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Abstract

The goal is a theorem which allows computations analogous to the
Thom-Porteous formula for a morphism o : E — F of coherent sheaves,
which are not vector bundles, over a scheme X. In particular if Y < X is
the subset where either E or F is not a vector bundle, then the goal is to
find a class supported on the set Dy(c)={x € X =Y : rank(c(x)) < k}UY.

S. Diaz has one method for accomplishing this goal: find a blow up
p: X - X such that the double dual of the pullbacks of E and F,
namely (p*E)"™ and (p*F)™, are vector bundles over X. Hence over

X there is a morphism of vector bundles (p*s)™* : (p*E)** — (p*F)**.
For an appropriate choice of k, apply the Thom-Porteous formula to
compute the fundamental class of Dy((p*c)™). Then p.[| Dp((p*c)™)|]

is a class supported on Dp(c) in X. To derive a formula from this

construction it suffices to express the Chern classes of (p*E)™ and
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(p"F)™ in terms of known information about E and F. A formula for

these Chern classes is derived for E and F belonging to a certain class of
coherent sheaves.

1. Introduction

Given a morphism o of vector bundles £ and F of rank e and f,
respectively, over a purely n-dimensional Cohen-Macaulay scheme X, a
nonnegative integer k& < min{e, f}, and a degeneracy locus

Dy (o) = {x € X : rank(c(x)) < &}

of codimension (e — k)(f — k), the Thom-Porteous formula [2] gives the

fundamental class of the degeneracy locus in the Chow group of X in

terms of the Chern classes of E and F as follows:
[ De(o) 1= AP e(F - E)NIX],
where ¢(F - E) denotes the formal quotient

c(F) _ 1+ (F)t + cz(F)t2 Lo
c(E) 1+01(E)t+02(E)t2 4o

o(F-E)=

and given a formal sum ¢ = ¢y +¢; + ¢ + -, A((f)(c) denotes

Cq Cqg+1 Cq+2 vt Cgip-1

AP)(c) = det ‘a1 “ ‘er1 T Carpz)

Cq-p+1  Cq-p+2  Cq-p+3 Cq
Example 1. Let P? be projective space over a field K and let o : (’);2

- O;Z (1) be given by the matrix

X 4
[cl=|y x|
0 v
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Taking two by two minors gives D;(c) = {(0, 0, 1)}. By the Thom-Porteous
formula the fundamental class of D;(c) is given as follows, where H is

the rational equivalence class of a hyperplane in P2:

«(0%, 1)

D (c :A(l)
[| Di(o)[] = A C(O;Z)

N [P?]

1+ Ht)®
_ A ¢ 1 )]

= AV + 3Ht + 3Pt?)
= det[3P]
- 3P.

In this simple example it is possible to verify 3P is the fundamental class
of D,(s). Dy(c) is a closed subscheme of P? supported at the point (0, 0, 1)
so [| Di(o)|] is nP, where n is the length of the local ring of Dj(c) at
Klx, y]

(x% -y, xy, %)

(0, 0, 1). The local ring is which is a 3-dimensional vector

space over K (with basis {1, x, x2}). Hence the fundamental class is 3P.

The Thom-Porteous formula applies only to morphisms of vector
bundles; however many interesting subschemes can only be described
as the degeneracy locus of a morphism of coherent sheaves. Given a
morphism o : E — F of coherent sheaves over a scheme X, the goal is a
formula that allows analogous computations. In fact Harris and Morrison
[4] ask, “Is there a Porteous type formula for maps of torsion-free
coherent sheaves?” This paper gives such a formula for morphisms of
coherent sheaves which meet certain conditions. In particular if ¥ < X
is the subset where either E or F'is not a vector bundle, the goal is to find

a class supported on the set

Dp(c) = {x € X - Y : rank(o(x)) < R} U Y.
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Diaz [1] has one method for accomplishing this goal: find a blow up

p: X — X such that the double dual of the pullbacks of E and F, namely

(p*E)* and (p*F)™, are vector bundles over X. Hence over X there is

a morphism of vector bundles
For an appropriate choice of k, apply the Thom-Porteous formula to

compute the fundamental class of Dy, ((p*c)™). Then p.[| D((p*c)"")|] is a

class supported on Dy (o) in X. To derive a formula from this construction

it suffices to express the Chern classes of (p*E)™" and (p*F)™ in terms of

known information about E and F. An expression for these Chern classes
is provided for E and F belonging to a certain class of coherent sheaves.
Section 2 details the result (proofs are given in Section 4), and Section 3

applies the result to a simple example.
2. Extension of the Thom-Porteous Formula

Definition 1. Let I be a coherent sheaf of ideals on a nonsingular,
quasi-projective scheme X of dimension n over a field K. Call [

homogeneous of degree (d;, ..., dj,) with respect to local parameters at a set
of distinct closed points {xq, ..., x;,} = X if there is some choice of local
coordinates uy, ..., u, defined on neighborhoods U; of x; such that I(U;)
has a set of generators each of which is a degree d; > 0 homogeneous
polynomial in uy, ..., u,, with coefficients in K. (The dependence of the set

of local coordinates uy, ..., u, oni has been suppressed.)

Definition 2. Let {U;},_, be an open cover of a scheme X and D be an
effective Cartier divisor on X such that | D| « U;cpU; and | D |NU; = &
for all i ¢ A, where A" — A. Write local equations for D as u; on U; for
ieA" and lon U; for i ¢ A'. Let F] and Fy be vector bundles of rank
fi and fy, respectively on X. Suppose F; splits on U = U;.oU; and
write Fi|ly = L; ©®---® Ly . Let ¢ : F; — Fy be a morphism of rank r on
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X —| D| dropping rank by 2 > 1 on | D|. Fix (locally) free bases for F;
and Fy, respecting the splitting F|y = L1 @ - ® Ly, so ¢ has a matrix
representation [¢]. Define the jth column vanishing M; of [¢] on | D| to
be the greatest positive integer r such that for every i, each entry of the
jth column of [¢(U;)] is in the ideal (v;) in Ox(U;). Let the total column
vanishing Mbe the sum M = My + -+ M.

Definition 3. A coherent sheaf E over a nonsingular, integral, quasi-
projective scheme X of dimension n > 2 over a field K is nice at a finite

set of distinct closed points {x;, ..., x,} = X if it satisfies the following

conditions:

e F has a locally-free resolution

¢
0->Ey > E - E->O.

e The first nonzero Fitting ideal I of E is supported on the set
{15 oy X}

e I is degree d; homogeneous with respect to local parameters at x;
fori=1, .., k.

oIf p: X — X is the blow up of X along I and e; = p 1(x;), then the
total column vanishing of [p*¢] on e; is M; = d; for i =1, ..., k.

The following theorem gives a formula for the Chern class of the
double dual of the pullback of a nice sheaf.

Theorem 1. Let X be a nonsingular, integral, quasi-projective scheme
of dimension n > 2 over a field K, and let E be a coherent sheaf over X

which is nice at a finite set of distinct closed points {xi, ..., x3}. Let
p: X — X be the blow up of X along the first nonzero Fitting ideal of E,
and let L; be the invertible sheaf associated to p! (x;) fori =1, ..., k. Then

C * *% _ Ct(p*El)
) ) e a0 0 ™
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Definition 4. Given a morphism o : E — F of coherent sheaves
over a scheme X, suppose Y < X 1is the subset where either E or F'is not
a vector bundle. Let e and f be the ranks of E and F, respectively over

X - Y, and choose a nonnegative integer k < min{e, f}. Then the kth

degeneracy locus Dy(c) of o is

Dy(c) ={x € X -Y : rank(c(x)) < R} U Y.

Definition 5. Given a morphism o : E — F of coherent sheaves

over a scheme X, let the first nonzero Fitting ideals of £ and F'be Iy and

I, respectively. Let ¢; : X; — X be the blow up of X along Iy, and let
Qs : X - X; be the blow up of X; along ¢;'Ip +Ox,- Then p = g1 ° g3

: X - X is the double blow up of X along the first nonzero Fitting ideals
of E and F.

The following lemma shows the order in which the ideals Iy and I

are blown up does not matter.

Lemma 1. Let Iy and Iy be coherent sheaves of ideals on a

noetherian scheme X. Suppose p; : X; — X is the blow up of X along Ig,
and py : X > X is the blow up of Xy along pl_IIF - Ox, - Suppose further
q1 Y7 > X is the blow up of X along Ip and g5 : Y > Y] is the blow

up of Y, along ql_IIE - Oy,. Then X and Y are isomorphic schemes.

Proof. [5, Corollary I1.7.15] gives unique morphisms f; : Y > X, and

fo : X > Y; so the following diagram commutes:

X
P2
Y
fi 'S

NV

Y LL X

g
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Then £ (prtp - Ox,) Oy = g3 (g7 F - Oy, )- Oy is an invertible sheaf

of ideals on Y. Hence [6, Proposition I1.7.14] gives a unique morphism
g1 Y > X factoring f;. Similarly there is a unique morphism gy : X

— Y factoring fo:

.z X
n_~ - P2
<7 |
/// 92
-
~ 1
- [ ~ X,
NV
q1
" — X

The sheaf of ideals q§1 (ql_llE Y- Y is invertible so h = 89 © g1 1s the
unique scheme morphism from YtoY factoring go. However the identity

morphism also has this property so g9 o gy = 1. Similarly g; o g9 = 1.

Theorem 2 (Extension of Thom-Porteous formula). Suppose o : E
— F is a morphism of coherent sheaves over a nonsingular, integral,

quasi-projective scheme X of dimension n > 2 over a field K. Let E and F
be nice at a finite set of distinct closed points {xi, ..., x;} = X. Let p : X

— X be the double blow up of X along the first nonzero Fitting ideals of
E and F. Let e, f, and k be as in Definition 4. Then a class supported on
D, (o) is given by the expression

pll Dp((p°0)™ |1 = 2P e F)™ - (" BY™) N [X]),

where the Chern classes of (p*E)™ and (p*F)"" are given by Theorem 1.

Proof. Apply the Thom-Porteous formula to the morphism
(p*e)™ : ("E)" —> (p"F)”

of vector bundles over X.
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The following lemma shows the class given by Theorem 2 is unique in

a certain sense.

Lemma 2. Let X be a variety and p; : X; > X be a blow up. Let
Dy : X9 > X be a blow up, and q : X9 — X; be a morphism making

the following diagram commute:
X2

e

X1 P2

N

X

Given vector bundles E and Fon X;, E' = ¢"E and F' = q"F are vector
bundles on X,. Let e = rank(E), f = rank(F), k < minfe, f}, and for the

determinantal expressions of the Thom-Porteous formula write

A = MCP((F - B) N [X;],
and

Ag = AT (F ~ BN [Xp)
Then q.(Ay) = A;.

Proof. Since A'¢"P)(c(F' - E')[X,] is a polynomial in the Chern
classes of ¢*E and ¢*F, it follows from [2, Theorem 3.2(c)] that
q.(8) = NP (e(F - ) N q.[X5]

Let I =[R(X,): R(X;)], where R(-) denotes the field of rational functions.
By [2, Section 1.4], ¢.(Ag)=1IA;. Since ¢ is a birational morphism,
=1
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3. Example

Define morphisms OLIO;Z (1)—)(9;2 (1) and i : O;z - (’)‘;2 (1) by the

matrices

and

i - {xz X 0 X3 0 }T.

0 0 X9 X1 X1

Let E = (9;2 (1) and F be sheaves defined by the following locally free

resolutions:
0 —— 0341 —2— E 0
P
Ja -
2 ] 5 v
1 T
0 > O]P2 > (’)Pz 1) 2 F 0.

The morphism o : E — F 1is induced by mga since mgo vanishes on

ker(n;) = 0. E and F are torsion-free coherent sheaves with locally free

locus Y = P2 - {(0, 0, 1)}. D;(o) = {(0, 1, 0), (0, 0, 1)}.

Let p: P? — P? be the blow up of P2 along the first nonzero Fitting
ideal of F. Let e, H, p*H, and P be the rational equivalence classes of the

exceptional divisor, a hyperplane in IP’Z, the pullback of H, and a point,
respectively. Then

@O
@« (P F) ):ct((’)[?)-(1+et)

1+ p*Ht)
B 1+ et

= (1+5p"Ht +10Pt2)(1 - et — Pt?)

=1+5p*Ht — et + 9Pt
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The Thom-Porteous formula gives the fundamental class of D;((p*c)™)

as follows:
1Dy (00 )1 = a8 (e ((PF)™ ~ (p'E)™ ) N[F?]
= AV + 5p"Ht — et + 9PF%)/((1 + p*Ht)?)
= AV +5p™Hi - et + 9P¢%) (1 - 2p*Ht + 3P?)
= AV + 3p*Hi - et + 2P1%)
= det[2P]
= 2P.

To obtain a class in the Chow group A, (IP’Q) supported on D (c) apply the

group homomorphism p,

p:([ D1 ((p"o)™)|]) = 2P.

On P? the double dual map drops rank at two points. The Thom-Porteous

formula counts each of these point once [2, Lemma 12.1]. Thus each of the
points (0, 1, 0) and (0, 0, 1) in P? is counted exactly once (each is counted

at least once by [2, Section 1.4].
4. Details

Lemma 3 (Existence of partial tensor). Let {U i}i <A be an open cover of

a scheme X over a field K, and let E be a rank r vector bundle splitting on
U =U;cpU;, where ' = A. Suppose E splitson Uas E|;y =L @---® L,

for line bundles Ly, ..., L. on U. Let L be a line bundle with associated
Cartier divisor D supported on a closed set | D| = U such that | D|NU;
=@ forall i ¢ N'. Let My, ..., M, be a finite sequence of positive integers

with q < r. Then there is a vector bundle G on X, call it the partial tensor

of E with L by the sequence My, ..., My, such that
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WGy=zelMe. oL, ol oL, & 0L, and

(2) G|Ui = E|Ui> forall i ¢ A'.

If g;j :U;NU;j - GL(k, m) give the transition data for E and D has

local equations u; € Ox(U;) with respect to the open cover {U;};_,, then

G has transition data gi,j given by

[8;,;]1=

1

: [gi,j]

There is an injective vector bundle morphism f : E — G such that for all

i1e A

[f(U;)] =

0

1

and G has Chern polynomial ¢,(G) = ¢,(E)(1 + ¢y (L))M, where M = M,

+ot M.
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Proof. It suffices to assume ¢ =1 and M; =1. Shrink the U; if
necessary so that L and L; for j=1,.., r are trivial on every U, for
1 e A Let hi,j : Ui ﬂU] —> K* and gi,j : Ui ﬂU] —> GL(I‘, K) be the
transition functions for L and E, respectively. For i € A’, say L(U;) = (eg)
and E(U;) = (ey, ..., e,). Then define

G(U;) = (e ® ey, ey, ..., €,.),
and for i ¢ A’ define G(U;) = E(U;). One needs to specify the transition
functions g; ; for G. Consider i, j € A". There is a function ag : U; NU;
— K” such that [h; ;]=[ag]. Since E splits on U, there are functions
a :U;NU; - K* for I =1, ..., r such that

a1 0
[gi,j] =

For i, j € A" define

ag 0

~ az

[8:,;]1=
0 a,

Next consider i € A" and j¢ A'. Here [h; ;]=[ag] and there are functions

i,J

ag,:U;NU; — K", such that

Q1 o G
[gi,j] =
ar,l ar,r
For i e A" and j ¢ A’ define
J
Qopd1,1 0 Qoay,r

~ Qs 1 Qg,
[gi,j] = . '

arq ar
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For i ¢ A" and j € A’, define g; ; = §]_1L (see below for existence of the
inverse). Finally for 7, j ¢ A" define g; ; = g; ;.

Now check the §i’ ; satisfy the following axioms:

(1) gi,j . Ui n U] d GL(I", K),

@) g;; =1,

() &, =8 &jr and

@ &5 =28
It is not hard to see (1) and (2) hold for Ei,j since they hold for g; ; and
-1

h; j. For axiom (4), first take the case i, j € A". Here since h; ; = h; ; and
gji = 8
apa o7t aglag? 0
GRIE oo - N - - [,
0 a, 0 | at

r

Next consider i € A" and j ¢ A". Then |g; ;| = a|g; j| and g;ﬁ =g,
by definition. Finally consider i, j ¢ A". Here 5;} = g;i =gji = gj,i-

This suffices to check axiom (4). Lastly consider axiom (3). First take the

case i, j, k € A'. Here the matrices are diagonal so axiom (3) holds for

g;,j since it holds for g; ; and &; ;. If i, j, k ¢ A, then axiom (3) holds

since g; ; = g; j. Suppose i, j € A" and k ¢ A". Then

[aoa 07 [bobr,1 - Doy,
(g, ;] (8] = 2 | o o2r
Y a, b, 1 b,

[agboarby1 - agboarby

_| aeben agbg, ;

ayby 1 e apb,
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Note that
a1
as
lgir] =[gi ;] [gjr] =

0
_albl,l
azb2,1
_arbr,l

)

There is a function h; ;, = ¢y : U; NU, — K”, and by definition

coarby 1

- aghy 1
[gi,k] =

L arbr,l

coa1by, ;|

agbsy,

arbr, r J

Now h; j, = h; j - hj ) implies ¢y = apby so axiom (3) holds in this case.

Finally suppose i € A" and j, k & A'. Write [g; ;] = [cs /] = [ j]-[g) 1]

= [as,¢]- [bs,;]. Then

apd1,1

(g ;] [8;,1] = (8 ;] [8j,1] = 21

Ao, r

Qg r
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This is enough to check axiom (3) since gi,j = §i,k §k] together with

the other axioms implies gi,k = gi,j ~§;;1j = gi,j .gj,k and gk,j = 5;}3
“8ij = 8r,i & j-

To see the transition data g; ; have the form given in the statement

of the lemma, note ag = u;/uj. For the morphism f: E — G, fix an

index i. For any open V < U; define
uily 0
[;(V)] =
0 1
This defines a local vector bundle morphism f; : E|y,— Gy, and [g; ;]
[fj1=1f;]-[gi,j]. So there is a morphism f: E — G extending all the
f;- f is injective since each f(U;) is injective. Since f is an isomorphism
on X —|D|, the cokernel of fis supported on | D |. Restrict attention to

U, the open neighborhood, where E is trivial of rank r. Form the direct

sum of the following exact sequence with Ox|}7*

0 - Oxly » Ox(D)ly
to obtain f gy

i
05 E = Gly.

Since coker(f)(U;) is the zero module whenever U; N| D | = &, it follows
that coker(f) = coker(i1) = Op(D). Applying the Whitney sum formula to
the short exact sequences

0> 0x - Ox(D)—> Op(D) - 0,

and

O—)ELG—)coker(f)—)O

shows coker(f) has Chern polynomial 1+ ¢;(L) and G has Chern
polynomial ¢,(E)(1 + ¢;(L)t).
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Lemma 4. Let {U;},_, be an open cover of a scheme X, and D be a
Cartier divisor on X such that | D| c U;cpU; and | D|NU; =& for all
i ¢ A', where A' ¢ A. Write local equations for D as u; on U; for i € A’
and 1 on U; for i ¢ A'. Let F] and Fy be vector bundles of rank f; and
fo, respectively, on X. Suppose Fj splits on U = U;.,U; and write
Flly =L & ®Lg. Let ¢:F — Fy be a morphism of rank r on
X —| D| dropping rank by k > 1 on | D|. Fix (locally) free bases for F
and Fsy, respecting the splitting Fi|;y = L; © --- @ Lf1’ so ¢ has a matrix
representation [¢]. Consider [¢] decomposed into submatrices whose

dimensions are indicated below by subscripts

Ar, -r Br,r
[¢]={ i

sz—r,fl—r ng—r,r

Assume for all i € A, the submatrices B, ,(U;) and Dy,_,. .(U;) have the

following form (where the dependence of the entries h;, on i has been

suppressed):
M- M
h1,1 hl,r—k Uu; 1h1,r—k+1 e U ker
Br,r(Ui): >
M- M
hr,l hr,r—k u; hr,r—k+l U; khr,r
and
M- M
hr+1,1 hr+1,r—k Uu; 1hr+1,r—k+1 U khr+1,r
sz—r,r(Ui):
M My,
hpa o Pk U Rk U Phy,

Let G be the partial tensor of F; and L = Ox(D) by the sequence
M, ..., M, such that

GU)=L @@Ly, ®(Ly_p1y eIlM)e.. @ Ly ® LMrk),
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Then there is a morphism v : G — Fy such that
(1) im(¢) < im(y) and
(2) im(¢, ) = im(y,) forall x ¢ | D|.

Proof. Notice columns f; —k+1, ..., fi of [¢] vanish on |D| with

vanishing orders M, ..., M. Define

AU;) B;
[w;] = e
CU;) D
where forall i € A
M1 M,
[Bi] =
hr,l hr r
and
hr+1,1 hr+1,r
[D;] =
hfz,l hf2,r

For i € A, write [®;] for the following matrix:

1 0

0 u;

L 1 i

F: F: 2 R
Then [¢72]- [w;1-[0;] = [¢/2]- 0(U;)] = 601 [¢7%] = [wi]- [0:] - [/,
In other words, [gf‘jf]‘[\vj‘] = [w;]- [®i]'[g£~]‘[®j]_1 = [yl [gfj]. Thus
there is a vector bundle morphism y : G — Fy extending all the ;.

Since the u; are units on X —| D |, condition (2) is satisfied. To check
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condition (1), suppose y = (y1, ..., ¥, ) € (im(¢)) (U;) for some i € A" That
is, there is some (xi, ..., x5 ) such that ¢(U;)(x1, ..., x5 ) = (¥1, -+ Yf,)-

Then by comparing the matrices of ¢(U;) and y(U;), one observes

M M
WU;) (1, vy Xfy oy Uy P i1y s Uy B2 ) = (V15 s Yy )

Lemma 5. Let X be a nonsingular, quasi-projective scheme of
dimension n > 2 over a field K. Suppose E is a coherent sheaf which is

nice over a finite set of distinct closed points {x,, ..., x;,} ¢ X. Suppose E

has locally free resolution

O%FZE)Fl —)E—)O,

where F; and Fy have rank fi and fy, respectively. Let p : X > X be
the blow up of X along the first nonzero Fitting ideal of E. Let e; = p_1 (x;)

and suppose [¢] has column vanishing sequence Mli, ey M;l on e; for
i =1, .., k. Let G be the partial tensor of p"Fy and L; = O}?(ei) by the
sequence Mli, oy M;l fori=1,..., k. Then Lemma 4 gives a sheaf morphism
v : G — p*F,. Moreover v is injective and

coker(y) = (p*E)™.

Proof. Fix an index i in 1, ..., k, and write x = x;, e =¢;, L =L,
and My, ..., My = Mi, . M}i(l. Since E is not locally free at x, [¢] drops

rank at this point, say by r > 1. Let U be an affine open subset of
X containing x such that F,(U)= Ox(U)L, Fy(U)=z 0x(U)2, and
UNixq, ..., xp} = {x}. Then the f; row by f; column matrix [¢(U)] has
elements of Ox(U) as entries. Evaluated at the point x, they produce a
rank f; —r matrix of elements of the field K. Thus there is a finite
sequence of K-linear elementary row operations giving the matrix [¢(U)]

the following form (where I and O, , denote the s by s identity and s by
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t zero matrices, respectively):
I, Of —r,r
Ofy—hi-r)fi-r  Op—(hi-r)r |

This sequence of row and operations corresponds to changing the local
trivializations of F} and F,. Since X is a nonsingular, quasi-projective

scheme of dimension n, one may shrink U to a smaller affine open set
as necessary so there are functions uy, ..., u, € Ox(U) giving local

coordinates near x. Choose them so the first nonzero Fitting ideal I of E is
degree d > 0 homogeneous in uy, ..., u,. Write U = Spec(R) so I(U) is

generated by a finite number of degree d homogeneous polynomials in
U, ..., 4, over R, say by the polynomials pq, ..., p;. Since I is supported

at x, one has u, ..., u? e I(U). Let {U;};cn UU be an open cover of X
such that x ¢ U; for all i e A. Write W = p *(U) and W, = p *(U;) for
i € A. On W the blow up X has equations witj = ujt;|i =1, .., n and
j=1,..,n < XxP"?! ([3] 1.4). Let V; be the open set {t; = 0} N W for
i =1, ..., n. Then the divisor e has equations u; on V;. Since I(U) is
generated by degree d polynomials (p 11 - Ox)WNV) c (ufl ). Since
ul € I{U), one has (p”'1-0x)(WNV;) = (). Thus (p~'I-0g)(W)
= (ed). The hypotheses of Lemma 4 hold so there is a morphism vy’ : G’
— p"F,, where G’ is the partial tensor of p“F, with L by the sequence
My, ..., Mj. To see y' is injective, notice ¢ has rank f; on X - {x} so

p*p hasrank f; on X —|el]. y' has the same rank as p“¢ on X - le].
Choose a point y € | e| and suppose y € V; for some fixed index i. The
first nonzero Fitting ideal of E is generated by the f; xf; minor
determinants of [¢]. Since the Fitting ideal is degree d homogeneous with
respect to uy, ..., u,, [¢] has at least one f; x f; minor determinant, call

it [1, of degree exactly d in ug, ..., u,. Compared to [¢], columns j = f; —r

+1, ..., f; of [y'] lack a factor of uiMj . Hence the corresponding minor
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determinants of [y'] lack a factor of u, where M = M, + -+ My .
Therefore the f; x i minor determinant of [y'] corresponding to [] has
degree d - M =0 in u; so it is nonzero at y. Thus y' has rank f; at y.
Since y was chosen arbitrarily in | e |, y' has rank f; everywhere. Repeat
this argument for each x; € {xi, ..., x;} to obtain an injective morphism

v :G > p"F, where G is the partial tensor of p“F, and L; by the

sequence Mli, e M/li fori=1, ..,k

Let f: p"Fy — G be the morphism given by Lemma 3. y forms a

commutative square with 1p*

Fy
p'F, p—*(b> 'F —_— pr — 0
l’[ lp*ﬂ J
0o — G Y, p'F —— coker(y) —— 0.

There is a unique induced morphism A : p*E — coker(y) which is
surjective by Lemma 5. To see ker(h) is torsion, let W, be a nonempty
affine open subset of X such that Wy N|e; | = @ for i =1, ..., k. Take
sections over W, to obtain a diagram of modules with exact rows, where

f(Wp) is a module isomorphism

P'F(Wy) —— p"Fi(Wy) ——  p'EW,) —— 0

1N

. h(W,)

0— G(W,) —— p"F,(Wy) —— (coker(y))(Wy) —— 0.

By Lemma 5, h(W,) is an isomorphism. ker(h) is torsion since it is

supported on a proper closed subset of X. Thus there is an exact sequence

of sheaves

v P
0 — ker(h) > p"E — coker(y) — 0.
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Since ker(h) is torsion, applying HomO (-, O ) gives

0 — (coker(y))" - (p*E)" — (ker(h))" = 0.

coker(y) = (coker(y))™ since coker(y) is a vector bundle so applying

HomO (-, O ) again gives the desired result.

Proof of Theorem 1. The theorem follows from Lemma 3 and the

Whitney sum formula applied to the following short exact sequence from

Lemma 5:
0G5 p*F, - coker(y) — 0.
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