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Abstract

Based on a subalgebra of loop algebra 22, we design a new 3x3

isospectral problem. By making use of Tu’s scheme, a nonlinear
equation hierarchy is obtained. Moreover, it is shown that the equation
hierarchy is integrable in the sense of Liouville and possesses tri-
Hamiltonian structure. Then we construct its binary symmetric
constrained flows, which are reduced to Hamiltonian systems in the

end.
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1. Introduction

Finding new integrable Hamiltonian systems is an important and
interesting task. Integrable Hamiltonian systems contain infinite-
dimensional systems and finite-dimension systems. Tu’s trace identity
[1-3] and nonlinearization technique [4, 7] are effective approaches to
produce them, respectively. This paper tries to construct a 3x3
isospectral problem, and uses Tu’s scheme to obtain an nonlinear
evolution equation hierarchy. As its reduction cases, the generalized
mKdV [5] hierarchy is presented. Under the Bargmann or Neumann
constraints between the potentials and eigenvalues, and the eigenvalue
problem is nonlinearization as a finite-dimensional integrable system.
Recently this approach was developed to treat higher-order constraints.
By establishing binary symmetric constraints, three constrained flows of

the hierarchy are finally presented.

2. A Higher Order Loop Algebra and a Corresponding
Integrable System

Consider the loop algebra ;12 as follows:

e (l, n) — | _ }\‘3n+z 0 }\‘3n+L , eg(i, n) — 7\‘3n+l 0 _ }\’3U+L ,
es,n)=| 0 23 0 | e,n)=| 0 2% 0 |

2e3(i+j,m+n)i+j<3,

[e1 (i, m), e5(j, n)] = {

2e3(i+j-3, m+n+1),i+j=3,

deg(i + j, m+n) i+ j<3,
le1 (i, m), es(j, n)] = {

deg(i+j—-8, m+n+1),i+j>3
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2e9(i + j,m+n),i+j<3,

[el(i’ m)’ 64(.j5 n’)] = {

2e9(i+j—-3, m+n+1),i+j=>3,

dei(i+j,m+n)i+j<3,

[ea (i, m), e5(), n)] = {

dei(i+j-3, m+n+1),i+j=>3,

2e1(i+j,m+n)i+j<3,

fes(i, m). e4(j. )] = {

2e1(i+j-8, m+n+1),i+j>3,

[es(i, m), e4(j, n)] = 0, deg(ej(i, n)) =38n+i, i=0,1,2, j=1,2,3 4.

(€Y)
In terms of (1), an isospectral problem is in the following:
A =29 A
br =Ub, &y =0, 0= (01, 03, 03)", U=|-2r 21 2r
A 2g A
=e4(1, 0) + (g +7)e1(0, 0) + (g —7)ez(0, 0). 2
Let
—¢(0) = 1e(1) - 32¢(2) Via ¢(0) + re() + 32¢(2)
V= Voq 2¢(0) + 2hc(1) + 20%¢(2) Vas ,
¢(0) + re(1) + 22¢(2) Vg —¢(0) = re(1) - 32¢(2)
where

Viy = —a(0) — Aa(1) — A%a(2) - b(0) — Ab(1) — A2b(2),
Vo1 = —a(0) - ha(l) - 32a(2) + b(0) + Ab(1) + 22b(2),
Vas = a(0) + ra(1) + A2a(2) — b(0) — 1b(1) — 32b(2),
Vs = a(0) + ra(l) + 22a(2) + b(0) + Ab(1) + 12b(2),

a(0) = Za(O, m)A" | g(1) = Za(l, mNIm L

m=0 m>0



28 JI LI and TIECHENG XIA

Solving the stationary zero-curvature equation
V. =U, V] 6)
yields
a, (0, m) = —2b(2, m +1) + 4(q — r)c(0, m),
ay (1, m) = =26(0, m) + 4(q — r)c(1, m),
ax(2, m) = =261, m) + 4(q - r)c(2, m),
b, (0, m) = —2a(2, m +1) + 4(q + r)c(0, m),
by (1, m) = —2a(0, m) + 4(q + r)c(1, m),
b, (2, m) = —2a(1, m) + 4(q + r)c(2, m),
¢ (0, m) = 2(q + r)b(0, m) - 2(q - r)a(0, m),
cx (1, m) = 2(q + r)b(1, m) - 2(q - r)a(l, m),
e (2, m) = 2(q + r)b(2, m) - 2(q — r)a(2, m), (0, 0) = B = const,
b0, 0) = a(0, 0) = a(l, 0) = b(1, 0) = c(1, 0) = ¢(2, 0) = b(2, 0) = a(2, 0) = 0,
a(2,1) = 2Bq + 2Br, b(2, 1) = 2Bq — 27, (2, 1) = 0,

a(l’ 1) = —Bay +PBry, b(l’ 1) = —Bayx — PBry, C(l, 1) = —4Bqr,

1 1
a(0,1) = 5 Bax + 5 Brx — 8pa’r — 8Par,

1 1
b(0, 1) = 5 B — 5 BT — 88q%r + 8Bgr?, c(0,1) = —2Bqr, + 2Brq,.  (4)

Note

n

2
v = Z Z (a(i, m)ey (i, n — m) + b(i, m)eg(i, n — m)

m=01=0

+c(i, m)eg(i, n — m)),

v = 33y —y ), (5)
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then we have — Vf;) +[U, VJSn N = V_(Z) —[U, V™). Tt is easy to verify that
the terms of the left-hand side in (5) are of degree > 0, while the terms of
the right-hand side in (5) are of degree < 0. Therefore, the terms of both
sides in (5) are of degree 0. It follows that

v 4 [, vV = 262, n + 1), (0, 0) + 2a(2, n + 1)ez(0, 0).
Taking vy = VJS” ), then the zero-curvature equation
U, -v® U, viI] = 0 (6)

admits the Lax integrable system

~ (qJ ~ [—b(Z, n+1)-a(2, n+ 1)J

r -b2,n+1)+a(2, n+1)

_1
4

[4a(2, n+1)-4b(2, n+ 1)]
0

0
% 4a(2, n + 1)+ 4b(2, n +1)

%ax 0, n) + %bx (0, n) — 4qc(0, n)

(4(1(2, n+1)-4b(2, n+ 1)J
1

4a(2, n +1)+ 4b(2, n + 1) %ax (0, n) - %bx (0, n) + 4rc(0, n)

_ 1 _
2007'q 02077 [4a(0, n) - 4b(0, n)]

%6 —2r0 g 2ro~1r 4a(0, n) + 4b(0, n)

_ 4a(0, n) — 4b(0, n)
B 2[4(1(0, n) + 4b(0, n)J

_ _ 1 _ _
q0'qo - 0go7'q - 0% +q0 'ro+aqo'r [4a(1, n) — 4b(1, n)J

16
11—652 o lqgo—orolq  —rotro+ orolr 4a(1, n) + 4b(1, n)

4a(1, n) - 4b(1, n
) J3(< )4 )J‘ o

4a(1, n) + 4b(1, n)
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A direct calculation reads

<V’ %> = 4[a(0) + 1a(1) + a(2) - b(0) - Ab(1) - °b(2)],

<V, %> = 4[a(0) + 1a(l) + A%a(2) + b(0) + Ab(1) + 2%b(2)],

<V, %> = 4¢(0) + 4he(1) + 4¢(2)22.

Substituting the above formula into trace identity leads to

oU
(S [N
b

Comparing the coefficients of A73"2, A73"71 and A" in (8) gives rise to

8 4.1 D (31 4a(2, n +1)—4b(2, n + 1) o
du ellom+1) = (= 3n - +\/)[461(2,n+1)+4b(2,n+1)] ©
S L 4a(0, n) — 4b(0, n)
S 4c¢(2, n+1) = (- 3n +y) [4a(0, n) + 45(0, n)J (10)
S L 4a(1, n) - 4b(1, n)
S 4¢(0,n) = (-3n+1+7y) {4(1(1’ )+ 4L n)J (11)

Inserting the initial values in (4) into (9), (10) and (11) gives y = 0. Thus,
the relations (9), (10) and (11) can determine the following three

Hamiltonian functions:

SH(2, 3n +2) (402, n+1)-4b(2, n+1)

du [4(1(2, n+1)+4b(2, n + 1)} (12)
H(, 3n+2) = _%,
SH(3, 3n +1) (4a(0, n)-4b(0, n)

Su - [4(1(0, n) + 4b(0, n)} 13)
H@, 3n+1) = _%,
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SH(1, 3n +3) _ [4a(1, n) - 4b(1, n)]
du a ’

4a(l, n) + 4b(1, n) (14)
4c¢(0, n)
H(1 =-—02
1, 3n +3) o
Therefore, we have
u = Jy SH(2, 3n + 2) _J, SH(3, 3n +1) _ J, SH(1, 3n + 3)‘ (15)

ou ou ou

In terms of (4), a recurrence operator L is given by

4a(l, n +1) - 4b(1, n + I)J
4a(1, n + 1)+ 4b(1, n + 1)

%6 - 8ro g 8ro~lr (4(1(2, n+1)-4b(2, n + 1)]

_8qolq - %a + 8¢~ [\4a(2, n +1) + 4b(2, n +1)

L[4a(2, n+1)—4b2, n + 1)}
4a(2, n +1)+ 4b(2, n +1)

which satisfies the following:
JiL =L'Jy =dg, JoL = L'Jy = Jy

which implies (15) is Liouville integrable. We can prove arbitrary
combination of {Ji, Jo, J3} is still a symplectic operator by a direct

calculation. Here we omit to prove it. When n =1 in (15), a nonlinear

evolution equation is presented as

1
q; = B(— quxx + 16q2rx + 8qrqx),

; (16)
= [3(— Erxxx + 16qxr2 + 8qrrx).

Especially, taking ¢ = £r in (16) gives the generalized mKdV equation

1
@i = B~ e + 240%. ) an
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When H = gqr, gr = q,1,, We obtain
1

Hy = -3 Hoy, +%Hx + 24HH.,.

3. Binary Constrained Flows of the Hierarchy

Consider the adjoint spectral problem of (2) as follows

-A 2r - A
* T
o =U'0=12¢ -20 -2q |0, %, =0, ¢ = (91, 93, 03) .  (18)
A —2r -

A direct calculation from (2) and (18) yields

oA
|3 [— 20201 + 2¢2<P3J
du 2—7‘ — 20192 + 20309
r

Let us consider the nonlinearization problem of the Lax pairs and the
adjoint Lax pairs of the spectral problem of (2).

For N distinct eigenvalues Aq, Ag, ..., Ay, We have

b1 01
dgj | = Ulw, &;)| dgj |,
35 ), 93
1 @1
02| =U"w 2j)| 0z}, j=12 ., N, (19)
3 ). 93;
b1 1
b2 | = V™ 1)) b |,
03j )1n b3
@1 @1
0s; | = _ymT(y, ") @gil =12 .., N, (20)

P3j Jin P3j
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where

lim ¢; = lim ¢; =0, i=1,2,3.

| x [0 | x |[>o0

T T .
Let  ¢; = (di1, dizs - ®in) 5 @ = (®i1, Pig, s 9in) s 1=1,2,3 be
solution of (19) and (20), (,) denotes the standard inner product of RN,
A = diag(rhy, Aa, ooy AN).

We impose the following Bargmann constraint

N

dH(2, 3k + 2 o\ j

Jl % = JlakZa—u], (21)
=1

where o, is some non-zero constant.

When & = 0, (21) be conducted that

16[37' - 2(1)2\111 + 2@2‘1’3
2 2) - o , (22)
bu 16Bq — 20, Wy + 205W,
taking o = 8B, (21) becomes
r 5 q)2\P1 + @2?3
S . (23)
q —D0;% + O3,

By substituting (23) into (19) and (20), we obtain the nonlinearlized Lax
pairs

1 01j | (@1 Py
b2 | = U 1j)la]02j || 02j | = U (W 2j)a] 02 |
§3;j ). 93 ) \93j ), 3,

j=12 .., N,
01 ¢1j ) [@1) P1
boj | =V 1) al 02 | (025 | ==V 2))|a| 05 |
b3 ), ¢3j) (93 ), P3j

j=12 .,N, (24)
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where the subscript A means substitution of (23) into the expression and
(24) can be expressed as the Hamiltonian regular form

o _ o )

ix _W, ix - oD s = 1, 2, 3 (25)
l l

with Hamiltonian function
Hy = N(@g, W) + (O, W) + 2Dy, o) + (g, ¥3) + (O3, ¥3))
—2(=(®y, ¥y) + (@3, ¥2)) (@2, V) — (Pg, ¥s3)).

We impose the second Bargmann constraint

N
SH(3, 3n +1) _ O
Ty s = JQaij; < (26)

When k& =1, we get

SH(3, 4) | 4Bry — 64pqr? ., (— 205 + 2®2‘P3J
.. - Y1
du 4Bq.. — 64Bg%r — 20, ¥y + 205F,

taking aq; = —-2B in (27), we get the following high binary symmetric

Tew —16gr2 Doty — Dy'¥3
[ e J = { . (28)
Gy —16¢%r ©;¥y — @3'Yy

@7

constraints:

By substituting (28) into (19) and (20), we obtain the following symmetric
constraint flows:

b1 1) @1 P1j
b2 | = Ul 2j)lp| b2j |, | 02j | =T (w 2))[p| 02; |,
035 ) 93;) \®3j ), 3,

j=12 .. N,
¢y d1j | (@1 P1j
b2 | =V 1)) B d2j || 02 | = -V (w, 2))|5| 035 |,
D3/ )y b3j) \3) )y, 3j

ji=12 .., N, (29)
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where the subscript B means substitution of (28) into the expression. We
use Jacobi-Ostrogradsky coordinates
Q1 =qQ+71, Qo =Qx —Tx, P1 =Qx *Tx, Pg =q—T.
Noting
_ T _ T
P, = (011, i95 - din»> 915 92) 5 @i = (i1, Pigs s Pins P15 P2)
then (29) can be expressed as the Hamiltonian form
_ oH,

P =29, Qi = -

with the Hamiltonian function

0H,

F (=12 3) (30)

Hy = (ADy, 1) + (AD3, 1) + 2(ADg, Wo) + (ADy, ¥3) + (AD3, W)

—(q1 + p2)(@g, 1) + (P2 — q1) (@1, ¥2) +(q1 — P2) (P35, P)

1 1
+ (g1 + p2)(®s, W3) + 5 PT — 5 03 +2a7P5 - b2 ~ i
We impose the third Bargmann constraint
N
SH(1, 3n +3) _ M
JST—JSGk;E. (3].)
When £k =1, we get
SH(L 6) SBI"x — 2(132\P1 + 2(DQT3
e =0y 32)
du — Squ - 2@1\1”2 + 2(1)3\1,2
taking aq; = -8B in (32), we get the following high binary symmetric
constraints:
Iy ZCDQlPl — 2@2?3
= . (33)
—qy 20, Yy — 203y

By substituting (33) into (19) and (20), we obtain the following symmetric

constraint flow:

b1 1 915 91j
doj | =Ulw 2j)|c|dgj b |25 | =U"(w %j)|c| 0g; |
035 ), b3; 035 ), P3j

i=12 .., N,
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b1 91 P1j 1
T
boi | = VP a)leldgj b 09| = -V @ 2))lc|0g) |,
¢3j n ¢3j ®3j tn ?3j
j=12 .., N, (34)

where the subscript C means substitution of (33) into the expression. We

use Jacobi-Ostrogradsky coordinates
91 =49 pp =T
Noting
Py = (bs bizs o Ginvs @1) 0 Qi = (031, Pizs r Pivs 1)
then (34) can be expressed as the Hamiltonian form

_ 0y
0Q; ’

oH
Pix Qix =~ apg
13

(i=1213) (35)

with the Hamiltonian function
Hy = (ADy, ) + (ADQ3, ¥;) + 2(ADy, ¥o) + (ADy, ¥3) + (AD3, ¥s)
- 2q1(®g, ¥1) = 21 (@1, Wg) + 2D (D@3, Wg) + 2¢1(Pg, V).

By using the method in [8], a direct calculation, we find (25), (30) and (35)
are the integrable Hamiltonian system in the sense of Liouville.

Remark. That loop algebra can be applied to other nonlinear

evolution equations.
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