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Abstract

Based on a subalgebra of loop algebra ,
~

2A  we design a new 33 ×

isospectral problem. By making use of Tu’s scheme, a nonlinear

equation hierarchy is obtained. Moreover, it is shown that the equation

hierarchy is integrable in the sense of Liouville and possesses tri-

Hamiltonian structure. Then we construct its binary symmetric

constrained flows, which are reduced to Hamiltonian systems in the

end.
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1. Introduction

Finding new integrable Hamiltonian systems is an important and

interesting task. Integrable Hamiltonian systems contain infinite-

dimensional systems and finite-dimension systems. Tu’s trace identity

[1-3] and nonlinearization technique [4, 7] are effective approaches to

produce them, respectively. This paper tries to construct a 33 ×
isospectral problem, and uses Tu’s scheme to obtain an nonlinear

evolution equation hierarchy. As its reduction cases, the generalized

mKdV [5] hierarchy is presented. Under the Bargmann or Neumann

constraints between the potentials and eigenvalues, and the eigenvalue

problem is nonlinearization as a finite-dimensional integrable system.

Recently this approach was developed to treat higher-order constraints.

By establishing binary symmetric constraints, three constrained flows of

the hierarchy are finally presented.

2. A Higher Order Loop Algebra and a Corresponding

Integrable System

Consider the loop algebra 2
~
A  as follows:
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(1)

In terms of (1), an isospectral problem is in the following:
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( ) ( ) ( ) ( ) ( ) ( ),210210 22
12 bbbaaaV λ−λ−−λ−λ−−=

( ) ( ) ( ) ( ) ( ) ( ),210210 22
21 bbbaaaV λ+λ++λ−λ−−=

( ) ( ) ( ) ( ) ( ) ( ),210210 22
23 bbbaaaV λ−λ−−λ+λ+=

( ) ( ) ( ) ( ) ( ) ( ),210210 22
32 bbbaaaV λ+λ++λ+λ+=

( ) ( ) ( ) ( )∑ ∑
≥ ≥

−− λ=λ=
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33 ....,,11,,00
m m
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Solving the stationary zero-curvature equation

[ ]VUVx ,= (3)

yields

( ) ( ) ( ) ( ),,041,22,0 mcrqmbmax −++−=

( ) ( ) ( ) ( ),,14,02,1 mcrqmbmax −+−=

( ) ( ) ( ) ( ),,24,12,2 mcrqmbmax −+−=

( ) ( ) ( ) ( ),,041,22,0 mcrqmambx +++−=

( ) ( ) ( ) ( ),,14,02,1 mcrqmambx ++−=

( ) ( ) ( ) ( ),,24,12,2 mcrqmambx ++−=

( ) ( ) ( ) ( ) ( ),,02,02,0 marqmbrqmcx −−+=

( ) ( ) ( ) ( ) ( ),,12,12,1 marqmbrqmcx −−+=

( ) ( ) ( ) ( ) ( ) ( ) ,0,0,,22,22,2 constcmarqmbrqmcx =β=−−+=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,00,20,20,20,10,10,10,00,0 ======== abccbaab

( ) ( ) ( ) ,01,2,221,2,221,2 =β−β=β+β= crqbrqa

( ) ( ) ( ) ,41,1,1,1,1,1 qrcrqbrqa xxxx β−=β−β−=β+β−=

( ) ,88
2
1

2
11,0 22 qrrqrqa xxxx β−β−β+β=

( ) ( ) .221,0,88
2
1

2
11,0 22

xxxxxx rqqrcqrrqrqb β+β−=β+β−β−β= (4)

Note

( ) ( ) ( ) ( ) ( )(∑∑
= =

+ −+−=
n

m i

n mniemibmniemiaV
0

2

0
21 ,,,,

 ( ) ( )),,, 3 mniemic −+

( ) ( ),3 nnn VVV +− −λ= (5)
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then we have ( ) [ ( ) ] ( ) [ ( ) ].,, nn
x

nn
x VUVVUV −−++ −=+−  It is easy to verify that

the terms of the left-hand side in (5) are of degree ,0≥  while the terms of

the right-hand side in (5) are of degree .0≤  Therefore, the terms of both

sides in (5) are of degree 0. It follows that

( ) [ ( ) ] ( ) ( ) ( ) ( ).0,01,220,01,22, 21 enaenbVUV nn
x +++=+− ++

Taking ( ) ( ),nn VV +=  then the zero-curvature equation

( ) [ ( ) ] 0, =+− nn
xt VUVU (6)

admits the Lax integrable system
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A direct calculation reads

[ ( ) ( ) ( ) ( ) ( ) ( )],2102104, 22 bbbaaa
q
UV λ−λ−−λ+λ+=
∂
∂

[ ( ) ( ) ( ) ( ) ( ) ( )],2102104, 22 bbbaaa
r
UV λ+λ++λ+λ+=
∂
∂

( ) ( ) ( ) .241404, 2λ+λ+=
λ∂

∂ cccUV

Substituting the above formula into trace identity leads to

.
,

,
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∂
∂
∂
∂

λ
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∂λ=







λ∂
∂

δ
δ γγ−

r
UV

q
UV

UV
u

(8)

Comparing the coefficients of ,23 −−λ n  13 −−λ n  and n3−λ  in (8) gives rise to
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Inserting the initial values in (4) into (9), (10) and (11) gives .0=γ  Thus,

the relations (9), (10) and (11) can determine the following three
Hamiltonian functions:
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Therefore, we have
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In terms of (4), a recurrence operator L is given by
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which satisfies the following:

322211 , JJLLJJJLLJ ==== ∗∗

which implies (15) is Liouville integrable. We can prove arbitrary

combination of { }321 ,, JJJ  is still a symplectic operator by a direct

calculation. Here we omit to prove it. When 1=n  in (15), a nonlinear

evolution equation is presented as
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Especially, taking rq ±=  in (16) gives the generalized mKdV equation
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1 2 





 +−β= xxxxt qqqq (17)
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When ,, xxrqqrqrH ==  we obtain

.24
2
3

2
1

xxxxxt HHHHH ++−=

3. Binary Constrained Flows of the Hierarchy

Consider the adjoint spectral problem of (2) as follows
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A direct calculation from (2) and (18) yields
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Let us consider the nonlinearization problem of the Lax pairs and the
adjoint Lax pairs of the spectral problem of (2).

For N distinct eigenvalues ,...,,, 21 Nλλλ  we have
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where

.3,2,1,0limlim ==ϕ=φ
∞→∞→

iixix

Let ( ) ,...,,, 21
T

iniii φφφ=φ  ( ) ,...,,, 21
T

iniii ϕϕϕ=ϕ  3,2,1=i  be

solution of (19) and (20), ,  denotes the standard inner product of ,NR

( )....,,,diag 21 Nλλλ=

We impose the following Bargmann constraint

( )
,

23,2

1
11 ∑

=
δ
δλ

α=
δ

+δ
N

j

j
k u

J
u
kH

J (21)

where kα  is some non-zero constant.

When ,0=k  (21) be conducted that
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taking ,80 β=α  (21) becomes
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By substituting (23) into (19) and (20), we obtain the nonlinearlized Lax
pairs
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where the subscript A means substitution of (23) into the expression and

(24) can be expressed as the Hamiltonian regular form

3,2,1,
~

,
~

11 =
Φ∂

∂
−=Ψ

Ψ∂
∂

=Φ i
HH

i
ix

i
ix (25)

with Hamiltonian function

( )33312211131 ,,,2,,
~ ΨΦ+ΨΦ+ΨΦ+ΨΦ+ΨΦ= H

( ) ( ).,,,,2 32122321 ΨΦ−ΨΦΨΦ+ΨΦ−−

We impose the second Bargmann constraint

( )
.

13,3

1
22 ∑

=
δ
δλ

α=
δ

+δ
N

j

j
k u

J
u
nH

J (26)

When ,1=k  we get

( )
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ΨΦ+ΨΦ−
α=
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β−β
=

δ
δ

2321

3212
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2
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22
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6444,3

rqq

qrr

u
H

xx

xx (27)

taking β−=α 21  in (27), we get the following high binary symmetric

constraints:

.
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2
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−
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By substituting (28) into (19) and (20), we obtain the following symmetric
constraint flows:
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where the subscript B means substitution of (28) into the expression. We
use Jacobi-Ostrogradsky coordinates

.,,, 2121 rqprqprqqrqq xxxx −=+=−=+=

Noting

( ) ( ) ,,,...,,,,,,...,,, 21212121
T

iNiii
T

iNiii ppQqqP ϕϕϕ=φφφ=

then (29) can be expressed as the Hamiltonian form

( )3,2,1
~

,
~

22 =
∂
∂

−=
∂
∂

= i
P
H

Q
Q
H

P
i

ix
i

ix (30)

with the Hamiltonian function

33312213112 ,,,2,,
~ ΨΦ+ΨΦ+ΨΦ+ΨΦ+ΨΦ= H

( ) ( ) ( ) 232121121221 ,,, ΨΦ−+ΨΦ−+ΨΦ+− pqqppq

( ) .2
2
1

2
1, 4

1
4
2

2
2

2
1

2
2

2
13221 qppqqppq −−+−+ΨΦ++

We impose the third Bargmann constraint
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δ
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k u

J
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When ,1=k  we get
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taking β−=α 81  in (32), we get the following high binary symmetric

constraints:
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3212












ΨΦ−ΨΦ

ΨΦ−ΨΦ
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− x

x

q

r
(33)

By substituting (33) into (19) and (20), we obtain the following symmetric
constraint flow:
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( )( ) ( ) ( ) ,,,,
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j
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uVuV

,...,,2,1 Nj = (34)

where the subscript C means substitution of (33) into the expression. We

use Jacobi-Ostrogradsky coordinates

., 11 rpqq ==

Noting

( ) ( ) ,,...,,,,,...,,, 121121
T

iNiii
T

iNiii pQqP ϕϕϕ=φφφ=

then (34) can be expressed as the Hamiltonian form

( )3,2,1
~

,
~

33 =
∂
∂

−=
∂
∂

= i
P
H

Q
Q
H

P
i

ix
i

ix (35)

with the Hamiltonian function

33312213113 ,,,2,,
~ ΨΦ+ΨΦ+ΨΦ+ΨΦ+ΨΦ= H

.,2,2,2,2 321231211121 ΨΦ+ΨΦ+ΨΦ−ΨΦ− qppq

By using the method in [8], a direct calculation, we find (25), (30) and (35)

are the integrable Hamiltonian system in the sense of Liouville.

Remark. That loop algebra can be applied to other nonlinear

evolution equations.
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