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Abstract

We introduce the concepts of generalized-convergence of filters, g* -sets
and g"-continuity. And we investigate characterizations of g*-sets and

g" -continuity by using the concept of generalized-convergence of filters.
1. Introduction

Let X be a nonempty set. A subclass 1 ¢ P(X) is called a generalized
topology on X [1] if & € 1t and 7 is closed under arbitrary union. (X, 1) is

called a generalized topological space. The members of t are called
generalized open sets. The complement of generalized open sets are called

generalized closed sets. Let (X, t) be a generalized topological space and
S c X. The generalized-closure of S, denoted by c,(S), is the intersection

of generalized closed sets including S. And the generalized-interior of S,
denoted by ig(S), the union of generalized open sets included in S. Let

(X, 1) and (Y, u) be generalized topological spaces. A function f: X - Y
is called (1, u)-continuous if the inverse image of each generalized open

set of Y is a generalized open set in X. Let X be a topological. Let S be a
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subset of X. Then the closure (resp. interior) of S will be denoted by cl(S)
(resp. int(S)). A subset S of X is said to be preopen [2] if S < int(cl(S)).

The complement of a preopen set is said to be preclosed.

A subset P(x) of X is called a pre-neighborhood of a point x € X [4]
if there exists a preopen set S such that x € S < P(x). In [3], the author

introduced the concept of pre-convergence of filters. Now we recall the
concept of pre-convergence of filters. Let PO(x) = {A € PO(X): x € A}

and let P, = {A c X : there exists u € PO(x) such that p is finite and
Nu c A}. Then P, is called the pre-neighborhood filter at x. For any

filter F on X, we say that F pre-converges to x if F is finer than the
pre-neighborhood filter P, at x. Here x is a filter generated by the

singleton set {x}.

In this paper, we introduce the concept of generalized open

neighborhood filter and generalized-convergence of filters on a
generalized topological space. Also we introduce g*-sets which are

defined by the generalized open neighborhood filter. By using the concept
of generalized-convergence of filters, we investigate some properties of

g"-sets and g”-continuity.

2. Generalized-convergence of Filters

Definition 2.1. Let (X, 1) be a generalized topological space and let
Gx)={Aet:xe A} for each x € X. Then we call G, ={A c X :
there exists @ C G(x) such that p is finite and Np < A} the generalized-
neighborhood filter at x.

Definition 2.2. Let (X, 1) be a generalized topological space and let

F be a filter on X. We say that F generalized-converges to x if F 1is
finer than the generalized-neighborhood filter G, .

Definition 2.3. Let (X, 1) be a generalized topological space and let

F be a filter on X. We say that F has a generalized-cluster point x if
every F € F meets each U e G(x).
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Remark. It is evident from the definition that a filter F has a

generalized-cluster point x if and only if x € (¢, (F) for every F € F.

Definition 2.4. Let (X, 1) be a generalized topological space and let
F be a filter on X. We say that F has a strong generalized-cluster point

xif every F' € F meets each U € G,.

Every strong generalized-cluster point of a generalized topological

space is a generalized-cluster point. But the converse is not always true.
Example 2.5. Consider a set S = {(a, b]: a,b e R}U{[c,d):¢c,d € R}

on the real number set R; then 1(S) = {US™ : S* is any subclass of S} is
a generalized topology. Let x € X be an arbitrary point. Then the filter

F ={R - {x}, R} generalized-clusters at x. But x is not a strong

generalized-cluster point of F, since {x} € G,.

Theorem 2.6. Let (X, 1) be a generalized topological space and let F

be a filter on X. Then F has x as a strong generalized-cluster point if and
only if there is a finer filter H than F such that H generalized-converges

to x.
Proof. If F has a point x as a strong generalized-cluster point, then
the collection H={GNF :G e G,, F € F} is a filter base for a filter

which is finer than both F and G,. Thus H generalized-converges to x.

Conversely, if FcH and H generalized-converges to x, then F
strongly generalized-clusters at x.

We recall that if F is a filter on X and f : X — Y is a function, then
f(F) is the filter on Y having for a filter base the collection of f(F') for
every F € F.

Theorem 2.7. Let (X, t) and (Y, p) be generalized topological spaces.
If a function f: X —»'Y is (1, u)-continuous at x € X, then whenever a
filter F on X generalized-converges to x in X, f(F) generalized-converges

to f(x)inY.
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Proof. Suppose fis (1, u)-continuous at x and a filter F generalized-

converges to x. If Vis an element of the generalized-neighborhood filter
Gf(x), there are generalized open sets Vi,...,V, such that f(x)e

ViN---NV, c V. And since fis (1, u)-continuous, there are generalized
open sets Uj,...,U, in X such that x e U;N---NU, and f(U;)c
Vi,...fU,)cV,. Thus we get f(U; N---NU,) <V, and since
U;N---NU, is an element of the generalized-neighborhood filter G, and

F is a finer filter than G,, we can say the set V contained in G f(x) is
also an element of f(F).

3. g"-sets

Definition 3.1. Let (X, 1) be a generalized topological space. A
subset U of X is called a g"-set in X if either Uis empty or U € G, for all
xeU.

The class of all g”-sets induced by the generalized topology t will be
denoted by g7 (X) (simply g*(X)).

Remark. From the concept of generalized-neighborhood filters and

g" -sets, we can easily show every generalized open set is a g"-set, but

the converse is not always true.
Example 3.2. From Example 2.5, we can say any subset {x} in Xis a

g " -set but not a generalized open set.

Definition 3.3. Let (X,1) be a generalized topological space. The

g -interior of a set A in X, denoted by g“I(A), is the union of all g”-sets

contained in A.

Theorem 3.4. Let (X, t) be a generalized topological space and
A c X. Then

(@) g’ I(A)={x e A: AegG,}
(b) A is g”-set if and only if A = g"I(A).
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Proof. (a) For each x € g"I(A), there exists a g"-set U such that

x € U and U c A. From the concept of g”-sets, the subset U is in the
generalized-neighborhood filter G,. And since G, is a filter, A € G,.

Conversely, let A € G,, then there exist Uy, ..., U, € G(x) such that
U=U;N---NU, c A. Thus Uis a g"-set containing x. Therefore we
get x € g"I(A).

(b) Obvious.

Theorem 3.5. Let (X, 1) be a generalized topological space. Then the

class g"(X) of all g*-sets in X is a topology on X.

Proof. Since & is a generalized open set, it is also a g -set in X. X is

a g -set because for every x in X, G, contains X.

Let A and B be non-disjoint g*-sets. For x € A B, since G, is a
filter, the intersection of A and B is also an element of G,. Thus AN B

isa g"-set.
For each a eI, let A, € g*(X) and U = UA,. For each x € U,

there exists a subset A, of U such that x € A, and A, € G,, and since

G, is a filter, U is an element of the filter G,. Thus U =UA4, is a
g -set.

Let (X, 1) be a generalized topological space. For a subset B of X, we
call B a g"-closed set if the complement of Bis a g*-set. From Theorem
3.5, the intersection of any family of g”-closed sets is a g"-closed set and
the union of finitely many g”-closed sets is a g”-closed set.

Definition 3.6. Let (X, 1) be a generalized topological space and
A c X. Then g'cl(A)={xe X: ANU #@ for all U € G, }. We call
g*cl(A) the g"-closure of A.
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Now we can get the following.

Remark. It is evident from Definition 2.4 that a filter F has a strong

generalized-cluster point x if and only if x € Ng*cl(F) for every F € F.

Theorem 38.7. Let (X, 1) be a generalized topological space. For
Ac X,

(1) A c g'cl(A).

(2) Ais g"-closed if and only if A = g*clA.

3) g*I(A) = X — g'cl(X - A).

(4) g'cl(A) = X - g"I(X - A).

Theorem 3.8. Let (X, 1) be a generalized topological space. Then x €

g"cl(A) if and only if there exists a filter F on X such that A € F and

F generalized-converges to x.

Proof. Let x € g*cl(A). Then the collection B={UNA:U € G,} is
a filter base. The filter F generated by filter base B generalized-

converges to x and A € F. Suppose that there is a filter F generalized-

converging to x such that A € F. Since F contains G, and F is a filter,

forall U e G,, UNA # @. Thus x € g*cl(A).

Theorem 3.9. Let (X, 1) be a generalized topological space. A set G is

g" -closed if and only if whenever F generalized-converges to x and G e F,
x e G.

4. g-continuity and g”-continuity

Definition 4.1. Let (X, 1) and (Y, n) be generalized topological

spaces. A function f : X — Y 1is called g-continuous if the inverse image

of each generalized open set of Yisa g*-setin X.

Theorem 4.2. Let (X, t) and (Y, u) be generalized topological spaces

and let f: X —Y be a function. Then the following statements are
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equivalent:
(1) fis g-continuous.
(2) The inverse image of each generalized closed set in Yis g*-closed.
3) "cl(f M(B)) = f'(cy(B)) for every B Y.
(4) f(&"cl(4)) < cg((A)) for every A < X.
(3) ["H(ig(B)) = g"1(f(B)) for every B C Y.

Definition 4.3. Let (X, t) and (Y, u) be generalized topological
spaces. A function f: X — Y is called g"-continuous if the inverse
image of each g*-set of Yis an g”-setin X.

Remark. From Definition 4.1, we can say that every g*-continuous
function is g-continuous.

Theorem 4.4. Let (X, g) and (Y, h) be generalized topological

spaces. If f : X — Y is g-continuous, then it is also g" -continuous.

Proof. Let U be a g*-set in Y. For each x e f1(U), there exist
Ui, ..., U, € G(f(x)) such that f(x)eU N---NU, cU. Since [ is

g-continuous, fY(Uy), ..., f1(U,) are g -sets and x e fHU)N--N
f1U,) « f1(U). From Definition 3.3, we get x e g*I(f"}(U)). Thus
fY(U) is a g*-set from Theorem 3.4 (b).

Since the class of all g*-sets in a given generalized topological space

is also a topology, we get the following equivalent statements.

Theorem 4.5. Let (X, 1) and (Y, u) be generalized topological spaces.
Then the following are equivalent:

(1) fis g" -continuous.

(2) The inverse image of each g" -closed set in Yis an g*-closed set.

(3) g*cl(f (V) < fL(g*cl(V)), for every V < Y.
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@) f(g*cl(U)) < g*cl(f(U)), for every U c X.

() f(g"I(B)) = g"I(f7(B)). for every B C Y.

Theorem 4.6. Let f:(X,1)— (Y, n) be a function between generalized
topological spaces. Then the following are equivalent:

(1) fis g -continuous.

(2) For x € X and for each V € gf(x), there exists an element U in

the generalized-neighborhood filter G, such that f(U) c V.

(8) For each x € X, if a filter F generalized-converges to x, then

f(F) generalized-converges to f(x) in Y.

Proof. (1) = (2) It is obvious.

(2) = (3) Let V be an element of the generalized-neighborhood filter
Gfx) and let F be a filter on X generalized-converging to x. Then

f(Gyx) = f(F), and since there exists an element U in G, such that
f({U) <V and f(F) is a filter, we can say V e f(F). Consequently f(F)

generalized-converges to f(x).

(3) = (1) Let Vbe any g*-set in Y and suppose f (V) is not empty.

For each «x e f_l(V), since the generalized-neighborhood filter G,

generalized-converges to x, f(G,) generalized-converges to x. Since Vis a
g"-set containing f(x) and Gfx) € f(Gy), V is an element of f(Gy).
Thus now we can take some g"-set U in G, such that f(U)c V. Thus
Uc V) and f75(V) is an element of G,. Therefore f1(V) is a
g" -set in X by Theorem 3.4 (b).

Remark. Let f: (X, 1) —» (Y, u) be a function between generalized

topological spaces. Then we can get the following diagrams:

7, u)-continuity = g-continuity < g”-continuity.
N
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