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Abstract

We introduce the concepts of generalized-convergence of filters, ∗g -sets

and ∗g -continuity. And we investigate characterizations of ∗g -sets and

∗g -continuity by using the concept of generalized-convergence of filters.

1. Introduction

Let X be a nonempty set. A subclass ( )XP⊂τ  is called a generalized

topology on X [1] if τ∈∅  and τ is closed under arbitrary union. ( )τ,X  is

called a generalized topological space. The members of τ are called

generalized open sets. The complement of generalized open sets are called

generalized closed sets. Let ( )τ,X  be a generalized topological space and

.XS ⊂  The generalized-closure of S, denoted by ( ),Scg  is the intersection

of generalized closed sets including S. And the generalized-interior of S,

denoted by ( ),Sig  the union of generalized open sets included in S. Let

( )τ,X  and ( )µ,Y  be generalized topological spaces. A function YXf →:

is called ( )µτ, -continuous if the inverse image of each generalized open

set of Y is a generalized open set in X. Let X be a topological. Let S be a
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subset of X. Then the closure (resp. interior) of S will be denoted by ( )Scl

( )( ).intresp. S  A subset S of X is said to be preopen [2] if ⊂S  ( )( ).int Scl

The complement of a preopen set is said to be preclosed.

A subset ( )xP  of X is called a pre-neighborhood of a point Xx ∈  [4]

if there exists a preopen set S such that ( ).xPSx ⊂∈  In [3], the author

introduced the concept of pre-convergence of filters. Now we recall the

concept of pre-convergence of filters. Let ( ) ( ){ }AxXPOAxPO ∈∈= :

and let { :XAPx ⊂=  there exists ( )xPO⊂µ  such that µ is finite and

}.A⊂µ∩  Then xP  is called the pre-neighborhood filter at x. For any

filter F  on X, we say that F  pre-converges to x if F  is finer than the

pre-neighborhood filter xP  at x. Here x�  is a filter generated by the

singleton set { }.x

In this paper, we introduce the concept of generalized open
neighborhood filter and generalized-convergence of filters on a

generalized topological space. Also we introduce ∗g -sets which are

defined by the generalized open neighborhood filter. By using the concept
of generalized-convergence of filters, we investigate some properties of
∗g -sets and ∗g -continuity.

2. Generalized-convergence of Filters

Definition 2.1. Let ( )τ,X  be a generalized topological space and let

( ) { }AxAxG ∈τ∈= :  for each .Xx ∈  Then we call { :XAx ⊂=G

there exists ( )xG⊂µ  such that µ is finite and }A⊂µ∩  the generalized-

neighborhood filter at x.

Definition 2.2. Let ( )τ,X  be a generalized topological space and let

F  be a filter on X. We say that F  generalized-converges to x if F  is

finer than the generalized-neighborhood filter .xG

Definition 2.3. Let ( )τ,X  be a generalized topological space and let

F  be a filter on X. We say that F  has a generalized-cluster point x if

every F∈F  meets each ( ).xGU ∈
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Remark. It is evident from the definition that a filter F  has a

generalized-cluster point x if and only if ( )Fcx g∩∈  for every .F∈F

Definition 2.4. Let ( )τ,X  be a generalized topological space and let

F  be a filter on X. We say that F  has a strong generalized-cluster point

x if every F∈F  meets each .xU G∈

Every strong generalized-cluster point of a generalized topological

space is a generalized-cluster point. But the converse is not always true.

Example 2.5. Consider a set ( ]{ } [ ){ }RdcdcRbabaS ∈∈= ,:,,:, ∪

on the real number set R; then ( ) { :∗=τ SS ∪  ∗S  is any subclass of }S  is

a generalized topology. Let Xx ∈  be an arbitrary point. Then the filter

{ }{ }RxR ,−=F  generalized-clusters at x. But x is not a strong

generalized-cluster point of ,F  since { } .xx G∈

Theorem 2.6. Let ( )τ,X  be a generalized topological space and let F

be a filter on X. Then F  has x as a strong generalized-cluster point if and

only if there is a finer filter H  than F  such that H  generalized-converges

to x.

Proof. If F  has a point x as a strong generalized-cluster point, then

the collection { }FGH ∈∈= FGFG x ,:∩  is a filter base for a filter

which is finer than both F  and .xG  Thus H  generalized-converges to x.

Conversely, if HF ⊂  and H  generalized-converges to x, then F

strongly generalized-clusters at x.

We recall that if F  is a filter on X and YXf →:  is a function, then

( )Ff  is the filter on Y having for a filter base the collection of ( )Ff  for

every .F∈F

Theorem 2.7. Let ( )τ,X  and ( )µ,Y  be generalized topological spaces.

If a function YXf →:  is ( )µτ, -continuous at ,Xx ∈  then whenever a

filter F  on X generalized-converges to x in X, ( )Ff  generalized-converges

to ( )xf  in Y.
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Proof. Suppose f is ( )µτ, -continuous at x and a filter F  generalized-

converges to x. If V is an element of the generalized-neighborhood filter

( ),xfG  there are generalized open sets nVV ,,1 …  such that ( ) ∈xf

.1 VVV n ⊂∩"∩  And since f is ( )µτ, -continuous, there are generalized

open sets nUU ,,1 …  in X such that nUUx ∩"∩1∈  and ( ) ⊂1Uf

( ) .,,1 nn VUfV ⊂…  Thus we get ( ) ,1 VUUf n ⊂∩"∩  and since

nUU ∩"∩1  is an element of the generalized-neighborhood filter xG  and

F  is a finer filter than ,xG  we can say the set V contained in ( )xfG  is

also an element of ( ).Ff

3. ∗g -sets

Definition 3.1. Let ( )τ,X  be a generalized topological space. A

subset U of X is called a ∗g -set in X if either U is empty or xU G∈  for all

.Ux ∈

The class of all ∗g -sets induced by the generalized topology τ will be

denoted by ( ) ( ( )).simply XgXg ∗∗
τ

Remark. From the concept of generalized-neighborhood filters and
∗g -sets, we can easily show every generalized open set is a ∗g -set, but

the converse is not always true.

Example 3.2. From Example 2.5, we can say any subset { }x  in X is a

∗g -set but not a generalized open set.

Definition 3.3. Let ( )τ,X  be a generalized topological space. The

∗g -interior of a set A in X, denoted by ( ),AIg∗  is the union of all ∗g -sets

contained in A.

Theorem 3.4. Let ( )τ,X  be a generalized topological space and

.XA ⊂  Then

(a) ( ) { }.: xAAxAIg G∈∈=∗

(b) A is ∗g -set if and only if ( ).AIgA ∗=
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Proof. (a) For each ( ),AIgx ∗∈  there exists a ∗g -set U such that

Ux ∈  and .AU ⊂  From the concept of ∗g -sets, the subset U is in the

generalized-neighborhood filter .xG  And since xG  is a filter, .xA G∈

Conversely, let ,xA G∈  then there exist ( )xGUU n ∈,,1 …  such that

.1 AUUU n ⊂= ∩"∩  Thus U is a ∗g -set containing x. Therefore we

get ( ).AIgx ∗∈

(b) Obvious.

Theorem 3.5. Let ( )τ,X  be a generalized topological space. Then the

class ( )Xg∗  of all ∗g -sets in X is a topology on X.

Proof. Since ∅ is a generalized open set, it is also a ∗g -set in X. X is

a ∗g -set because for every x in X, xG  contains X.

Let A and B be non-disjoint ∗g -sets. For ,BAx ∩∈  since xG  is a

filter, the intersection of A and B is also an element of .xG  Thus BA ∩

is a ∗g -set.

For each ,I∈α  let ( )XgA ∗
α ∈  and .α= AU ∪  For each ,Ux ∈

there exists a subset αA  of U such that α∈ Ax  and ,xA G∈α  and since

xG  is a filter, U is an element of the filter .xG  Thus α= AU ∪  is a

∗g -set.

Let ( )τ,X  be a generalized topological space. For a subset B of X, we

call B a ∗g -closed set if the complement of B is a ∗g -set. From Theorem

3.5, the intersection of any family of ∗g -closed sets is a ∗g -closed set and

the union of finitely many ∗g -closed sets is a ∗g -closed set.

Definition 3.6. Let ( )τ,X  be a generalized topological space and

.XA ⊂  Then ( ) { ∅≠∈=∗ UAXxAclg ∩:  for all }.xU G∈  We call

( )Aclg∗  the ∗g -closure of A.
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Now we can get the following.

Remark. It is evident from Definition 2.4 that a filter F  has a strong

generalized-cluster point x if and only if ( )Fclgx ∗∈ ∩  for every .F∈F

Theorem 3.7. Let ( )τ,X  be a generalized topological space. For

,XA ⊂

(1) ( ).AclgA ∗⊂

(2) A is ∗g -closed if and only if .clAgA ∗=

(3) ( ) ( ).AXclgXAIg −−= ∗∗

(4) ( ) ( ).AXIgXAclg −−= ∗∗

Theorem 3.8. Let ( )τ,X  be a generalized topological space. Then ∈x

( )Aclg∗  if and only if there exists a filter F  on X such that F∈A  and

F  generalized-converges to x.

Proof. Let ( ).Aclgx ∗∈  Then the collection { }xUAU GB ∈= :∩  is

a filter base. The filter F  generated by filter base B  generalized-

converges to x and .F∈A  Suppose that there is a filter F  generalized-

converging to x such that .F∈A  Since F  contains xG  and F  is a filter,

for all ,xU G∈  .∅≠AU ∩  Thus ( ).Aclgx ∗∈

Theorem 3.9. Let ( )τ,X  be a generalized topological space. A set G is

∗g -closed if and only if whenever F  generalized-converges to x and ,F∈G

.Gx ∈

4. g-continuity and ∗g -continuity

Definition 4.1. Let ( )τ,X  and ( )µ,Y  be generalized topological

spaces. A function YXf →:  is called g-continuous if the inverse image

of each generalized open set of Y is a ∗g -set in X.

Theorem 4.2. Let ( )τ,X  and ( )µ,Y  be generalized topological spaces

and let YXf →:  be a function. Then the following statements are
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equivalent:

(1) f is g-continuous.

(2) The inverse image of each generalized closed set in Y is ∗g -closed.

(3) ( ( )) ( ( ))BcfBfclg g
11 −−∗ ⊂  for every .YB ⊂

(4) ( ( )) ( ( ))AfcAclgf g⊂∗  for every .XA ⊂

(5) ( ( )) ( ( ))BfIgBif g
11 −∗− ⊂  for every .YB ⊂

Definition 4.3. Let ( )τ,X  and ( )µ,Y  be generalized topological

spaces. A function YXf →:  is called ∗g -continuous if the inverse

image of each ∗g -set of Y is an ∗g -set in X.

Remark. From Definition 4.1, we can say that every ∗g -continuous

function is g-continuous.

Theorem 4.4. Let ( )gX ,  and ( )hY ,  be generalized topological

spaces. If YXf →:  is g-continuous, then it is also ∗g -continuous.

Proof. Let U be a ∗g -set in Y. For each ( ),1 Ufx −∈  there exist

( )( )xfGUU n ∈...,,1  such that ( ) .1 UUUxf n ⊂∈ ∩"∩  Since f is

g-continuous, ( ) ( )nUfUf 1
1

1 ...,, −−  are ∗g -sets and ( ) ∩"∩1
1 Ufx −∈

( ) ( ).11 UfUf n
−− ⊂  From Definition 3.3, we get ( ( )).1 UfIgx −∗∈  Thus

( )Uf 1−  is a ∗g -set from Theorem 3.4 (b).

Since the class of all ∗g -sets in a given generalized topological space

is also a topology, we get the following equivalent statements.

Theorem 4.5. Let ( )τ,X  and ( )µ,Y  be generalized topological spaces.

Then the following are equivalent:

(1) f is ∗g -continuous.

(2) The inverse image of each ∗g -closed set in Y is an ∗g -closed set.

(3) ( ( )) ( ( )),11 VclgfVfclg ∗−−∗ ⊂  for every .YV ⊂
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(4) ( ( )) ( ( )),UfclgUclgf ∗∗ ⊂  for every .XU ⊂

(5) ( ( )) ( ( )),11 BfIgBIgf −∗∗− ⊂  for every .YB ⊂

Theorem 4.6. Let ( ) ( )µ→τ ,,: YXf  be a function between generalized

topological spaces. Then the following are equivalent:

(1) f is ∗g -continuous.

(2) For Xx ∈  and for each ( ),xfV G∈  there exists an element U in

the generalized-neighborhood filter xG  such that ( ) .VUf ⊂

(3) For each ,Xx ∈  if a filter F  generalized-converges to x, then

( )Ff  generalized-converges to ( )xf  in Y.

Proof. (1) ⇒ (2) It is obvious.

(2) ⇒ (3) Let V be an element of the generalized-neighborhood filter

( )xfG  and let F  be a filter on X generalized-converging to x. Then

( ) ( ),FG ff x ⊂  and since there exists an element U in xG  such that

( ) VUf ⊂  and ( )Ff  is a filter, we can say ( ).FfV ∈  Consequently ( )Ff

generalized-converges to ( ).xf

(3) ⇒ (1) Let V be any ∗g -set in Y and suppose ( )Vf 1−  is not empty.

For each ( ),1 Vfx −∈  since the generalized-neighborhood filter xG

generalized-converges to x, ( )xf G  generalized-converges to x. Since V is a

∗g -set containing ( )xf  and ( ) ( ),xxf f GG ⊂  V is an element of ( ).xf G

Thus now we can take some ∗g -set U in xG  such that ( ) .VUf ⊂  Thus

( )VfU 1−⊂  and ( )Vf 1−  is an element of .xG  Therefore ( )Vf 1−  is a

∗g -set in X by Theorem 3.4 (b).

Remark. Let ( ) ( )µ→τ ,,: YXf  be a function between generalized

topological spaces. Then we can get the following diagrams:

( ) .continuity-continuity-gcontinuity-, ∗⇔⇒µτ g
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