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Abstract

We introduce some notations for finite relations. Using these, we define
an “odd composition” and “even composition” which refine the ordinary
composition of finite relations. We then present some consequences
including a ring with binary operations of the symmetric difference and
odd composition.

1. Preliminaries and Conventions

In this note, we use the typical ideas and notation of set theory
described in the literature [2, 4, 5].

A binary relation is a set of ordered pairs. A function f is the binary

relation f such that if ( ) fyx ∈,  and ( ) ,, fzx ∈  this implies .zy =  If f is

a function, the unique y such that ( ) fyx ∈,  is the value of f at x. The

Cartesian product of two sets X and Y is the set of all ordered pairs such

that {( ) }.and, YyXxyxYX ∈∈|=×  If ∅=X  or ,∅=Y  then YX ×

is the empty set ∅.

We adopt the following conventions. A binary relation is called simply

a relation. Let R be a relation (including functions). Then the notation

xRy is equivalent to ( ) ., Ryx ∈  If f is a function, then the notation

( ) yfx =  is used for the value y of f at x. Let R and S be relations. Then
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the composition (or ordinary composition) of R and S, denoted by ,SR D

is the relation such that ( )yx,  belongs to SR D  if xRz, zSy, and

( ) ( )( ).domran SRz ∩∈  Let f and g be functions such that ( ) ⊆fran

( ).dom g  Then the composition (or ordinary composition) of f and g,

denoted by ,gf D  is the function with ( ) ( )fgf domdom =D  such that

( ) ( ) ( )( )gfxgfx =D  for every ( ).dom fx ∈

Let A and B be sets. Then we adopt the following conventions. A

relation R from A to B is a subset of .BA ×  The empty relation ∅ is

denoted by the symbol O. A function f from A to B is the relation f from A

to B such that ( ) Af =dom  and if ( ) fyx ∈,  and ( ) ,, fzx ∈  this implies

.zy =  A relation on A is a relation from A to A. A function on A is a

function from A to A.

Let A and B be sets. Then the symmetric difference of A and B,

denoted by ,BA +  is the set such that ( ) ( ).ABBABA −−=+ ∪  If R is

a relation from A to B, then the inverse of R, denoted by ,1−R  is the

relation from B to A such that ( ) ( ){ }.,,1 RyxxyR ∈|=−  Let ×⊆ ASR,

.B  Then ( ) ;11 RR =−−  ( ) ;111 −−− = SRSR ∪∪  ( ) ;111 −−− = SRSR ∩∩

( ) ;111 −−− −=− SRSR  and ( ) .111 −−− +=+ SRSR

To reduce the parentheses in expressions with a sequence of symbols,

we adopt the usual conventions. In this case the symbols “∈, ∉, =, ≠, ⊆”

are dominant. However, the two symbols “→, ↔” are more dominant

symbols.

2. Introducing Some Notation for Finite Relations

We introduce the following notation for finite relations.

Definition 2.1. Let A and B be non-empty finite sets, with ⊆R

,BA ×  Aa ∈  and .Bb ∈

• The symbol aR is the set such that “ aRy ∈  if ( ) Rya ∈,  for some

By ∈ ” or “ ∅=aR  if ( ) Rya ∉,  for every By ∈ ”.
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• The symbol Rb is the set such that “ Rbx ∈  if ( ) Rbx ∈,  for some

Ax ∈ ” or “ ∅=Rb  if ( ) Rbx ∉,  for every Ax ∈ ”.

Let A and B be non-empty finite sets and let f be a function from A to

B. Then by the properties of a function and Definition 2.1, af is the

singleton ( ){ }fa  for every .Aa ∈  If Bb ∈  and ( ),ran fb ∉  then fb is an

empty set ∅.

We next present some properties of finite relations relating to
Definition 2.1.

Proposition 2.2. Let A and B be non-empty finite sets, with ⊆R

,BA ×  Aa ∈  and .Bb ∈  Then:

1. aRy ∈  if and only if aRy, and Rbx ∈  if and only if xRb.

2. aRaR 1−=  and .1−= bRRb

Proof. (1) Let .aRy ∈  From Definition 2.1, it follows that By ∈

and ( ) ., Rya ∈  Then .aRyaRy →∈  Conversely, let aRy. This implies

that ( ) Rya ∈,  and .By ∈  By Definition 2.1, .aRy ∈  Then

.aRyaRy ∈→  Thus, we have .aRyaRy ↔∈  In a similar fashion, we

can also prove .xRbRbx ↔∈

(2) Let .aRy ∈  From (1), it follows that ayRaRyaRy 1−↔↔∈

.1aRy −∈↔  This implies that .1aRaR −=  Similarly, let .Rbx ∈  From

(1), it follows that .11 −− ∈↔↔↔∈ bRxxbRxRbRbx  This implies

that .1−= bRRb �

Let p and q be two statements. Then, by “exclusive p or q”, we mean
that only one of the two statements is true, but not both.

Proposition 2.3. Let A and B be non-empty finite sets. Let ⊆SR,

,BA ×  with Aa ∈  and .Bb ∈  Then SR =  if and only if “ aSaR =  for

every Aa ∈ ” or “ SbRb =  for every Bb ∈ ”.

Proof. First we show that SR =  if and only if aSaR =  for every

.Aa ∈  Let .SR =  Suppose that SaRa ′≠′  for some .Aa ∈′  Then there
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is some element Bb ∈  such that exclusive Rab ′∈  or .Sab ′∈  Then, by

Proposition 2.2(1), exclusive ( ) Rba ∈′,  or ( ) ., Sba ∈′  This is a

contradiction because of the hypothesis .SR =  Hence, we can say that if

,SR =  then aSaR =  for every .Aa ∈

To prove the converse, let aSaR =  for every .Aa ∈  Suppose that

.SR ≠  Then there are some elements Ax ∈  and By ∈  such that

exclusive ( ) Ryx ∈,  or ( ) ., Syx ∈  Then, by Proposition 2.2(1), exclusive

xRy ∈  or .xSy ∈  This is a contradiction because, by the hypothesis,

.xSxR =  Hence, we can say that if aSaR =  for every ,Aa ∈  then

.SR =

Thus, SR =  if and only if aSaR =  for every .Aa ∈  In a

similar fashion, we can also prove SR =  if and only if SbRb =  for

every .Bb ∈ �

Proposition 2.4. Let A and B be non-empty finite sets. Let ⊆SR,

BA ×  with Aa ∈  and .Bb ∈  Then:

1. ( ) aSaRSRa ∪∪ =  and ( ) .SbRbbSR ∪∪ =

2. ( ) aSaRSRa ∩∩ =  and ( ) .SbRbbSR ∩∩ =

3. ( ) aSaRSRa −=−  and ( ) .SbRbbSR −=−

4. ( ) aSaRSRa +=+  and ( ) .SbRbbSR +=+

Proof. (1) First we show that ( ) .aSaRSRa ∪∪ =

To prove ( ) ,aSaRSRa ∪∪ ⊆  let ( ).SRay ∪∈  By Proposition

2.2(1), ( ) SRya ∪∈,  and thus ( ) Rya ∈,  or ( ) ., Sya ∈  By Proposition

2.2(1), aRy ∈  or aSy ∈  and thus .aSaRy ∪∈  Hence, ( ) ⊆SRa ∪

.aSaR ∪

To prove ( ),SRaaSaR ∪∪ ⊆  let .aSaRy ∪∈  Then aRy ∈  or

.aSy ∈  By Proposition 2.2(1), ( ) Rya ∈,  or ( ) Sya ∈,  and thus ( ) ∈ya,

.SR ∪  Then, by Proposition 2.2(1), ( )SRay ∪∈  and hence aSaR ∪

( ).SRa ∪⊆
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Thus, we have ( ) .aSaRSRa ∪∪ =

On the other hand, from Proposition 2.2(2) and the result above, it

follows that ( ) ( ) ( ) RbbSbRSRbSRbbSR ==== −−−−− 11111 ∪∪∪∪

.Sb∪  Thus, we have ( ) .SbRbbSR ∪∪ =

In a similar fashion, we can also prove (2) and (3).

(4) By definition of the symmetric difference, ( ) ∪SRSR −=+

( ).RS −  Then, from (1), (3), and the definition of +, it follows that

( ) ( ) ( )( ) ( ) ( )RSaSRaRSSRaSRa −−=−−=+ ∪∪
( ) ( ) .aSaRaRaSaSaR +=−−= ∪

Thus, we have ( ) .aSaRSRa +=+

On the other hand, from Proposition 2.2(2) and the result above, it
follows that

( ) ( ) ( )111 −−− +=+=+ SRbSRbbSR

.11 SbRbbSbR +=+= −−

Thus, we have ( ) .SbRbbSR +=+ �

3. Odd and Even Composition of Finite Relations

Let Q be a finite set. Then Q  is the number of elements of Q. We

define the following notation: oddQ =  means that Q  is an odd

number. evenQ =  means that ∅≠Q  and Q  is an even number.

We define the odd composition and even composition of finite
relations. We also redefine the ordinary composition of finite relations as
a normal composition within the context of this paper.

Definition 3.1. Let A, B, and C be non-empty finite sets. Let ⊆R

BA ×  and ,CBS ×⊆  with Aa ∈  and .Cc ∈  Let .ScaRQ ∩=

• The normal composition of R and S, denoted by ,SR D  is defined as

follows. For each Aa ∈  and ,Cc ∈  the ordered pair ( )ca,  belongs to

SR D  if .∅≠Q
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• The odd composition of R and S, denoted by ,SR ⋅  is defined as

follows. For each Aa ∈  and ,Cc ∈  the ordered pair ( )ca,  belongs to

SR ⋅  if .oddQ =

• The even composition of R and S, denoted by ,SR   is defined as

follows. For each Aa ∈  and ,Cc ∈  the ordered pair ( )ca,  belongs to

SR   if .evenQ =

It should be noted that the normal composition is equivalent to the

ordinary composition of finite relations. For this reason, the symbol “ D ” is

also used for the normal composition.

From a graphical point of view, each composition of finite relations

means the following. If ( ) ,cSRa D  then there is at least one path between

the two points Aa ∈  and Cc ∈  through B; if ( ) ,cSRa ⋅  then there is an

odd number of paths between the two points Aa ∈  and Cc ∈  through

B; and if ( ) ,cSRa   then there is an even number of paths between the

two points Aa ∈  and Cc ∈  through B.

We next present some properties of finite relations relating to

Definition 3.1.

Proposition 3.2. Let A, B, and C be non-empty finite sets. Let

BAR ×⊆  and ,CBS ×⊆  with Aa ∈  and .Cc ∈  Then ( ) ∪SR ⋅

( ) SRSR D=  and ( ) ( ) .OSRSR =⋅ ∩

Proof. By Definition 3.1, clearly, SRSR D⊆⋅  and .SRSR D⊆

Then ( ) ( ) .SRSRSR D∪ ⊆⋅ 

To prove ( ) ( ),SRSRSR ∪D ⋅⊆  let ( ) ., SRca D∈  Then, by the

normal composition, .∅≠ScaR ∩  This implies that oddScaR =∩  or

.evenScaR =∩  By the odd composition and even composition,

( ) SRca ⋅∈,  or ( ) ., SRca ∈  Hence, ( ) ( ).SRSRSR ∪D ⋅⊆

Thus, we have ( ) ( ) .SRSRSR D∪ =⋅ 
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To prove ( ) ( ) ,OSRSR =⋅ ∩  suppose that ( ) ( ) ∩SRca ⋅∈,

( )SR   for some Aa ∈  and .Cc ∈  Then ( ) SRca ⋅∈,  and ( ) ∈ca,

.SR   By the odd composition and even composition, oddScaR =∩

and .evenScaR =∩  This is a contradiction and hence, ( ) ∉ca,

( ) ( )SRSR ∩⋅  for every Aa ∈  and .Cc ∈  Thus, we have ( ) ∩SR ⋅

( ) .OSR = �

Proposition 3.3. Let A, B, and C be non-empty finite sets. Let

BAR ×⊆  and ,CBS ×⊆  with Aa ∈  and .Cc ∈  Then:

1. Let OR =  or .OS =  Then .OSRSR ==⋅ 

2. Let f be a function from A to B. Then .SfSf D=⋅

3. Let g be an injective function from B to C. Then .gRgR D=⋅

Proof. (1) It is well known that OSR =D  if OR =  or .OS =

Then, by Proposition 3.2, ( ) ( ) .OSRSR =⋅ ∪  This implies that SR ⋅

.OSR == 

(2) First to show ,OSf =  suppose that ( ) Sfca ∈,  for some

Aa ∈  and .Cc ∈  By the even composition, .evenScaf =∩  This is a

contradiction because af is a singleton. Thus, .OSf =  Then, by

Proposition 3.2, we have .SfSf D=⋅

(3) By Proposition 3.2, clearly, .gRgR D⊆⋅  To prove ,gRgR ⋅⊆D

let ( ) ., gRca D∈  By the normal composition and injectivity of g, we have

gcgcaR =∩  and .1=gc  By the odd composition, this implies that

( ) ., gRca ⋅∈  Then .gRgR ⋅⊆D  Thus, we have .gRgR D=⋅ �

Proposition 3.4. Let A, B, and C be non-empty finite sets. Let

BAR ×⊆  and ,CBS ×⊆  with Aa ∈  and .Cc ∈  Then ( ) =⋅ −1SR

11 −− ⋅ RS  and ( ) .111 −−− = RSSR 

Proof. Let ( ) ( ) ., 1−⋅∈ SRac  Then, by the odd composition and

Proposition 2.2(2), we have
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( ) ( ) ( ) oddScaRcSRaSRac =↔⋅↔⋅∈ − ∩1,

oddcSaR =↔ −− 11 ∩

oddaRcS =↔ −− 11 ∩

( )ac,↔ .11 −− ⋅∈ RS

This implies that ( ) .111 −−− ⋅=⋅ RSSR

In a similar fashion, we can also prove ( ) .111 −−− = RSSR  �

4. Distributivity and Associativity of the Odd Composition

The ordinary composition (normal composition) “ D ” is distributive

over the set union “∪”. Similarly, we present the distributivity of the odd

composition “⋅” over the symmetric difference “+”.

Lemma 4.1. Let A and B be finite sets. Then “ oddBA =+ ” if and

only if “exclusive oddA =  or oddB = ”.

Proof. Let ,tBA =+  ,mA =  ,nB =  and ,kBA =∩  where

t, m, n, and k are non-negative integers. Then ,2 knmt ×−+=  where +,

–, and × are the usual addition, subtraction, and multiplication on

numbers, respectively. By considering the equation above, the statement

is proved. �

Proposition 4.2. Let A, B, and C be non-empty finite sets. Then:

1. Let BAR ×⊆  and S, .CBT ×⊆  Then

( ) ( ) ( ).TRSRTSR ⋅+⋅=+⋅

2. Let BASR ×⊆,  and .CBT ×⊆  Then

 ( ) ( ) ( ).TSTRTSR ⋅+⋅=⋅+

Proof. (1) The following equality is well known: ( ) =+ ZYX ∩

( ) ( ),ZXYX ∩∩ +  where X, Y, and Z are sets.

Let ( ) ( ),, TSRca +⋅∈  where Aa ∈  and .Cc ∈  Then by the odd

composition and Proposition 2.4(4), we have
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( ) ( ) ( ) oddcTSaRTSRca =+↔+⋅∈ ∩,

( ) .oddTcScaR =+↔ ∩

By the equality above,

( ) ( ) ( ) .oddTcaRScaRoddTcScaR =+↔=+ ∩∩∩

By Lemma 4.1,

( ) ( ) oddScaRoddTcaRScaR =↔=+ ∩∩∩ exclusive

or .oddTcaR =∩  By the odd composition, oddScaR =∩exclusive

or ( ) SRcaoddTcaR ⋅∈↔= ,exclusive∩  or ( ) ( )caTRca ,, ↔⋅∈

( ) ( ).TRSR ⋅+⋅∈  This implies that

( ) ( ) ( ).TRSRTSR ⋅+⋅=+⋅

In a similar fashion, we can also prove (2). �

The ordinary composition (normal composition) “ D ” is associative.

Similarly, we present the associativity of the odd composition “⋅”.

Lemma 4.3. Let A, B, C, and D be non-empty finite sets. Let

,BAR ×⊆  ,CBM ×⊆  and .DCT ×⊆  Let M be a singleton such that

( ){ },, cbM =  where Bb ∈  and .Cc ∈  Then:

1. If ( ) ∅≠⋅ MRa  for some ,Aa ∈  then ( ) { }cMRa =⋅  and ∩aR

{ }.bMc =

2. If ( ) ∅≠⋅ dTM  for some ,Dd ∈  then ( ) { }bdTM =⋅  and ∩bM

{ }.cTd =

Proof. (1) Let ( ) QMRa =⋅  and .∅≠Q  Let q be an arbitrary

element of Q. Then ( ) .qMRa ⋅  By the odd composition, ∅≠MqaR ∩

and hence .∅≠Mq  By considering the singleton M and the fact that

{ } ,∅≠= bMc  we have .cq =  This implies { }cQ =  because q is an

arbitrary element of Q. Thus, we have ( ) { }.cMRa =⋅  On the other hand,

( ) { }cMRa =⋅  implies ( ) .cMRa ⋅  Then, from the odd composition and

the fact that { },bMc =  it follows that { }.bMcaR =∩
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(2) Let ( ) .∅≠⋅ dTM  Then, ( ) ( ) ↔∅≠⋅↔∅≠⋅ −1TMddTM

( ) .11 ∅≠⋅ −− MTd  Clearly, 1−M  is the singleton ( ){ }., bc  Then, by

equation (1), we have ( ) { }bMTd =⋅ −− 11  and { }.11 cbMdT =−− ∩  These

are equivalent to ( ) { }bdTM =⋅  and { },cTdbM =∩  respectively. �

Lemma 4.4. Let A, B, C, and D be non-empty finite sets. Let ⊆R

,BA ×  ,CBM ×⊆  and .DCT ×⊆  Let M be a singleton such that =M

( ){ },, cb  where Bb ∈  and .Cc ∈  Then ( ) ( ).TMRTMR ⋅⋅=⋅⋅

Proof. We show that ( ) ( )TMRTMR ⋅⋅⊆⋅⋅  and ( ) ⊆⋅⋅ TMR

( ) .TMR ⋅⋅

Let ( ) ( ) ,, TMRda ⋅⋅∈  where Aa ∈  and .Dd ∈  By the odd

composition, ( ) ∅≠⋅ TdMRa ∩  and hence ( ) .∅≠⋅ MRa  By Lemma 4.3

(1), we have ( ) { }cMRa =⋅  and { }.bMcaR =∩  This implies that { } ⊆c

Td  and { } .aRb ⊆  By the fact that { },cbM =  we have { }.cTdbM =∩

Then, by the odd composition, ( ) TMdb ⋅∈,  and hence ( ) .∅≠⋅ dTM

By Lemma 4.3 (2), we have ( ) { }.bdTM =⋅  On the other hand, by the

fact that { } ,aRb ⊆  we have ( ) { }.bdTMaR =⋅∩  By the odd

composition, ( ) ( )., TMRda ⋅⋅∈  Hence, ( ) ( ).TMRTMR ⋅⋅⊆⋅⋅

To prove the converse, let ( ) ( ),, TMRda ⋅⋅∈  where Aa ∈  and

.Dd ∈  By the odd composition, ( ) ∅≠⋅ dTMaR ∩  and hence ( )dTM ⋅

.∅≠  By Lemma 4.3 (2), we have ( ) { }bdTM =⋅  and TdbM ∩  { }.c=

This implies that { } aRb ⊆  and { } .Tdc ⊆  By the fact that { },bMc =  we

have { }.bMcaR =∩  Then, by the odd composition, ( ) MRca ⋅∈,  and

hence ( ) .∅≠⋅ MRa  By Lemma 4.3 (1), we have ( ) { }.cMRa =⋅  On the

other hand, by the fact that { } ,Tdc ⊆  we have ( ) { }.cTdMRa =⋅ ∩  By

the odd composition, ( ) ( ) ., TMRda ⋅⋅∈  Hence ( ) ( ) .TMRTMR ⋅⋅⊆⋅⋅

Thus, we have ( ) ( ).TMRTMR ⋅⋅=⋅⋅ �

Proposition 4.5. Let A, B, C, and D be non-empty finite sets. Let

,BAR ×⊆  ,CBS ×⊆  and .DCT ×⊆  Then ( ) ( ).TSRTSR ⋅⋅=⋅⋅
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Proof. Without loss of generality, we can write the following:

,21 nSSSS +++= "  where ( )niSi ≤≤1  is a singleton such that

CBSi ×⊆  and n is a positive integer.

By the distributivity of the odd composition,

( ) .2121 nn SRSRSRSSSRSR ⋅++⋅+⋅=+++⋅=⋅ ""

Then, by the distributivity of the odd composition,

( ) ( ) ( ) ( ) .21 TSRTSRTSRTSR n ⋅⋅++⋅⋅+⋅⋅=⋅⋅ "

By Lemma 4.4,

( ) ( ) ( ) ( ).21 TSRTSRTSRTSR n ⋅⋅++⋅⋅+⋅⋅=⋅⋅ "

Then, by the distributivity of the odd composition,

( ) ( )TSTSTSRTSR n ⋅++⋅+⋅⋅=⋅⋅ "21

( )( )TSSSR n ⋅+++⋅= "21

( ).TSR ⋅⋅= �

In contrast to the odd composition, in general, the even composition
“” is not associative. It can be checked by the following counterexample.

Example 4.6 (Counterexample). Let A, B, C, and D be non-empty

finite sets. Let ,BAR ×⊆  ,CBS ×⊆  and .DCT ×⊆  Suppose that:

( ) ( ){ };,,, 21 babaR =

( ) ( ) ( ) ( ) ( ){ };,,,,,,,,, 3222122111 cbcbcbcbcbS =

( ) ( ) ( ){ },,,,,, 321 dcdcdcT =

where ,Aa ∈  ,, 21 Bbb ∈  ,,, 321 Cccc ∈  and .Dd ∈  Then ( )  SR

( ){ }daT ,=  and ( ) .∅=TSR 

Proof. First we compute ( ) .TSR 

{ } { } { };,,,: 2121211 bbbbbbScaRSR == ∩∩

{ } { } { };,,, 2121212 bbbbbbScaR == ∩∩
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{ } { } { }., 22213 bbbbScaR == ∩∩

Then, by the even composition, ( ) ( ){ }.,,, 21 cacaSR =  Let =K

.SR   To obtain ( ) ,TSR   we compute .TK 

{ } { } { }.,,,,: 2132121 cccccccTdaKTK == ∩∩

Then, by the even composition, ( ){ }., daTK =  Hence ( ) TSR 

( ){ }., da=

Next we compute ( ).TSR 

{ } { } { };,,,,: 21321211 cccccccTdSbTS == ∩∩

{ } { } { }.,,,,,, 3213213212 cccccccccTdSb == ∩∩

Then, by the even composition, ( ){ }.,1 dbTS =  Let .TSJ =  To

obtain ( ),TSR   we compute .JR 

{ } { } { }.,: 1121 bbbbJdaRJR == ∩∩  Then, by the even

composition, .∅=JR   Hence ( ) .∅=TSR  �

5. A Ring Related to Finite Relations

The associativity of the odd composition, together with the
distributivity over the symmetric difference, induces a “ring structure” on
finite relations. We present such a ring.

We first briefly review the definition and notation of a ring [1, 3]. Let

A be a set. Let “+” and “⋅” be binary operations on A, which are called

addition and multiplication, respectively. Then the ordered triplet

⋅+,,A  is a ring if it satisfies the following conditions.

RI 1. +,A  is an abelian group.

RI 2. Multiplication “⋅” is associative, and has unity.

RI 3. For each x, y, :Az ∈

1. ( ) ( ) ( ).zxyxzyx ⋅+⋅=+⋅

2. ( ) ( ) ( ).xzxyxzy ⋅+⋅=⋅+
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Let ⋅+,,A  be a ring. The elements of A that have a multiplicative

inverse are called the units of .,, ⋅+A  Let U be the set of the units of

.,, ⋅+A  Then ⋅,U  forms a group, which is called the unit group of

.,, ⋅+A

The following gives a ring with binary operations “+” and “⋅”, where

“+” is the symmetric difference and “⋅” is the odd composition of finite

relations.

Proposition 5.1. Let A be a non-empty finite set, and let AR  be the

set of all relations on A. Let AS  be the set of all bijections on A. Let Ai  be

the identity function on A. Then:

1. The ordered triplet ⋅+,,AR  is a ring with multiplicative unity .Ai

2. Let ⋅,AU  be the unit group of the ring ,,, ⋅+AR  and let †R  be

the multiplicative inverse of .AUR ∈  Then AUR ∈−1  and ( ) =− †1R

( ) .1† −R

3. ⋅,AS  is a subgroup of the unit group ., ⋅AU

Proof. (1) We show that the ordered triplet ⋅+,,AR  satisfies all the

conditions RI 1-RI 3 for a ring.

RI 1. Clearly, +,AR  is an abelian group with additive unity O.

RI 2. By Proposition 4.5, multiplication “⋅” is associative. By the

properties of an odd composition, RRiRi AA ==⋅ D  and =⋅ AiR

RiR A =D  for every .ARR ∈  In other words, RiRRi AA =⋅=⋅  for

every .ARR ∈  This implies that Ai  is the unity for the multiplication “⋅”.

RI 3. Proof is immediate from the distributivity of the odd
composition over the symmetric difference.

Thus, ⋅+,,AR  is a ring with multiplicative unity .Ai

(2) Let .AUR ∈  By the definition of ,AU  we have ⋅=⋅ †† RRR

.1AR =  Clearly, ( ) ( ) ( ) .1 11†1† −−− =⋅=⋅ ARRRR  Then, by the properties
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of an odd composition, ( ) ( ) .11†111†
ARRRR =⋅=⋅ −−−−  Then, by the

definition of ,AU  we have AUR ∈−1  and ( ) ( ) .1††1 −− = RR

(3) By the properties of an odd composition, gfgf D=⋅  for every

., ASgf ∈  This implies that ⋅,AS  is a group that is isomorphic to the

symmetric group ., DAS

On the other hand, let .ASf ∈  Then ASf ∈−1  because f is a

bijective function on A. Then, by the properties of an odd composition,

.11
Aiffff =⋅=⋅ −−  By the definition of ,AU  we have AUf ∈  and

hence .AA US ⊆  This implies that ⋅,AS  is a subgroup of the unit

group ., ⋅AU �
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