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ON THE FIRST DERIVED LIMITS

DAE-WOONG LEE

( Received November 5, 2006 )

Abstract

In this note, another characteristic feature of the first derived limits is
discussed.

1. Introduction and Result

Let {G,} = (G,, g"™, N) be an inverse tower of (possibly non-abelian)
groups G, and homomorphisms g"*! : G,,; - G, indexed by the set of
all nonnegative integers N. We consider a left action of H G, on H G,

by the formula
1(.-1
(cer 81> Sppatr e )0 (cor by tpdsoee ) = (ooes St @ (Speg )y oo0)-

We define the first derived limit, lim! {G,}, of an inverse tower as the set
of orbits of HGn under this action in the sense of Bousfield-Kan [1, p.

251]. We can also define the inverse limit, lim{G, }, of the inverse tower

{G,,} by using this action:

hm{Gn}={ge HGn|go*:*}.
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Moreover, the set lim!{G, } = [1G./~ can be viewed as the quotient set
of the direct product HGn by an equivalence relation ~ defined as
follows: For x = (..., x,, ..), ¥ = (very ¥y, ) € HGn, one has x ~ y if
and only if there exists an element s = (..., s,,..) € HGn such that
Yy =8ox.

Let T, n>0 be the set of all increasing sequences 7 =Yg, Y1, Yn ),
Yo <11 < <7¥p v; el andlet ¥; e "1 0<j<n beobtained from
y € I'" by deleting the jth factor y;, i.e., ¥j = (Y0, wos Tjo1> Yj+1s -+ Yn)-
And for each ¥ € T, we associate an abelian group Ay by the abelian

group AYo of the first index y, in the category of abelian groups, i.e.,

A? = AYO'

Let {A,} = (4, ') be an inverse system of abelian groups A,

Qyy's

and group homomorphisms a,, : Ay - A,, v <y over the directed set

’YY/
I'. We define an n-cochain group C"({4,}), n >0 of A by
(A =4 n=0
yer”
where Ay = Avo as just mentioned above.
Let pry:C"({A,}) > A; be a projection. If y is an element of
C"({A,}), then we denote the element y; of A; by y; = pry(y). The

coboundary operator 8" : C"* ({4,}) > C"({4,}), n > 1 is defined by
n .
(8"5); = @y 070) + D (1Y 5,
=1

where y e C”fl({Ay}). For n =0, if we put 8° =0:0 — CO({AY}), then

we have a cochain complex
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1

(C(A), )1 0 > CO(A, ) CH(IA,}) - -

n

n-1 o n
- C" ({4, > C"({A,)) - .

We now define the nth derived limit (see [4]) denoted by H"({A,}) of

the inverse system {A, }=(A,,a,,,T) of abelian groups by the cohomology

group of the above cochain complex (C*({4,}), 5). That is to say
H™({A,})=ker(8"*")/im(3").

Let {D;} = (D), dyy', A) and {F,} = (E,, e, ') be inverse systems in
any category €. We say that s = {o, s, : y e [} : {D,} —> {F,} is a rigid
system map from {D,} to {F,} if ¢ :T — A is an increasing function,
Syt D(p(y) — E,, yeTl is a morphism in the category €, and for any

y < v" inT the following diagram

d ,
Dy Zote(r) Dy(y)
Sy d Sy
E Cyy’ E.

Y o, o Y

is commutative. Moreover, we can make a category inv-€ of inverse
systems in € and rigid system maps. The rigid system map is called a

level system map provided T' = A and ¢ is an identity map id, on A. In
this note, we are interested in the case of level system maps indexed by
the set of all nonnegative integers N.

Let X be a connected CW-space and let [X, Y] denote the set of

homotopy classes of maps from X to Y. We denote Y™ the nth Postnikov
approximation of Y. By putting G, = [X, QY(n)], we obtain an inverse
tower {G,,} =(G,,g"™,N) of groups. Let us write G,(en) =im(g} : G, = Gy),

where g} = g/}gﬁl og;'iif o--o gl ;. Then we have an epimorphism
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gk G, > G,(e”) and a surjective level system map {g}}: {G,} - {G;e”)}
between inverse towers of groups.

Let Q be the set of all rational numbers. Then we have

Theorem. If X has a homotopy type of a suspension or if Y has a
homotopy type of a loop space with m;,.1(Y)® Q = 0, then Hl({G]g'i)l}) =
H'((G}")).

2. Proof of Theorem

1

We need to find the basic roles of lim and lim~ functors from the

following lemmas:
Lemma 1. Let s={idy,s, :neN}:{U,} >{V,} and t={idy,t,:neN}
AV, } = {W,} be level system maps of inverse towers of groups and let the

sequence

Sy ty
0->U,->V,->W, >0

be exact for each n € N. Then there is a natural exact sequence of pointed

sets

Sy Ly
0 - lim{U,,} > lim{V, } > lim{W, }

5 .. 1 Sx . 1 be . g
—>lm {U,} > lim {V,} > lim {W,} -0,

where 3 is a connecting function.
Proof. See Proposition 2.3 in [1, p. 252].

Lemma 2. Let {G,} = (G,, g*", N) be an inverse tower with each
G, finite. Then lim'{G,} is zero.
Proof. See [2].

We can see the relationship (see [3]) between the derived limits as
follows:
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Lemma 3. If {A,} = (A,, o', N) is an inverse tower of abelian
groups, then 1im°{A,} = H°({A,,}) and lim'{A,} = H'({A,)).

We now see that the fibration

D
o D K(mp (), k) > oy #ED 5 oy

induces an exact sequence of groups

Pkx
S [X, Ky (V) )] > Gy =[X, QY ED] 5 6, =[x, Y ®)),

where K(np,;(Y),k) is the Eilenberg-MacLane space of type
(n341(Y), k). We thus have the short exact sequence

0 = [X, Kl (Y), k))/ker(pys) — Gy — G — 0.

By putting F, = [X, K(n,1(Y), k)]/ker(pg.), we obtain the short exact

sequence of inverse towers

0 - {F,} — (G} — (G} - 0.

We note that [X, K(nj,1(Y), k)] = H*(X; n;,;(Y)) and this group is
finite by hypothesis. We also note that {F,} has a trivial lim!-term

because {F,} is an inverse tower of finite groups. By applying the six-

term lim-lim' exact sequence, we can get the following exact sequence

0 = lim'{F,} - lim'{G\"), } > lim* {G\™} — 0.

Since G,(;frl and G;en) are abelian by the suspension hypothesis on X or

the loop space hypothesis on Y, by Lemma 3, we obtain

HY(GM)) = HU(GM)).
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