for V+(n) and denoting by vy — Vﬁn) +A,,

A, = (- goa(n, 0) - ga(n, 1), 0, 0, — god(n, 0) — £1d(n, 1), 0, 0)7, a direct

calculation reads that
~v 4 U, v =

0
goMrpa(n, 0) + ra(n,1) - c(n +1, 0)] + g1 A [rha(n, 1) + ra(n, 0) — c(n +1,1)]
goMgoal(n, 0) + qra(n, 1) - b(n +1, 0)] + g;A[goa(n, 1) + g;a(n, 0) — b(n +1,1)]
0
A
B
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A = goMsga(n, 0) + sja(n, 1) + ryd(n, 0) + nd(n, 1) — e(n + 1, 0)]

+ g A[spa(n, 1) + sja(n, 0) + ryd(n, 1) + nd(n, 0) — e(n + 1, 1)],

B = gyM[pga(n, 0) + pja(n, 1) + qod(n, 0) + ¢;d(n, 1) — f(n + 1, 0)]

+ g Alppa(n, 1) + pia(n, 0) + qod(n, 1) + ¢;d(n, 0) — f(n +1, 1)].

Hence the zero-curvature equation

U, -V U, viW] =0

admits the following integrable system:

90
1
To
n
Do
P

S0

Slt

b, (n, 0)
b,(n, 1)
¢, (n, 0)
ce(n, 1)
fx(n, 0)
fx(n, 1)
e, (n, 0)
e, (n, 1)

c(n +1, 0) — rpa(n, 0) — na(n, 1)
c(n+1,1) - rya(n, 1) - na(n, 0)
b(n +1, 0) — gga(n, 0) — qa(n, 1)
b(n +1, 1) - gpa(n, 1) — g;a(n, 0)

e(n +1, 0) - spa(n, 0) — sa(n, 1) — ryd(n, 0) — nd(n, 1)
e(n +1,1) - spa(n, 1) — sja(n, 0) — ryd(n, 1) — nd(n, 0)
f(n +1, 0) = poa(n, 0) - pra(n, 1) - god(n, 0) - q1d(n, 1)
f(n+1,1) = pga(n, 1) - pya(n, 0) - qod(n, 1) — ¢;d(n, 0)

SO O ©O O O O » O

SO O ©O O O O O 2

b(n, 1)
b(n, 0)
c(n, 1)
c(n, 0)
f(n, 1)
f(n, 0)
e(n, 1)
e(n, 0)

=JG

no

SO O ©O O »» O o O
SO O ©O O O » o O
SO O » O O O o O
SO O ©O Y O O o O
» O O O O O o O
SO » O O O O O O

where </ is a Hamiltonian operator.

From the relations (9), a recursion operator satisfies

Gpy = (lij)8x8Gn = LGy,

(11

(12)

13)
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where
_ -1 -1 _ -1 -1
hi =-900""q0 — 910" "q10, by = =900 "¢10 — 41040,
_ -1 -1 _ -1 -1
l13 =0+ qu 7‘06 + q16 rla, ll4 = qu 7‘18 + q16 T'Oa,

hs =bhe =l =lg =0,y = -qe0 'q10 - 010 'q00,

by = —q00 'q00 — 0107910, oy = g0 110 + 410”10,
loy = 0+ qod 1100 + 1071, los = lyg = loy = log = 0,
I3y =0- roa_lqoa - r16_1q16, l3g = — roa_lqla - r16_1q06,
lys = 100 Lrgd + no no, lay = 190 'r0 + rlaflroa,

lys = lsg = lg7 = Igg = 0, Iy = —10 'q10 —nd qo0,

lip = 0= 1007'q00 — 1107410, gy = ls,

lag = 100 0@ + 07110, lys = lyg = lyg = lug = O,

ls1 = — pod 'qod — P10 'q10 — q0@ ' ped — @10 py0,

Iss = — P00 'q10 — P10 g0 — a0 P10 — q10” o,

len = gL 2 -1 -1 -1

53 = D0 100 + P10 110 +qo0 "$00 + q10 510,

= ol -1 -1 41

54 = Po0 110+ P10 190 +qo0 510 + q10 "800,

lss = —q00 900 — 010010, Isg = — 00 910 — 410 o0,
ls; = 0 +qod 100 + 10710, Isg = Ly, lg1 = sz, leg = Is1,
les = ls4, lga = l53, les = ls6: les = l555 le7 = l58, leg = 57,
Iy = — 500 'qd — 8,07 q10 — 190 ' pgd — 18" p1d = lgy,

l72 = — Soa_1q16 — sla_lqoﬁ - roﬁ_lp]_a - rla_lpoﬁ = lSl’
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Np
)
|

N
N
|

= 806_17"06 + 516_17'16 + 700_1506 + 7'10_1516 = l84’

= 306_17“16 + 516_17"06 + roé_lslé + rla_lsoé = g3,

lis = 0 — 150 qpd — 10 10 = lgg, lg = — 100 10 — 1107 q0 = Igs,

li7 = lgg = lyy, l7g = lg7 = ly3.

Hence, the system (12) can be written as

q0
5]
o
n
bo
D
S0
S1

ut=

t

= JI'

b(1, 1)
b(1, 0)
c(1, 1)
c(1, 0)

f, 1) |

e(1,1)
e(1, 0)

(14)

Taking q¢; =1, = p; =8 = py = Sy = 0, the system (14) is reduced

to the KN hierarchy. Therefore, it is a type of expanding integrable

system with 8-component potential functions of the KN.

Remark. The method presented in the paper for obtaining expanding

integrable hierarchies of soliton equations, is far from any one in [5]. If

taking s = 0,1, 2, ..., n, we could obtain integrable systems with more

multiple component functions. However, the calculation would be too

tedious to complete only by hand, except for using computer. In addition,

there is an open problem, that is, how do we get the Hamiltonian

structure, symmetries and conserved laws for the integrable systems

obtained by the above approach? Which is worth studying in the future.
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