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Abstract

This paper is devoted to give some properties of generalized soft

subgroups with respect to a variety of groups ν, which generalizes the

work of Blackburn and Héthelyi [1] and Héthelyi [3] with respect to the

abelian variety. It is shown that if A is a ν-soft subgroup of index greater

than p, then the A-invariant subgroups of ( ) ( )( )ANVGV G
∗  containing

( )( )ANV G
∗  form a chain and also shown that if the p-group G has a

uniserially embedded subgroup P of order p, then either G has a cyclic

subgroup of index p or is of maximal class.

1. Introduction and Preliminary Results

Let ∞F  be a free group freely generated by a countable set

{ }....,, 21 xx  Let ν be a variety of groups defined by a subset V of .∞F  We

assume that the reader is familiar with the notions of the verbal

subgroup, ( ),GV  and the marginal subgroup, ( ),GV ∗  associated with a

variety of groups ν and a given group G. See [2, 8, 9] for more information

on variety of groups.

We define a series of a group G with respect to a given variety ν as

follows:
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( ) ( ) ( ) ( ) ( ) ,210 "" ⊇⊇⊇⊇=⊇= GVGVGVGVGVG n

where ( ) [ ( ) ]GVGVGV nn
∗

−= 1  for ,0>n  which is called the lower

ν-marginal series of G with respect to the variety ν. The corresponding

upper ν-marginal series of G is defined as follows:

( ) ( ) ( ) ( ) ,1 10 "" ⊆⊆⊆=⊆= ∗∗∗∗ GVGVGVGV n

where, ( )GVn
∗  will be defined by
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.0≥j  Clearly ( ) 1=GVc  if and only if ( ) ,GGVc =∗  for all .0≥c  (See also

[5, 6, 7]).

Let G be a finite p-group, where p is a prime number. As in [3] a

proper subgroup H of G is called ν-soft if H is a maximal abelian subgroup

of G and is of index p in its normalizer with respect to a variety of groups

ν. The main properties of soft subgroups are given in [3], [4] and [1]. A

soft subgroup H of G is always uniserially embedded in G, that is, the

subgroups of G containing H form a chain.

A p-group G is called a ν-CF-group with respect to variety ν, if the

index of any term of the lower ν-marginal series of G beyond ( )GV  in its

predecessor is at most p. We show that if G has a soft subgroup different

from A, then G is a ν-CF-group. Our result, in a way, are similar to the

works of N. Blackburn and L. Héthelyi in abelian variety. (See also [1]).

Theorem 1.1. Let ν be a variety of groups defined by the set of laws V.

Suppose that A is a maximal normal abelian subgroup of the non-abelian

p-group G and that AG  is cyclic. Suppose that G has soft subgroup B

distinct from A. Then

  (i) .ABG =
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 (ii) ( ( )) ,2=∗ GVGd  and if ,: α= pAG  ( ) ( )GVGVG ∗  is of type

( )., ppα

(iii) G is a ν-CF-group.

Proof. (i) If B is normal in G, then ,: pBG =  since B is soft, and A

is not contained in B, since A, B are self-centralising and distinct: hence

.ABG =  If B is not normal in G, let M be the unique maximal subgroup

of G containing B. Let ( ) ( ),NVGVR ∗=  where ( ).BNN G=  By [4]

Theorem 2, 2: pRG =  and ;RM ≥  further, if ,\RMx ∈  then x is

conjugate to an element y of ( )NVB ∗\  and ( ) .ByCG =  Hence if

,\RMx ∈  then ,Ax ∉  since A, B are self-centralising and distinct.

Hence .RMA ≤∩  By [4, Corollary 6], RG  is non-cyclic, so .RA ≤/

Hence .MA ≤/  Since B is soft and AB is a subgroup containing B but not

in M, .GAB =

(ii) Since AG  is cyclic, there exists Bb ∈  such that .bAG =  And

,:: pMAMMAA ==∩  there exists Aa ∈  such that

( ) .aMAA ∩=  Thus ( ) ., baMAG ∩=  But

( ) ( ) ( ).NVGVRMAGV ∗=≤≤ ∩

So ( ) ( ( )) ( ) ( )GVGVNVMAGVMA ∗∗ == ∩∩∩  (even if ).GB �  Thus

( ) ( ) pGVGVA =∗:  and ( ) ( ) ., baGVGVG ∗=  Hence ( ) ( )GVGVG ∗  is

of type ( )pp ,α  and ( ( )) .2=∗ GVGd

(iii) Let [ ]., bac =  Since ( ) ( ),GVGVa p ∗∈  [ ] ( )., 2 GVba p ∈  Now

[ ] ( ) ( ) [ ] ,,, 1 ppppppp baaaaaba === −−

so [ ] ( )., 2 GVba p ∈  Since ( ) [ ] ( ) ,,, 2 GVbaGV =  ( ) ( ) .: 2 pGVGV =  It

follows by an easy induction that ( ) ( ) pGVGV ii =−1:  for ( ) :1≠GVi  if

3≥i  and ( )GVuV ii ,1 =−  with ( ),GVu i
p ∈  then ( ) [ ] [ ],,,, ubuaGVi =



www.p
phm

j.c
om

AHMAD GHOLAMI404

( ) ,1 GVi+  and [ ] ,1, =ua  since ( ) .AGVu ≤∈  And [ ] ( ),, 1 GVub i
p

+∈  since

[ ] ( ) [ ].,, ppppp ubuuub == −  Thus G is ν-CF-group.

Corollary 1.2. Suppose that A is a maximal normal abelian subgroup

of the non-abelian p-group G such that AG  is cyclic. If there is a soft

subgroup B of G contained in the maximal subgroup of G containing A,

then .: pAG =

Proof. For GAB =  cannot hold, so .AB =

We now consider the case .: pAG =

Theorem 1.3. Let G is a p-group of class greater than 2 and A is an

abelian subgroup of G of index p. Then the following are equivalent.

  (i) Every maximal abelian subgroup of G is ν-soft.

 (ii) G has a ν-soft subgroups distinct from A.

(iii) ( )GVG ∗  is a p-group of maximal class.

(iv) ( ) ( ) .:2 pGVGV =∗∗

Proof. (i) ⇒ (ii) is trivial.

(ii) ⇒ (iii) By Theorem 1.1, G is a ν-CF-group and ( ) ( )GVGVG ∗  is of

type ( )., pp  If ( ) ( )GVGGVGG ,∗=  is of type ( )pp,  and G  is a ν-CF-

group, so G  is of maximal class.

(iii) ⇒ (iv) is trivial.

(iv) ⇒ (i) Let ( ) ( ) pGVGV =∗∗ :2  and B is a maximal abelian

subgroup of G. Suppose that ( ),BNN G=  where .BA ≠  Since ,ABG =

( )BANN ∩=  and

[ ] [ ] [ ] ( ),,,, GVBABANABANGAN ∗=≤== ∩∩∩∩

so ( ).2 GVAN ∗≤∩  Thus ( ) ( ) ( ) pGVGVBBGVBN =≤≤ ∗∗∗
122 :::

and ,: pBN =  hence B is ν-soft.
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Theorem 1.4. Let the p-group G has a maximal normal abelian

subgoup A for which AG  is cyclic. If ( ) ( ) ,pGVGV =∗ ∩  then G has a

ν-soft subgroup distinct from A.

Proof. Let bAG =  and ( ).bCB G=  Now ( ) ( ),GVAbCG
∗=∩  and

since ,bAG =  ( ) .bGVB ∗=  Hence B is abelian and self centralising.

Suppose that ( ).BNN G=  If ,Nx ∈  [ ] ( ) ( ) ( ),, GVGVGVBbx ∩∩ ∗=∈

since ( ).GVAB ∗=∩  Hence there is a mapping ξ of BN  into ( )GV ∗

( )GV∩  given by ( ) [ ] ( )., NxbxxB ∈=Ξ  And ξ is injective, so ≤BN :

( ) ( ) .pGVGV =∗ ∩  Hence pBN =:  and B is soft.

Let ν be the variety of abelian groups. In this case it follows from

above theorem that if G is a ν-CF-group (= CF-group) having the usual
subgroup A, then G has a soft subgroup B distinct from A. But despite the
equivalence of (i) and (iii) in Theorem 1.3, it is not the case that a group G

for which ( )GVG ∗  is a ν-CF-group with two generators necessarily has a

ν-soft subgroup. (See [1] Theorem 1.3).

2. The Main Results

A subgroup H of a p-group G is n-uniserial with respect to a variety of
groups ν, if for each ,...,,1 ni =  there is no unique subgroup iK  such

that iKH ≤  and .: i
i pHK =  In case the subgroups of G containing

H form a chain we say that H is ν-uniserially embedded in G. In this

section we give some important results of ν-soft subgroups which is a vast
generalization of soft subgroups in abelian variety.

Theorem 2.1. Let ν be a variety of groups defined by the set of laws V.

Let A be a ν-soft subgroup of index greater than P. Suppose that

( ),1 ANN G=  ( ) ( ).1NVGVR ∗=  Then the A-invariant subgroups of R

containing ( )1NV ∗  form a chain.

Proof. The subgroup of G containing A form a chain

,1210 MNNNNA k =<<<<= −"
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where pMG =:  and ( ) ( ).1...,,11 −== − kiNNN iGi  Thus MR ≤

and

MRNRNRNR k ≤=≤≤≤ −110 ∩"∩∩

is a sequence of A-invariant subgroups of R containing ( ).1NV ∗  Let X be

an A-invariant subgroup of R containing ( ).1NV ∗  Since ,GAXA ≤≤

iNAX =  for some i. Thus iNRX ∩≤  and .iNXAX =⋅ ∩  Since

( ),1NVXA ∗≥∩

( ) ,:: 1 pNVAXAA =≤ ∗∩

(by [3, Lemma 1]). Hence .XpNi ≤  But since ,, iii NNRRN <≤/ ∩

so .iNRX ∩≥  Hence .iNRX ∩=  Thus the A-invariant subgroups

of R containing ( )1NV ∗  form a chain

( ) .1101 RNRNRNRNV k =<<<= −
∗ ∩"∩∩

Theorem 2.2. Let ν be a variety of groups defined by the set of laws V.

Let G be a non-abelian p-group and for every ( ),\ GVGx ∗∈  ( )xCG  is

abelian. Then either G has an abelian subgroup of index p or the exponent

of ( )GVG ∗\  is p.

Proof. Let A be a maximal normal abelian subgroup of G. Suppose

that .\AGs ∈  Let ,, sAH =  so H is non-abelian and ( ) .AHV <∗

Thus ( )HVH ∗  has a normal subgroup ( )HVY ∗  of order p with .AY ≤

If ( ) ,, aHVY ∗=  ( ),HVa p ∗∈  so ( ) ( ) [ ]( ) =⋅=== ppsspp saaaaa ,

[ ]pp saa ,⋅  and [ ] .1, =psa  Also [ ] ( ),, HVsa ∗∈  so [ ] [ ] .1,, == pp sasa

Hence ( )p
G sC  contains ;, sa  as this is non-abelian, ( ).GVsp ∗∈

Thus ( )GVsp ∗∈  for all ,\AGs ∈  in particular AG  is of exponent

p. If ,pAG >  choose AGx \∈  with ( )AGVxA ∗∈  and ,Gy ∈

.xAy ∉  Then ( ) ( )GVayx pji ∗∈  for all Aa ∈  and ( ) ( ) ( ).0,0, pji ≡/

Hence if ξ, η are the automorphisms of the abelian group ( )GVA ∗  given
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by

( ( )),, GVAaaaaa yx ∗∈=η=ξ

then ,jiyx aa
ji

ηξ=  so

( ) { (( ) )} 111 =+ηξ++ηξ − jipjipji ayx "

for all ( ).GVAa ∗∈  Hence

(( ) ) 011 =+ηξ++ηξ − jipji "

for all ( ) ( ) ( ).0,0, pji ≡/  But then

( ) ( )∑ ∑ ∑∑∑∑
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Thus 01 =⋅p  and ( )GVA ∗  is elementary abelian. Thus the exponent of

( )GVG ∗  is p.

ν-soft subgroups are uniserially embedded, but this is also possible

for subgroups P of order p, although these are never soft. In the following
we investigate this situation.

Theorem 2.3. Let ν be a variety of groups defined by the set of laws V.

Suppose that the p-group G has a uniserially embedded subgroup P of

order p. Then either G has a cyclic subgroup of index p or is of maximal

class (coclass 1).

Proof. We proceed by induction. It is trivial if ,GP �  since PG  has

only one maximal subgroup and is therefore cyclic. So we suppose this is

not the case, then the class k of G is at least 2. Let N be a subgroup of

order p contained in ( ),GVk  where

( ) ( ) ( ) ( ) ( ) 1210 ⊇⊇⊇⊇=⊇= GVGVGVGVGVG k"

is the lower ν-marginal series of G with respect to the variety ν. Thus

GN �  and ,NP ≠  and NPN  is uniserially embedded in .NG  By the

inductive hypothesis, either NG  has a cyclic subgroup of index p or is of

maximal class.
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Suppose first that NG  is of maximal class. If ( ),GVN k=  then G is

of maximal class. Otherwise ( ) pNGVk =:  and ( )GVk  is marginal and

elementary abelian of order .2p  Since P is not normal, ( );GVP k≤/  but P

normalizes all the 1+p  subgroups of ( )GVk  of order p and is contained

in at least 1+p  subgroups of order ,2p  contrary to the hypothesis.

Now suppose that NG  has a cyclic subgroup NM  of index p. If M

is cyclic there is nothing to prove, so we suppose M is abelian of type

( )., ppr  If ,1=r  then 3pG =  and G is of maximal class. If ,2≥r

then M has a characteristic subgroup K of order p such that KM  is not

cyclic. Hence NK ≠  and .GK �  Then PK and PN are subgroups of

order 2p  containing P, so ,LPNPK ==  say. Thus ( )GVKNL ∗≤=

and .GP �
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