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Abstract

A famous theorem of B. H. Neumann states that a group G is central-by-
finite if and only if all normalizers of subgroups of G have finite index,
and Y. D. Polovickii proved that this is also equivalent to the property
that the group G has only finitely many normalizers of subgroups. Here
the structure of groups in which all but finitely many normalizers of (in-
finite) subgroups have finite index is investigated, and the above results
are extended to this more general situation.

1. Introduction

A subgroup X of a group G is called almost normal if it has finitely
many conjugates in G, or equivalently if its normalizer ( )XNG  has finite

index in G. In a famous paper of 1955, Neumann [8] proved that all
subgroups of a group G are almost normal if and only if the centre ( )GZ

has finite index, and the same conclusion holds if the restriction is
imposed only to abelian subgroups (see [2]). This result suggests that the
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behaviour of normalizers of subgroups with a given relevant property has
a strong influence on the structure of the group. In fact, more recently
Polovickii [9] has shown that if an FC-group G has finitely many
normalizers of infinite abelian subgroups, then the factor group ( )GZG

is finite (recall that G is an FC-group if it has finite conjugacy classes of
elements). Since it is very easy to prove that any group with finitely
many normalizers of cyclic subgroups has the property FC, it follows from
Polovickii’s theorem that a group has finitely many normalizers of
abelian subgroups if and only if it is central-by-finite (see also [12]).
Groups with finitely many normalizers of non-abelian subgroups have
recently been described in [1].

The aim of this paper is to study groups in which only finitely many

normalizers of (infinite) subgroups have infinite index. In particular, our

first result generalizes both Neumann’s and Polovickii’s theorems.

Theorem A. Let G be a group in which all but finitely many

normalizers of abelian subgroups have finite index. Then the factor group

( )GZG  is finite.

Since every infinite subgroup of the locally dihedral 2-group has finite

index, the above theorem cannot be improved imposing the condition just

to infinite subgroups. However, the only obstructions in this direction are

Cernikov groups, at least in the case of locally finite groups; note also that

our next result does not hold for arbitrary periodic groups, as all Tarski

groups (i.e., infinite simple groups whose proper non-trivial subgroups

have prime order) obviously satisfy the required condition.

Theorem B. Let G be a locally finite group in which all but finitely

many normalizers of infinite subgroups have finite index. Then either G is

a Cernikov group or ( )GZG  is finite.

Of course, the class of groups described by Theorem B contains all
locally finite groups whose infinite subgroups are almost normal, and
locally (soluble-by-finite) groups with this latter property have been
completely described by Kurdachenko et al. [5]. Actually, it follows easily
from Theorem B that if a locally finite group G has finitely many
normalizers of infinite non-(almost normal) subgroups, then all infinite
subgroups of G are almost normal.
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We finally consider the case of non-periodic groups. A statement
similar to Theorem B cannot be proved in this situation, as the
consideration of the infinite dihedral group shows. On the other hand, we
shall prove that the derived subgroup of any non-periodic group with all
but finitely many normalizers of infinite subgroups having finite index
must be polycyclic-by-finite; this property will be used to prove our last
main result, concerning groups with large periodic subgroups.

Theorem C. Let G be a non-periodic group in which all but finitely

many normalizers of infinite subgroups have finite index. If G contains an

infinite periodic subgroup, then the factor group ( )GZG  is finite.

Most of our notation is standard and can for instance be found in [10].

2. Proofs

The following result will be essential for our purposes; it was proved
by Neumann [7] in the more general situation of groups covered by cosets
of subgroups.

Lemma 1. Let the group tXXG ∪∪1=  be the union of finitely

many subgroups ....,,1 tXX  Then any iX  of infinite index can be omitted

from this decomposition; in particular, at least one of the subgroups

tXX ...,,1  has finite index in G.

Recall that the FC-centre of a group G is the subgroup consisting of
all elements of G having only finitely many conjugates. Thus a group G is
an FC-group if and only if it coincides with its FC-centre.

Lemma 2. Let G be an FC-group in which all but finitely many

normalizers of infinite abelian subgroups have finite index. Then the

factor group ( )GZG  is finite.

Proof. Let ( ) ( )kGG XNXN ...,,1  be the normalizers of infinite index

of infinite abelian subgroups of G. By Lemma 1 the set

( ) ( )kGG XNXN ∪∪1

is properly contained in G. Let x be an element of

( ) ( )( ),\ 1 kGG XNXNG ∪∪
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and consider any infinite abelian subgroup A of the centralizer ( );xCG  as

x normalizes A, the normalizer ( )ANG  must have finite index in G. Thus

all abelian subgroups of ( )xCG  are almost normal, and so ( )xCG  is central-

by-finite (see [2]). On the other hand, the index ( )xCG G:  is finite, so

that G is an abelian-by-finite FC-group and hence ( )GZG  is finite.

We can now prove our first main result.

Proof of Theorem A. Let ( ) ( )kGG XNXN ...,,1  be the normalizers of

infinite index of abelian subgroups of G, and let F be the FC-centre of G.
Clearly,

( ) ( )kGG XNXNFG ∪∪∪ 1=

and so it follows from Lemma 1 that FG =  is an FC-group. Thus ( )GZG

is finite by Lemma 2.

Lemma 3. Let G be a group and let x be an element of G such that

every infinite subgroup of G normalized by x is almost normal. Then

either x belongs to the FC-centre of G or its centralizer ( )xCG  satisfies the

minimal condition on abelian subgroups.

Proof. Assume that ( )xCG  contains an abelian subgroup A which does

not satisfy the minimal condition. If x has infinite order, by hypothesis
we have that x  is almost normal in G and so x lies in the FC-centre F of

G. Suppose that x has finite order. If A contains an element a of infinite
order, then ax,  is almost normal in G and x  is characteristic in

,, ax  so that x  is almost normal in G and .Fx ∈  Thus we may also

suppose that A is periodic, so that its socle is infinite and there exist
infinite subgroups ,1A  2A  of A such that

{ }.1, 2121 == xAAAA ∩∩

Then 21 ,, AxAxx ∩=  is almost normal in G and so x belongs to F

also in this case.

Our next lemma shows that every locally finite group with finitely
many normalizers of infinite non-(almost normal) subgroups is a finite
extension of a locally soluble group.
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Lemma 4. Let G be a locally finite group in which all but finitely

many normalizers of infinite subgroups have finite index. Then G contains

a locally soluble subgroup of finite index.

Proof. Let ( ) ( )kGG XNXN ...,,1  be the normalizers of infinite index

of abelian subgroups of G. By Lemma 2 it can be assumed that the
FC-centre F of G is properly contained in G, so that also

( ) ( )kGG XNXNF ∪∪∪ 1

is a proper subset. If x is an element of

( ) ( )( ),\ 1 kGG XNXNFG ∪∪∪

it follows from Lemma 3 that the centralizer ( )xCG  is a Cernikov group.

Write

,1 txxx ××=

where each ix  is a non-trivial primary component of .x  Assume first

that ( )iG xC  is finite for some i; in this case, G is (locally soluble)-by-finite

by a result of Hartley [4]. Thus we may suppose that all subgroups
( ) ( )tGG xCxC ...,,1  are infinite. As ( ) ( )( ),iGGiG xCNxCx ≤∈  it follows

that ( )( )iGG xCN  has finite index in G for all i, so that also

( )( )∩
t

i
iGG xCNK

1=

=

is a subgroup of finite index. Moreover, ( )( ) ( )iGiGG xCxCN  has finite

many normalizers of infinite index and hence it is central-by-finite by
Theorem A. Therefore ( )xCK G  is abelian-by-finite and so G is soluble-

by-finite. The lemma is proved.

Lemma 5. Let G be a group, and let A be an infinite abelian normal

subgroup of G with prime exponent p. If all subgroups of A are almost

normal in G, then there exists a sequence ( ) N∈nna  of elements of A such

that

.Dr G
nn

G
n ana

N
N

∈
=∈|
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Proof. Let 1a  be any non-trivial element of A, and suppose by

induction that elements naa ...,,1  of A have been chosen in such a way

that

....,, 11
G

n
GG

n aaaa ××=

Clearly, G
naa ...,,1  is finite, and hence A contains an infinite subgroup

B such that ....,,1 BaaA G
n ×=  Since B is almost normal in G, the core

GB  of B has finite index in A and so is infinite. If { },1\1 Gn Ba ∈+  then

we have

G
n

G
n

GG
nn aaaaaa 1111 ,...,, ++ ×××=

and the lemma is proved.

Proof of Theorem B. Consider the normalizers ( ) ( )kGG XNXN ...,,1

of infinite subgroups of G which are not almost normal, and let F be the

FC-centre of G. Assume that the statement is false and choose the

counterexample G in such a way that k is smallest possible. By a result of

Šunkov [11], G contains an abelian subgroup which does not satisfy the

minimal condition and hence 0>k  (see [3, Lemma 2.1]). Since by

Lemma 2 the result is true for FC-groups, it follows from Lemma 1 that

( ) ( )kGG XNXNF ∪∪∪ 1  is a proper subset of G. Consider an element

x of

( ) ( )( ).\ 1 kGG XNXNFG ∪∪∪

As G is (locally soluble)-by-finite by Lemma 4, it follows from a result
of Zaicev [13] that G contains an abelian subgroup A which is not a

Cernikov group such that .AAx =  Without loss of generality, A can be

replaced by its socle, so that it can be assumed that A is a direct product
of infinitely many subgroups of prime order. If a is any element of

( ) ( )( ),\ 1 kGG XNXNA ∪∪  the centralizer ( )aCG  does not satisfy the

minimal condition on abelian subgroups and hence a belongs to F by
Lemma 3. Therefore A is contained in the set ( ) ( ).1 kGG XNXNF ∪∪∪

Assume that Ax  is finite, so that A contains infinite subgroups ,1A  2A
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such that

{ };1, 2121 == AxAAAA ∩∩

then both subgroups 1Ax A  and 2Ax A  are almost normal in G and

hence also

21 AxAxx AAA ∩=

has finitely many conjugates. It follows that ( )GAG xx =  is finite by

Dietzmann’s lemma, and this contradiction shows that Ax  is infinite. In

particular, Ax,  is not an FC-group, and the minimal choice of k yields

that ( )iG XNAx ∩,  has infinite index in Ax,  for each ....,,1 ki =

Thus the subgroups ( ) ( )kGG XNAXNA ∩∩ ...,,1  have infinite index in

A, and so A is contained in F by Lemma 1. On the other hand, ( )FZF  is

finite by Lemma 2 and hence replacing A by the socle of ( )FZ  it can be

assumed that A is normal in G. Moreover, as A is not contained in

( ) ( ),1 kGG XNXN ∪∪  every (infinite) subgroup of A is almost normal

in G, so that it follows from Lemma 5 that there exists a sequence

( ) N∈nna  of elements of A such that

.Dr G
nn

G
n ana

N
N

∈
=∈|

Thus A contains infinite G-invariant subgroups H and K such that

{ }.1, == xKHKH ∩∩

Clearly, the subgroups Hx,  and Kx,  are almost normal in G, so that

also KxHxx ,, ∩=  is almost normal and x belongs to F. This last

contradiction completes the proof of the theorem.

Corollary 6. Let G be a locally finite group in which all but finitely

many normalizers of infinite subgroups have finite index. Then every

infinite subgroup of G is almost normal.

Proof. By Theorem B it can be assumed that G is a Cernikov group.

Let X be any infinite subgroup of G, and let J be the finite residual of X.
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Then J is infinite and it follows from Theorem A that the factor group

( ) JJNG  is central-by-finite, so that in particular X is almost normal

in ( ).JNG  Clearly, ( )JNG  has finite index in G and hence X is almost

normal in G.

Lemma 7. Let G be a locally nilpotent group with finitely many

normalizers of infinite non-(almost normal) subgroups. Then either G is a

Cernikov group or ( )GZG  is finite.

Proof. Suppose that G is not a Cernikov group, so that ( )xCG  is not a

Cernikov group for any element x of G (see [6]). It follows from Lemma 3

that

( ) ( ),1 kGG XNXNFG ∪∪∪=

where F is the FC-centre of G and ( ) ( )kGG XNXN ...,,1  are the

normalizers of all infinite subgroups of G which are not almost normal.

Thus FG =  is an FC-group by Lemma 1, and hence ( )GZG  is finite by

Theorem A.

Our next result proves that if G is any group in which all but finitely

many normalizers of infinite subgroups have finite index, then G contains

a subgroup M of finite index such that every infinite subgroup of M is

either subnormal or almost normal in G.

Lemma 8. Let G be a group with finitely many normalizers of

infinite non-(almost normal) subgroups. Then G contains a characteristic

subgroup M of finite index such that for each infinite subgroup X of M

either ( )XNG  has finite index in G or ( )XN M  is normal in M.

Proof. If X is any infinite subgroup of G which is not almost normal,

the normalizer ( )XNG  has obviously finitely many images under

automorphisms of G; in particular, the subgroup ( )XNG  has finitely many

conjugates in G and so the index ( )( )XNNG GG:  is finite. It follows

that also the characteristic subgroup

( ) ( )( )∩
GAut

GG XNNXM
∈α

α=
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has finite index in G. Let H  be the set of all infinite subgroups of G whose

normalizer has infinite index. If X and Y are elements of H  such that

( ) ( ),YNXN GG =  then ( ) ( )YMXM =  and hence also

( )∩
H∈

=
X

XMM

is a characteristic subgroup of finite index of G. Let X be any infinite
subgroup of M such that the index ( )XNG G:  is infinite. Then

( ) ( )( ),XNNXMM GG≤≤

and so ( ) ( ) MXNXN GM ∩=  is a normal subgroup of M.

Recall that the Baer radical of a group G is the subgroup generated
by all cyclic subnormal subgroups of G. In particular, the Baer radical of
any group is locally nilpotent.

Lemma 9. Let G be a non-periodic group with finitely many

normalizers of infinite non-(almost normal) subgroups. Then the

commutator subgroup G′  of G is polycyclic-by-finite.

Proof. By Lemma 8, G contains a characteristic subgroup M of finite

index such that every infinite subgroup of M either is subnormal or

almost normal in G. Let x be an element of infinite order of M. Then x

belongs either to the Baer radical B or to the FC-centre F of G. It follows

that the normal closure Gx  either is locally nilpotent or an FC-group, so

that ( )GG xZx  is finite by Lemmas 7 and 2, respectively, and hence

( )′Gx  is finite. Moreover, the factor group GxG  has finitely many

normalizers and so it is central-by-finite by Theorem A. In particular, G is

soluble-by-finite. Let ( ) ( )kGG XNXN ...,,1  be the normalizers of infinite

subgroups of G which are not almost normal. Then ( ) ( )kGG XNXN ∪∪1

is a proper subset of G by Lemma 1; if g is an element of

( ) ( )( ),\ 1 kGG XNXNG ∪∪

the subgroup gx,  must be almost normal in G and hence the normal

closure Ggx,  is finitely generated. Put MgxN G ∩,=  and let H be
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the subgroup generated by all elements of infinite order of N. It follows
from the first part of the proof that FHH ∩  is generated by abelian

normal subgroups and so it is locally nilpotent. On the other hand, as the

index Ngx G :,  is finite, the subgroup N is finitely generated, so that

HN  is finite and H is likewise finitely generated. In particular,

FHH ∩  is a finitely generated nilpotent group and hence FHN ∩  is

polycyclic-by-finite; thus FH ∩  is the normal closure (in N and so also

in G ) of a finite subset. It follows that FH ∩  is a finitely generated

FC-group and in particular it satisfies the maximal condition on

subgroups. Therefore Ggx,  is polycyclic-by-finite. As GxGG ∩′′  is

finite, it follows that also G′  is polycyclic-by-finite.

Lemma 10. Let G be a group with finitely many normalizers of

infinite non-(almost normal) subgroups. If the centre ( )GZ  is infinite, then

( )GZG  is finite.

Proof. Let ( ) ( )kGG XNXN ...,,1  be the normalizers of infinite index

of infinite subgroups of G, and let F be the FC-centre of G. Assume for a

contradiction that ( ) ( )kGG XNXNF ∪∪∪ 1  is a proper subset of G,

and consider an element x of

( ) ( )( ).\ 1 kGG XNXNFG ∪∪∪

Clearly, the subgroup x  is not almost normal in G and in particular x

has finite order. If ( )GZ  contains an element a of infinite order, the

subgroup ax,  is almost normal in G and x  is characteristic in ,, ax

a contradiction. Thus ( )GZ  must be periodic. Suppose now that ( )GZ

contains infinite subgroups A and B such that

{ }.1, == BAxBA ∩∩

Clearly, the infinite subgroups Ax,  and Bx,  are almost normal in G

and so BxAxx ,, ∩=  is likewise almost normal. This contradiction

shows that ( )GZ  satisfies the minimal condition on subgroups. Thus also

the abelian subgroup ( )GZx,  satisfies the minimal condition, and in
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particular it contains a finite characteristic subgroup E such that .Ex ∈

On the other hand, ( )GZx,  is almost normal in G and hence the normal

closure GE  is finite, contradicting the choice of x. Therefore

( ) ( ),1 kGG XNXNFG ∪∪∪=

so that FG =  is an FC-group by Lemma 1, and hence ( )GZG  is finite
by Theorem A.

Our next result deals with the case of periodic-by-nilpotent groups.

Proposition 11. Let G be a non-periodic group in which all but

finitely many normalizers of infinite subgroups have finite index. If the

n-th term ( )Gnγ  of the lower central series of G is periodic for some positive

integer n, then the factor group ( )GZG  is finite.

Proof. As G′  is polycyclic-by-finite by Lemma 9, the subgroup ( )Gnγ

is finite and we may consider the largest positive integer m such that
( )Gmγ  is infinite. Then ( )Gm 1+γ  is finite and ( ) ( )GG mm 1+γγ  lies in the

centre of ( ).1 GG m+γ  In particular, ( )GG m 1+γ  has infinite centre and so

it is central-by-finite by Lemma 10. It follows that G′  is finite, so that G

is an FC-group and hence ( )GZG  is finite by Lemma 2.

Proof of Theorem C. By Lemma 8, G has a characteristic subgroup
M of finite index such that every infinite subgroup of M either is
subnormal or almost normal in G, and clearly M contains an infinite
periodic subgroup H. In order to prove that the largest periodic normal
subgroup T of G is infinite, it can obviously be assumed that H is not
subnormal in G, so that there exists a normal subgroup K of G of finite

index normalizing H. Then ( )GKH ∩  is contained in T, and hence T is

infinite. Therefore all but finitely many normalizers of subgroups of TG

have finite index and hence TG  is central-by-finite by Theorem A. In

particular, TTG′  is finite, so that G′  is periodic and it follows from

Proposition 11 that ( )GZG  is finite.

Corollary 12. Let G be a group in which all but finitely many

normalizers of infinite subgroups have finite index. If the hypercentre

( )GZ  is infinite, then either G is a Cernikov group or ( )GZG  is finite.



w
w

w
.p

ph
m

j.c
om

FAUSTO DE MARI and FRANCESCO DE GIOVANNI94

Proof. Assume first that G is periodic. As ( )GZ  is infinite, the factor

group ( )GZG  is central-by-finite by Theorem A, so that G is locally finite

and the statement follows from Theorem B. Suppose now that G is not
periodic, and let µ be the smallest ordinal such that ( )GZµ  is infinite. If µ

is not a limit, the subgroup ( )GZ 1−µ  is finite and ( )GZG 1−µ  has infinite

centre; then ( )GZG 1−µ  is central-by-finite by Lemma 10, so that G′  is

periodic and ( )GZG  is finite by Proposition 11. On the other hand, if µ is

a limit ordinal, then the subgroup ( )GZµ  is periodic and hence it follows

from Theorem C that G is central-by-finite.

Corollary 13. Let G be a non-periodic group in which all but

finitely many normalizers of infinite subgroups have finite index. If

( ) ( ) ( )GZGG nn ∩γγ  is periodic for some positive integer n, then the factor

group ( )GZG  is finite.

Proof. As ( ) ( ) ( )GZGG nn ∩γγ  is periodic, either the hypercentre of G

is infinite or the subgroup ( )Gnγ  is periodic. Thus the statement follows

from Corollary 12 and Proposition 11.
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