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Abstract

In this note, another characteristic feature of the first derived limits is
discussed.

1. Introduction and Result

Let { } ( )N,, 1+= n
nnn gGG  be an inverse tower of (possibly non-abelian)

groups nG  and homomorphisms nn
n
n GGg →+
+

1
1 :  indexed by the set of

all nonnegative integers .N  We consider a left action of ∏ nG  on ∏ nG

by the formula

( ) ( ) ( ( ) )....,...,...,,...,...,,..., 1
1

1
11

−
+

+
++ = n

n
nnnnnnn sgtsttss

We define the first derived limit, { },lim1
nG  of an inverse tower as the set

of orbits of ∏ nG  under this action in the sense of Bousfield-Kan [1, p.

251]. We can also define the inverse limit, { },lim nG  of the inverse tower

{ }nG  by using this action:

{ } .lim








∗=∗|∈= ∏ gGgG nn
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Moreover, the set { } ∏= ~lim1
nn GG  can be viewed as the quotient set

of the direct product ∏ nG  by an equivalence relation ~ defined as

follows: For ( ),...,..., nxx =  ( ) ∏∈= ,...,..., nn Gyy  one has yx ~  if

and only if there exists an element ( ) ∏∈= nn Gss ...,...,  such that

.xsy =

Let ,nΓ  0≥n  be the set of all increasing sequences ( ),...,,, 10 nγγγ=γ

,10 nγ≤≤γ≤γ  Γ∈γi  and let ,1−Γ∈γ n
j  nj ≤≤0  be obtained from

nΓ∈γ  by deleting the jth factor ,jγ  i.e., ( )....,,,...,, 110 njjj γγγγ=γ +−

And for each ,nΓ∈γ  we associate an abelian group γA  by the abelian

group 
0γA  of the first index 0γ  in the category of abelian groups, i.e.,

.
0γγ = AA

Let { } ( )Γ= γ′γγγ ,, aAA  be an inverse system of abelian groups γA

and group homomorphisms ,: γγ′γ′γ → AAa  γ′≤γ  over the directed set

Γ. We define an n-cochain group ({ }),γACn  0≥n  of A  by

({ }) ∏
Γ∈γ

γγ ≥=
n

nAACn ,0,

where 
0γγ = AA  as just mentioned above.

Let ({ }) γγγ → AACpr n:  be a projection. If y is an element of

({ }),γACn  then we denote the element γy  of γA  by ( ).ypry γγ =  The

coboundary operator ({ }) ({ }),: 1
γγ

− →δ ACAC nnn  1≥n  is defined by

( ) ( ) ( )∑
=

γγγγγ −+=δ
n

j

jn
j

yyay
1

,1
010

where ({ }).1
γ

−∈ ACy n  For ,0=n  if we put ({ }),0:0 00
γ→=δ AC  then

we have a cochain complex
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( ({ }) ) ({ }) ({ }) →→→δ γ

δ

γγ
∗ ACACAC 10

1

0:,

({ }) ({ }) .1 →→→ γ

δ

γ
− ACAC nn

n

We now define the nth derived limit (see [4]) denoted by ({ })γAH n  of

the inverse system { } ( )Γ= γ′γγγ ,, aAA  of abelian groups by the cohomology

group of the above cochain complex ( ({ }) )., δγ
∗ AC  That is to say

({ }) ( ) ( ).imker 1 nnn AH δδ= +
γ

Let { } ( )Λ= λ′λλλ ,, dDD  and { } ( )Γ= γ′γγγ ,, eEF  be inverse systems in

any category .C  We say that { } { } { }γλγ →Γ∈γϕ= FDss ::,  is a rigid

system map from { }λD  to { }γF  if Λ→Γϕ :  is an increasing function,

( ) ,: γγϕγ → EDs  Γ∈γ  is a morphism in the category ,C  and for any

γ′≤γ  in Γ the following diagram

( )
( ) ( )

( )

γ′
γ′γ

γ

γ′γ

γ′ϕ
γ′ϕγϕ

γϕ

↓↓

E
e

E

ss

D
d

D

is commutative. Moreover, we can make a category inv-C  of inverse

systems in C  and rigid system maps. The rigid system map is called a

level system map provided Λ=Γ  and ϕ is an identity map Λid  on Λ. In

this note, we are interested in the case of level system maps indexed by
the set of all nonnegative integers .N

Let X be a connected CW-space and let [ ]YX ,  denote the set of

homotopy classes of maps from X to Y. We denote ( )nY  the nth Postnikov

approximation of Y. By putting [ ( )],, n
n YXG Ω=  we obtain an inverse

tower { } ( )N,, 1+= n
nnn gGG  of groups. Let us write ( ) ( ),:im kn

n
k

n
k GGgG →=

where .1
2
1

1 n
n

k
k

k
k

n
k gggg −

+
+

+=  Then we have an epimorphism
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( )n
kn

n
k GGg →:  and a surjective level system map { } { } { ( )}n

kn
n
k GGg →:

between inverse towers of groups.

Let Q  be the set of all rational numbers. Then we have

Theorem. If X has a homotopy type of a suspension or if Y has a

homotopy type of a loop space with ( ) ,01 =⊗π + QYk  then ({ ( ) }) ≅+
n

kGH 1
1

({ ( )}).1 n
kGH

2. Proof of Theorem

We need to find the basic roles of lim and 1lim  functors from the
following lemmas:

Lemma 1. Let { } { } { }nnn VUnsids →∈= ::, NN  and { }NN ∈= ntidt n :,

{ } { }nn WV →:  be level system maps of inverse towers of groups and let the

sequence

00 →→→→ n

t

n

s

n WVU
nn

be exact for each .N∈n  Then there is a natural exact sequence of pointed

sets

{ } { } { }n
t

n
s

n WVU limlimlim0
∗∗
→→→

{ } { } { } ,0limlimlim 111 →→→→
∗∗δ

n
t

n
s

n WVU

where δ is a connecting function.

Proof. See Proposition 2.3 in [1, p. 252].

Lemma 2. Let { } ( )N,, 1+= n
nnn gGG  be an inverse tower with each

nG  finite. Then { }nG1lim  is zero.

Proof. See [2].

We can see the relationship (see [3]) between the derived limits as
follows:
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Lemma 3. If { } ( )N,, 1+= n
nnn aAA  is an inverse tower of abelian

groups, then { } { }( )nn AHA 00lim ≅  and { } { }( ).lim 11
nn AHA ≅

We now see that the fibration

( )( ) ( ) ( )k
p

k
k YYkYK

k
Ω→Ω→π→ +

+
1

1 ,

induces an exact sequence of groups

( )( )[ ] [ ( )] [ ( )],,,,, 1
11

k
k

p
k

kk YXGYXGkYKX
k

Ω=→Ω=→π→
∗+

++

where ( )( )kYK k ,1+π  is the Eilenberg-MacLane space of type

( )( ).,1 kYk+π  We thus have the short exact sequence

( )( )[ ] ( ) ( ) ( ) .0ker,,0 11 →π→ +∗+
n

k
n

kkk GGpkYKX

By putting ( )( )[ ] ( ),ker,, 1 ∗+π= kkn pkYKXF  we obtain the short exact

sequence of inverse towers

{ } { ( ) } { ( )} .00 1 →→ +
n

k
n

kn GGF

We note that ( )( )[ ] ( )( )YXHkYKX k
k

k 11 ;,, ++ π≅π  and this group is

finite by hypothesis. We also note that { }nF  has a trivial 1lim -term

because { }nF  is an inverse tower of finite groups. By applying the six-

term lim- 1lim  exact sequence, we can get the following exact sequence

{ } { ( ) } { ( )} .0limlimlim0 1
1

11 →→→=
≅

+
n

k
n

kn GGF

Since ( )n
kG 1+  and ( )n

kG  are abelian by the suspension hypothesis on X or

the loop space hypothesis on Y, by Lemma 3, we obtain

({ ( ) }) ({ ( )}).1
1

1 n
k

n
k GHGH ≅+
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