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Abstract

In this paper with the usage of theory of large deviations the problem
proposed by R. Dobrushin for M > 2 hypotheses testing is solved. We
notice Sanov’s theorem and its applications in hypotheses testing and
show that this method of investigation for the problem is easier and

gives identical results as in [5].
1. Introduction

We shall present illustrations of usefulness of application of theory of
large deviations to investigation of the logarithmically asymptotically
optimal (LAO) testing of statistical hypotheses. Many papers were
devoted to the study of exponential decrease, as the sample size N goes to

infinity, of the error probabilities ocgN ) of the first kind and oc(zN ) of the

second kind of the optimal tests for two simple statistical hypotheses.

In case of the fixed probability ocgN ) - o; Stain’s lemma determines
the exponential rate of convergence to zero of the error probability of the

second kind oc(2N ) as N goes to infinity. In the book of Csiszar and Shields
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[3] for independent identically distributed observations different
asymptotical aspects of two hypotheses testing are considered via theory

of large deviations.

In [5] Haroutunian solve the problem proposed by R. Dobrushin for
the case M > 2 hypotheses. In the present paper we introduce the proof
of this theorem by using Sanov’s theorem.

In the next section we shall express notations, basic concepts and
theorem of Sanov and also in Section 3 we shall present the result and its

proof.
2. Preliminaries

At first we review the technical background of the method of types.
Assume that X is a finite set of the size | X' |. The set of all probability
distributions (PDs) on X is denoted by P(X). For PD’s, P and @, H(P)

denotes entropy and D(P| Q) denotes information divergence (or the

Kullback-Leibler distance)

H(P) = - ZP(x)log P(x), D(P||Q) = Z P(x)log ggg

xeX xeX

In this paper we use exps and logs at base 2. We also consider the

standard conventions that 0log 0 = 0, Olog% _0, P 1og§ —wif P> 0.

The type of a vector x = (xy, 9, ..., xx) € XY is the empirical

distribution given by Q(x) £ N™!. N(x|x) for all x € X, where N(x|x)

denotes the number of occurrences of x in x.
The subset of P(X) consisting of the possible types of sequences
x € XY is denoted by Py(X). For @ € P (X) the set of sequences of

type class @ is denoted by Tg(X)

The probability that N independent drawings from P e P(X) give

x € XV, is denoted by PV (x). If x e Tg(x), then
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PN(x) 2 PN = exp{-N[H(@Q) + D(Q| P}

xeX

Lemma ([3], [4]). (a) The number of types of length N for sequences
grows at most polynomially with N:

| P()] <V +1) L
(b) For any type @ e P n(X) we have:
(N +1)1 % exp{NH(Q)} < | T§ (X)| < exp{NH(Q)}-
(¢) For any PD P ¢ P(X) we have:

PN(x) _

" (x) exp{-ND(Q | P)}, if x e T (X),

and
(N +1)1 % expl-ND(@| P)} < PN(T (X)) < exp{-ND(Q| P)}.
Theorem 1 (Sanov’s theorem [3], [4]). Let A be a set of distributions

from P such that its closure is equal to the closure of its interior. Then for
the empirical distribution Q4 of a vector x from a strictly positive

distribution Pon X:
. 1 .
Jim [~y log P(@x € A)| = inf D@y P)

Proof. Let Ay 2 AN Ppy. Then from above Lemma, upper and

lower bounds for all finite N are deduced. By the upper bound of Lemma

we can write:

e U 7500

QgeAn

= > PNEY (x)

QgeAn

< Z exp{-ND(Qx || P)}

QgeAn

<(N+1)lexpl-N inf  D(QxI|P))
x €AN
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and also lower bound 1is:

P@ e Ay)= Y, PN(TH (X))
QXE‘AN

> Z (N + 1)1 exp{~-ND(@, || P)}

QgeAn

2(N+1)_‘X‘exp{—NQin£ D(Q, || P)}.
x €AN

Since Al]im N1log(N + 1)‘ *l20 and D(Qy || P) is continuous in @, the
—o

hypotheses on A implies that Dg 4, (@ || P) is arbitrarily close to

Dg e (Qy || P) if N is large. The proof is complete.

3. Problem Statement and Formulation of Results

The problem of many hypotheses testing is the following. Let X =
{1, 2, .., K} be the finite set such that M incompatible hypotheses

H,, H,, ..., H); consist in that the random variable X taking values on X
has correspondingly one of the M distributions P, Py, ..., Py;. For
decision making N independent experiences are carried out. When H,, is
true, the sample x = (x;, %9, ..., x)y) of the experiments results has the

probability

1, M.

Nioya o .
PN 2 [[Pal) m
=1

By means of non-randomized test ¢ (x) and on the basis of a sample
x of length NV, we must accept one of the hypotheses. For this aim we can

divide the sample space X NonM disjoint subsets
.AN N . _ _
mExioyx)=m}, m=1 M.

The probability of the erroneous acceptance of hypotheses H;
provided that hypotheses H,, is true, for m # [ is denoted:

amplon) 2 PR AYN) = D B ().
xeAfV
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For m =1 we denote by a,l,\l[ im(@n) the probability to reject H,, when it

is true:

o m(On) 2 Y o 1(on): (1)

l#m
The matrix A(py) = {oc% (o)} is called power of the test.

We consider the rates of exponential decrease of the error

probabilities and call them reliabilities

s 1
Ep o) = m - o7 log % [1(ON)- (2)

The matrix E(¢) = {E,,|;(¢)} is called the reliability matrix of the tests

sequences @:

[ By Ey, Eyp
E(p) = | Epp Epn Enpim |
Eyn o Eyp o Eym

The problem is to find the matrix £ with largest elements, which can be
achieved by tests when a part of elements of the matrix E is fixed.
According to (1) and (2) we can derive that:

E

mim =i Ey, . 3)
Definition. The test sequence ¢ = (¢;, @9, ...) is called LAO if for
given values of the elements Ej, ..., Ep )y it provides maximal
values for all other elements of E(¢").
Our aim is to define conditions on Ej |y, ..., Epy_qp—1 under which

there exists LAO sequence of tests ¢° and show how other elements

E,y 1(¢7) for the matrix E(¢") can be found from them.
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Consider for a given positive and finite Eq|q, ..., Epyy_yyy—1 the

following family of regions:

Rlé{Q:D(QHF)l)SEl\l}’ l:]_,M—l, (4)
Ry £{Q: DQIP) > Ey, =1, M-1}, (5)
RN a2 R, NPWX), =1, M (6)

and the following numbers:

Ej 2 E(Eyp) 2 By, 1=1, M -1, (7)

Epjt 2 Bpji(Eya) # nf (D@IE,), m =1, M, m=1 1=1M-1, @§
Epim 2 Epm(Eyps -.os EM—1|M—1)éQiggl(D(Q”Pm)), m=1,M-1, (9

Eyim 2 Evyu(Eryps oo Evpoymo1) 2 1—%}:]‘4”' (10)

E, | can be equal to o, this can happen when some measures are not

absolutely continuous one relative to the others.
Now we explain application of Sanov’s theorem in hypotheses testing.

We know that with assumption A = R;, P = P, in Sanov’s theorem

for conditions (4)-(6), (7)-(10) we have (see Figure 1)

e

T

Figure 1. Interpretation of the construction of the test.

1 .
Aim - <7log By (@ € Ry) = nggl D@ Py) (11)
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and also

. ]_ . 1 *
]\lllgloo_NlOg P,(@ e Ry) = ]\%lgloo_ﬁl()g Ovm|l((P )- (12)

We introduce also le ~ yév, when g(le) = g(yév) +¢y, where ejy — 0

for N — . Now using (11) and (12) we can write
Ep (o) = ngfél D(Q| Py,). (13)

Therefore the value of:

O 2(ON) = eXp(—NQigf;l D(Q||Py)) = exp(-NE,, ;(oy)).-  (14)

In fact the error o, ;(¢x) still goes to zero with exponential rate

inf D(Q| P,,) for P, notin the set of R;.
QR

Theorem 1. For fixed on finite set X, family of distributions
B, ..., Py the following two statements hold: If the positive finite

numbers Ey|q, ..., Epp_q -1 satisfy conditions:

Ey; < min D(B || P),
1=2, M

min_E,, ;(E;;), min D(Pl||Pm)}, m=2 M-1 (15)
1=1,m-1 l=m+1, M

EM|M < mln|:
hence:

(a) There exists a LAO sequence of tests ¢y, the reliability matrix of
which E* = {Ep, ;(¢")} is defined in (7)-(10), and all elements E,, ,, of it

are positive.

(b) Even if one of conditions (15) is violated, then the reliability matrix
of an arbitrary test necessarily has an element equal to zero, (the

corresponding error probability does not tend exponentially to zero).
Proof. At first we remark that D(P; || P,,) > 0, for [ # m. That is all

measures P, [ =1, M are distinct. Now we prove the sufficiency of the
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conditions (15). Consider the following sequence of tests ¢* given by the

sets

gl = |J 78, 1-1 M (16)
Q<R

The sets va, [ =1, M satisfies conditions to give test, by means:

B?’ﬂsﬁ:z, 1#m,

and
M
sl ="
=1

Now let us show that exponent E,; m(0") for sequence of tests o
defined in (16) is not less than E,,|,,. We know from Lemma that:

T | ~ exp{NH(Q)}
and

PY(T{) ~ exp(-N(D@Q| P))}, m =1, M
and also with (14) we have

N *
am\m((\o ) = eXp{_NEm\m}’

and

(x%l((p*) ~ exp{—NE,*nll(Em‘m)}, =1, M, m=1, M, m=l,
N * * S —
o M (@7) = expl=NEy, pr(Ej1s oo Eypqypya)hs 1= M, m=1, M -1
And at last for m =1 = M we have:

by r(9") = expi-NExs 3 (By |1, oo Epg1y 1)}

With using (15) we know that all E,*n| ; are strictly positive. The proof of

part (a) will be finished if one demonstrates that the sequence of the test

9" is LAO, that is at given finite Ei\1, .., Epy_1ym— for any other

sequence of tests ¢
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Ep(@7) < Epi(@’), m,1=1, M.
For this purpose it is sufficient to see that the sequence of tests
asymptotically does not became better if the sets B% will not be union of
some number of whole types 7 g , in other words, if a test ¢*" is defined,

for example, by sets g{\’ , e G % and, in addition, @ is such that
N N N

The test ¢ will not became worse if instead of the set gf\’ one takes
g}\’ N7 g correspondingly decreasing the sets, which had nonempty

intersection with Tg , and at last we prove the necessity of the condition

(15). It is just now shown that if the sequence of the tests is LAO, then it
can be given by sets of (16) form. But the non-fulfillment of the conditions

(15) is equivalent either to violation of (3) or to equality to zero some of

E:n\l given in (15), and this again contradicts with (3) because Epim,

m =1, M -1, must be positive.

4. Remarks
(1) After the change of hypotheses enumeration the theorem remains
valid with corresponding changes in conditions (15).

(2) The maximal likelihood test accepts the hypotheses maximising
the probability of sample x in fact

r* = arg max PN (x).
r

But it follows from equation P (x) 2 exp{~-N[H(Q) + D(Q||P.)]} that at

the same time r* = arg min, D(Q|| P,). In fact the principle of maximum

of likelihood is equivalent to the principle of minimum of Kullback-
Leibler distance.

(3) Instead of the diagonal elements of the reliability matrix it is
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possible to give finite values to the one arbitrary element in each of the
first M -1 columns. Assumption equalities in (8) as equations, and
taking into account the monotone decrease and continuity, when they are

finite, of function, defined in (8), it is possible to find a unique Ej|; for

given E,;;, [I=1,M-1 It is not difficult to reestablish the

compatibility conditions, in which matrix E has all positive elements. For
further computation of the reliability matrix elements it will be necessary

to replace the infinite values of the obtained Ej|; by arbitrary large, but

finite ones.
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