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1. Introduction

Wavelet transform has brought about great success when used in the
field of image processing. Currently, another great pace has been taken in
the work on wavelet frames. The redundant representation offered by
wavelet frames has already been put to good use for signal denoising
([19]-[21]), and is currently applied to image compression. The definition
of the frame is provided as below.

Definition 1.1 [7]. Let H be a Hilbert space with inner product (., .),

1
and norm ||.| = ({, .))2. A system X c H is called a frame of H if there

are two positive constants A, B such that

AlFIP < DI 0 < BIFIP, vf e H. (1.1)

xcH

The constants A and B are called bounds of the frame. If A = B, then X
is called a tight frame.

We are interested in the study of wavelet frames via multiresolution
analysis (MRA). Of particular interest to us are tight wavelet frames. Let
¢ = Ly{R} be given. Let D be the operator of dyadic dilation:

1
(Df)(y) = 25f(2y) and the translation (73f)(y) = f(x —¢). Set
V. =DV, jeZ

Definition 1.2 [2]. ¢ € L?(R) is said to generate an MRA {V},, k € Z},

if ¢ satisfies the following conditions:
(1) Vk c Vk+17 ke Z;
@ Ui = L*(R), (V& = O;
3) D(V},) = Vi1, k € Z;
@ T1(Vo) = Vo

(5) Tp9, k € Z is an orthonormal basis for V.
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The generator ¢ of the MRA is known as a scaling function or a refinable
function. Let ¥ = {y;, vy, ..., ¥,} be a subset of Ly(R). Then the dyadic

wavelet system generated by the mother wavelet ¥ is the family
i
XW)=tvjr=22@x-k):yc V¥, jkeZ. (1.2)

Definition 1.3 [9]. A wavelet system X(¥) is said to be MRA-based
if there exists an MRA {Vj, j c Z} such that the condition ¥ c V;
holds. If, in addition, the system X(¥) is a frame, then we refer to its

elements as framelets.

Definition 1.4 [9]. Suppose that V;, j € Z is an MRA induced by a

refinable function ¢. Let ¥ = {y1, yg, ..., y,} be a finite subset of Vj,
b = (10&)) (Ej’ v = (Ti\pi)(éj’ i=12, ..,r. Then we introduce the

notations tq, 19, ..., T, for the combined MRA mask.

In [16], the sufficient conditions of construction of wavelet frames are
provided.

Lemma 1.1 (The unitary extension principle (UEP)). Let 1y, 11, ..., T,

be the combined MRA mask that satisfies Definition 1.4. $(0) =1, |d(w)]

1
<cl+|w[27°%),e>0

10(2) t(-2)

7 (2) 7 (- 2)

M(z) = for |z|=1. (1.3)

() w(-2)

If
M*(z)M(z) = E, (1.4)

where we use standard M™(z) to represent the complex conjugate of

transpose of M(z), then ¥ = {y1, ¥a, ..., V,} is a wavelet frame that is

derived from a multiresolution analysis (MRA), and MRA is generated
by ¢.
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It was proved in [3], [14] that the decay assumption of (i) at infinity
can be removed. Thus if ¢(0) =1, then we have filters 1o, 1;, i =1,

2, 3, ..., r, such that 1, generates an L?(R) function ¢ with ¢(0) = 1, and
M(z) satisfies (1.4), hence we have a tight affine frame. The larger the

number r of framelets, the more is the freedom or redundancy.

Lemma 1.2 [9] (Oblique extension principle (OEP)). Let 1 =
{tr0> T15 .- Tr} be the combined mask of an MRA. Suppose that there is a

2n-periodic function © that satisfies the following:

(1) Each mask t; in the combined MRA mask t is measurable and
(essentially) bounded,

(2) The refinable function ¢ satisfies lim_,q $(®) =1;

(3) The function [§, ¢] = zkeZTEZd |o(. + laz)|2 essentially;

(4) O is nonnegative, essentially bounded, continuous at the origin and
00) =1;

(5) If o € (V) such that o + v € o(V}), then
{@(0)), ifv=0

otherwise.

(t(®), o+ v)) =

Based on UEP, OEP, [1]-[18] have offered many varied construction
methods of tight frames. However, most of the methods of construction
that are enumerated as above cannot achieve perfect reconstruction of
image. As is shown by our work the perfect construction of image can be
achieved only if the centers of symmetry of filters (whose length can
simultaneously be either odd or even) superposes one another.

The present paper is divided into three Sections. Section 1 reviews
very briefly major concepts that are important to our presentation and
introduces relevant notations and definitions. Section 2 presents our
algorithms of decomposition and reconstruction based on the frames
theory. Section 3 thrashes out the extension method of the perfect
reconstruction of image. The extension technology studied by us is of vast

significance when applied to image processing.
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2. Tight Wavelet Frames Theory based Decomposition and

Reconstruction Algorithms

Tight wavelet frames theory based decomposition and reconstruction

algorithms are considered in the following section.

Let ¥ = {yj, vy} be mother wavelet functions, and ¢ e I* be

compactly supported scaling function governed by a two-scale relation

which can be written as

o(x) = 2 ) hyd(2x — k), 2.1)
k

such that its refinement symbol

h(z) = Y 2. 2.2)
k

Let V; be the nested subspaces generated by ¢, and consider
¥ ={y, v} c Vi, with

vix)=2) ghox-k), i=12, 2.3)
k
and the following two-scale symbols
q(z) = ngzk, f(z) = kazk- (2.9)
k k
By (2.1) and (2.3), we have
0j1(x) = @Zpk—2l¢j+1,k(x), (2.5)
k
v (x) = @Zq;e—zz\lfjﬂ,k(x), i=1,2. (2.6)
k

Defined below are certain functions:

@ = o(x)4(y), wh = gx)wt(y), w2 = o(x)wi(y),
w3 =yl @)o(y), = vl@viy), PP = vie)vi(y)
PO = y2(@)o(y), ¥ = yE)v(y), P = vEx)vE(y),
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and

1 1 2 2
Dipm =0 r(®)0jm(¥)s  Fiam =0 rV; @), Ciam =9 r©)v] W),
3 1 4 1 1 5 1 2
¥ m =Vie@0; m(¥),  Yipm =i r@Win ), ¥ =@ s (),
6 2 7 2 1 8 2 2
Vpm =Vie@o; m(¥), ¥ =i e @i (), W = wia@)vT ()

The algorithms for decomposition and reconstruction are elucidated by

the following theorem.

Theorem 2.1 (Theorem of decomposition and reconstruction). Let
¥ = {yq, yo} be a mother wavelet and ¢ be a refinable function which

generates an MRA. Suppose that

V; = spanid; i, k € Z},

W} = span{\yé,k, kelZ}, i=1,2, Vj(z) =V;®V;,
2 1 2 1 1 1
W =V, @WH+V; @ WP + W} @ V; + W} @ W]

1 2 2 2 1 2 2
+Wj ®W]~ +Wj ®Vj+WJ- ®Wj +Wj ®WJ-.

Then

1) VP = span{®; j, . k. m < Z};

@)

2 1 2 3 4 5 6 7
VVJ( ) = 3pa”{‘yj,k,m, \Pj,k,mqjj,k,rrw \Pj,k,m\{lj,k,m7 \Pj,k,m’ ‘{Ij,k,m’ k, m e Z},
2) _ y© (2).
@ VA =viE e w?,;
@) in I2(R):
(4) Ujo is dense in L*(R);

(5) Algorithm of decomposition
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Cjkom = Zz Zn P12k Pn-2mCjs1,1,n
Dj km = Zz Zn Pi-akdn-2mDje1,1.n
Djzk m = Z Z Pi-okdn-2mDFe1,1.n
],k m Z Z ]2k Pn- 2mD]+1 Ln
D;L,k,m Z Z al-2k%n-2m D110 @.7)
] k.m Z Z al_91q5n- 2mDJ+1 Ln
],k m Z Z a7 ok Pn- 2mD]+1 Ln
DJ kom = Z Z a9k - 2mDJ+1ln
] kom Z Z ai ordn- 2mDJ+1 Ln

(6) Algorithm of reconstruction

1 1
Cj+1,l,n = E pl—2kpn—2mcj,k,m + pl—qun—2ij,k,m
k,m

2 2 1 3 11 4

+ pl—2kqn—2ij,k,m + ql—2kpn—2ij,k,m + ql—2kqn—2ij,k,m
1 2 5 2 6 2 1 7

+ q1-2k9n-2m D5 kym + GU=20Pn-2mD; kym + U=-209n-2mD;, b, m

2 2 8
+ 91-219n-2m D5 b, m- (2.8

Proof. By the definitions of Vj(z), Wj(z), statements (1) and (2) hold.
The work in [3] leads to v A le + W} + WJ-Z, from which we observe
that (3) is true. Let f e V%) Then f=f;+ej fj e VI?), e; e W
Thus

2
= {Cj,k,m‘l’j,k,m +ZDl',k,m‘P},k,m}

(k,m) i=1
From equations (2.5), (2.6), it follows that

Cikym = Fis1> @ pym) = (a1 0, ()0 m(¥)

= 2<fj+1’ [Z Di-2kPj41, l] [Z Prn—2mbj+1, n]>
l n
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=2 Z Z Pi-2kPn-2mCis1,1,n-
[ n

One can prove similarly that the other statements in (2.7) hold. By [3], it
can be obtained that

¢j+1,z(x) =2 Z (Pl—2k¢j,k(x) + QI1—2k(x)‘V}',k(x) + QIZ—Qk(x)‘V?,k(x)),
k

0741,0(9) = V2 D" (P12, () + a2k ()W} £ () + a2k ()W ().
k

By further induction,

1 1 2 2
(Dj+1,l,n =2 Z {pl—2kpn—2mq)j,k,m + pl—2kqn—2m\{lj,k,m + pl—qun—2m‘Pj,k,m

k,m
+ QZl—Qkpn—Zm‘Pjg., kom T QII—QkQ}L—Zm‘Pﬁ kom T QZl—qul%—Zm‘Pjs, k,m
+ QZQ—ZkPn—m‘{’jG, kom t QZQ—Zk%lz—2m\Pj7, kom t QIZ—.‘ZerZL—Zm‘PjS, kom)
from which it follows that
Ciiiin = (Pjur, 10 )

1 1
=2 Z P1-2Pp-2mCj, ko, m + Pi-2kdn-2mDj k, m

k,m
+ pl-2kQ;%-2mD]z,k,m + QZl—kan—ZmD]s,k,m + q]_ok@n-2mD} k. m
+ qzl_qug_sz?,k,m + CIZ2—2kpn—2mD]6, k,m
+ QZ2—2kq71z—2mD]7,k,m + QZ2—2er2L—2mD]8, om)-
The proof is thus complete.

3. Symmetric Extension Transforms Theorem

Perfect reconstruction of image after wavelet frame transform is of
fundamental importance for image compression. The methods of
symmetric extension transforms are described by the following theorem.

Theorem 3.1 (Symmetric extension transforms based on wavelet

frames theory). Suppose that the length of the datum {xq, x1, ..., Xpr_1} 18
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M. Divide symmetric extension transforms into three ways as follows:

(1) If the lengths of high-pass filters and low-pass filter are odd, and

they are (anti)symmetric about 0, then the following:

Symmetric extension operator in time-domain

{xn =x_, n <0,

(3.1)
X, = XopM-pn-o n>M-1

Symmetric extension operator of the low-frequency in frequency-

domain
S =8 1 < 0 on the left,
{sl — Sy 1> % 1 on the right. (8.2
Symmetric extension operator of the high-frequency in frequency-
domain
d; =d_ [ <0 on the left,
{dl =dy_j11 > % —1 on the right. (8-3)

(2) If the lengths of high-pass filters and that of low-pass filter are
odd, and if the low-pass filter is (anti)symmetric about 0 while high-pass

filters are (anti)symmetric about 1, then the following:

Symmetric extension operator in time-domain

{xn = %) n <0,

(3.4)
X, =XopM-n-oa h>M-1.

Symmetric extension operator of the low-frequency in frequency-

domain
S; =8 [ <0 on the left,
S; =Sy, 1> % —1 on the right. (8.5

Symmetric extension operator of the high-frequency in frequency-
domain

dy=d_j; 1 < 0 on the left,
(3.6)

dy=dy_j9o 1> % —1 on the right.
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This conclusion holds in case when every 2 or 1 of the 3 centers of
symmetry of FIR filters arelis 1 and the other oneltwo is/are 0.

(3) If the lengths of high-pass filters and that of low-pass filter are

. . 1 .
even and they are (anti)symmetric about 3 then the following:
Symmetric extension operator in time-domain

X, = X_,_ n<o,
{n n-1 (3.7)

XoM-n-1 n>M-1.

Xn

Symmetric extension operator of the low-frequency in frequency-
domain
S_; =84 on the left,

Sy - Sy on the right.
——1+! —_

(3.8)

Symmetric extension operator of the high-frequency in frequency-

domain
d=d, on the left,
dy =dy on the right. (3.9
7—1+l 7—[

Then the algorithms (2.7) and (2.8) can realize perfect reconstruction of

image after wavelet frame transform.

Proof. Among the three statements, we take the second and the third
as selections, since the other one can be proved in a similar way.

Suppose that &, g, f are filters, then from [3], it follows that

Sl = Z xnhn—Zl = Z xn+21hn’
n n

1
d; = Zn Xp8n-21 = Zn Xn+218n> (3.10)

2
dl = E xnfn—Ql = E xn+2lfn’
n n

Together with h_,, = h,,, g, = 89_,., [, = fa_p, it follows that

Sy = an—Zlhn = Zx—n+2lhn = Zx—n+21h—n = an+21hn =8,

n n n n
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SM—IH - an+M_2+2lhn = ZxM—n—2lh—n = ZxM+n—2lhn = S%_
2 n

n n

75

’

l

1 1
d-; = an—Zlgn = Zx—n+2lgn = Zx—n+2lg2—n = an+2l—2gn =djq,

n n

n n
dt = = = - d
M = Xn+M-2+218n = XM-n-2182-n = XM+n-21-28n = Gy .
5 1+ ~ m m -5 1
s e 2 2 2 2
Similarly, dZ; = dj;, d3, =dyy, hold.
?—1+l ?—l—l

Associate h, = h_,, 8, = 81-n, fn = fi—n, With (3.10), we can deduce
that

Sfl = anfﬂhn = fonJerflhn = Zx7n+2lflhlfn

n n

= an+21—2hn = Sl—l’

n

n

SM—IH = anJerZJerhn = ZforkZlJrlhl—n a zxMJranlhn = SM
2 n

n n 2

1
d-; = an—Zlgn = Zx—n+21—1gn = Zx—n+21—1gl—n

n n n

1
= an+2l72gn =dj_j,

n

1
dM = an+M—2+ZZgn = ZxM—n—21+1gn
7—1+l

n n

— _ _ dl

= XM-n-21+181-n = XM+n-218n = Qyy
n n 9

Similarly, d? = df'y,d5,  =d3, hold.
7—1‘#1 T—Z

The proof is now complete.
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4. Experiment

Nowadays, drastic development in the theory of wavelet frames has
taken place. The major problem confronted by us is how to integrate
theory with practice. By analyzing the similarities and differences
between wavelet frames transform (WFT) and biorthogonal wavelet
transform, it can easily be seen that time-frequency decompression of
signals and the separation of high and low frequency signals can be
achieved by WFT, when the perfect construction of image after WFT can
be brought about. In the meanwhile, wavelet frames possess 2 or more
mother functions and bear relatively high flexibility and greater
capability to handle with high-frequency information. When wavelet
frame possess 2 mother functions, suppose that low-pass filter is L, high-
pass filters are L;, Ly, then we get 9 subbands, LL, LL;, LLy, L;L,

LLy, LiLy, LgL, LoL;, LoL,. By the filters taken as an example in

[12] whose symmetry satisfies Theorem 3.1, and by the algorithm of
Theorem 2.1, we can obtain the following decomposition and
reconstruction images of the city and that of Lena after WFT.

() Original City  (b) LL subband (c) LI; subband (d) LLg subband (e) I;L subband

(f) L1L; subband (g) L1Ly subband(h) LoL subband (k) LgLq subband (l) LgLg subband

Figure 1. Decomposition of image of the City.
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]

(a) Original Lena  (b) LL subband (c) LL; subband (d) LLy subband (e) ;L subband

(f) L1L; subband(g) LjLy subband (h) LoL subband (k) LoL; subband (1) LyoLg subband

Figure 2. Decomposition of image of the Lena.

In order to prove perfect reconstruction of image after WFT by

Theorems 2.1 and 3.1, the following definition is given
Definition 4.1.
N oA O
> (G )~ 16 )
i,j=1

MSE =
N2

; (4.1)

where f(i, j), i, j=1,2,.., N represent original image, f(i, i),

i, j =1, 2, .. N represent reconstruction image.

By computing, MSE of Lena is 1.5 x 10_27, MSE of City is 1.7 x 10722,

1*

(a) Reconstruction of City (b) Reconstruction of Lena

Figure 3. Reconstruction of image.
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As is observed, the reconstruction and the original images are

completely equal, the above experimental results testify Theorems 2.1

and 3.1 in this paper.
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