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Abstract

In this paper, we introduce a class of analytic functions [ ]BAM n ,λ

defined by a new integral operator ,fIn
λ  where ( ) ( ),0 zfzfI =λ  ( ) =λ zfI1

( ) ( )∫ λ
−

λ

−
λ

=

λ

z
zfIdttft

z
0

21

11
,1  ,0>λ  ( ) ( ( )) ( ) == λλλλ zfIzfIIzfI n...,,12

( ( )),1 zfII n−
λλ  .N∈n  Using differential subordinations, certain results

concerning inclusion relation, integral operator defined on this class and

other results are given.

1. Introduction

Let ( )UH  be the set of all analytic functions in the open unit disc

{ }1: <∈= zzU C  and let A  be the class of analytic functions of the

form

( ) ( )∑
∞

=

∈+=
2

.,
k

k
k Uzzazzf (1.1)
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The Hadamard product or Convolution of two power series ( ) += zzf

∑
∞

=2k

k
kza  and ( ) ∑

∞

=
+=

2k

k
kzbzzg  is defined [2] as the power series

( ) ( ) ∑
∞

=
+=∗

2
.

k

k
kk zbazzgf

An analytic function ( )zf  on U is said to be subordinate to an analytic

function ( )zg  on U (written ( ) ( ))zgzf ≺  if ( )zg  is univalent, ( ) ( )00 gf =

and ( ) ( ),UgUf ⊂  but if ( )zg  is not univalent we say that ( )zf  is

subordinate to ( )zg  [4], if ( ) ( )( ),zgzf φ=  ,Uz ∈  for some analytic

function ( )zφ  with  ( ) 00 =φ  and ( ) ,1<φ z  .Uz ∈  For an analytic

function ( ) zf  given by (1.1), geanalaS [6] defined the integral operator

,fI n  { },00 ∪NN =∈n  by

( ) ( )zfzfI =0

( ) ( ) ( )∫ ==
z

zIfdt
t
tfzfI

0

1

( ) ( ( )),1 zfIIzfI nn −=  .Uz ∈

Thus

( ) ∑
∞

=

−+=
2

.
k

k
k

nn zakzzfI

Further, the integral operator nI  can be written

( ) ( ) ( ),zfhhhzfI
timesn

n ∗∗∗∗=

where ( ) ( ).1log zzh −−=

For an analytic function ( )zf  given by (1.1), Al-Oboudi differential

operator ,nDλ  ,0N∈n  0≥λ  is defined [1] by
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( ) ( )zfzfD =λ
0

( ) ( ) ( ) ( ) ( )zfDzfzzfzfD λλ =′λ+λ−= 11

( ) ( ( )),1 zfDDzfD nn −
λλλ =   .N∈n

Thus

( ) ( )( )∑
∞

=
λ ∈−λ++=

2
0.,11

k

k
k

nn nzakzzfD N

Now we shall define an integral operator, which generalize geanalaS

integral operator.

2. Definitions

Definition 2.1. Let ( ) .A∈zf  We define the integral operator ,fI n
λ

,0N∈n  ,0>λ  by

( ) ( ),0 zfzfI =λ

( ) ( ) ( )∫ λ
−

λ

−
λ

λ =

λ

=
z

zfIdttft

z

zfI
0

21

11
1 1

( ) ( )∫ λ
−

λ

−
λ

λ

λ

=
z

dttfIt

z

zfI
0

121

11
2 1

( ) ( )∫ ∈

λ

= −
λ

−
λ

−
λ

λ
z

nn ndttfIt

z

zfI
0

121

11
.,1 N (2.1)

Remark 2.1. If ( ) ,A∈zf  then ( )
( )( )∑∞

=λ
−λ+

+=
2

.
11k

k
n

kn z
k

a
zzfI

Remark 2.2. If ,1=λ  then we get the geanalaS integral operator.
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Remark 2.3. If ( ) ,A∈zf  then ( ( )) ( ( )) ( ).zfzfIDzfDI nnnn == λλλλ

Remark 2.4. If ( ) ,A∈zf  then ( ( )) ( ) .,, 0N∈= +
λλλ mnzfIzfII mnmn

Remark 2.5. If ( ) A∈zf  and ( ) ,;11;1,112 




 +

λλ
= zFzzg  then

( ) ( ) ( ),zfgggzfI
timesn

n ∗∗∗∗=λ                            (2.2)

where the function ( ) ( ) ( )
( ) ,

1!2
11

1
1;;, 2

12 +
+⋅

+⋅++
⋅
⋅+= z

cc
bbaaz

c
bazcbaF

for any real or complex numbers a, b and c, ( )...,2,1,0 −−≠c  is called the

hypergeometric series which represents an analytic function in U. If

,1=λ  then ( ).1;11;1,112 zLogzFz −−=




 +

λλ

Remark 2.6. If ( ) A∈zf  and the integral operator ( )zfI n
λ  is given by

(2.1), then

( ) ( ) ( ) ( ( )) .1 11 ′λ+λ−= +
λ

+
λλ zfIzzfIzfI nnn                 (2.3)

Using the operator ,λnI  we now introduce a subclass of A  as follows:

Definition 2.2. A function ( ) A∈zf  is said to be in the class

[ ]BAn ,λM  ( )11 ≤<≤− AB   if and only if

( )
( )

,
1
1

1 Bz
Az

zfI

zfI
n

n

+
+

+
λ

λ ≺                                       (2.4)

for ,Uz ∈  where the symbol ‘≺ ’ stand for subordination. Let

[ ] ( ),1,21 α=−α− λλ
nn MM

where ( )αλ
nM  denotes the class of functions ( ) ,A∈zf  which satisfies the

condition

( )
( )

,Re
1

α>









+

λ

λ

zfI

zfI
n

n
    ( ).,0,10 Uz ∈>λ<α≤
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3. Preliminary Lemmas

Lemma 3.1 [3]. Let ,, C∈γβ  let ( ) ( )Uzh H∈  be convex univalent in

U, with ( ) 10 =h  and ( )( ) ,0Re >γ+β zh  Uz ∈  and let ( ) ( ),Uzp H∈

( ) .1 2
21 +++= zpzpzp  Then

( ) ( )
( ) ( ) ( ) ( ).zhzpzh
zp

zpzzp ≺≺ ⇒
γ+β

′
+                        (3.1)

If the differential equation

( ) ( )
( ) ( ),zh
zq

zqzzq =
γ+β

′
+    ( ) 10 =q

has a univalent solution ( ),zq  then

( ) ( ) ( ),zhzqzp ≺≺

and ( )zq  is the best dominant (i.e., ( ) ( )zqzp ≺  for all ( )zp  satisfying

(3.1) and if ( ) ( ),zszp ≺  then ( ) ( )).zszq ≺

Lemma 3.2 [5]. If ,11 ≤<≤− AB  0>B  and the complex number γ

satisfy that ( ) ,
1
1Re

B
A

−
−β−≥γ  then the differential equation

( ) ( )
( ) Bz

Az
zq

zqzzq
+
+=

γ+β
′

+
1
1

has a univalent solution in U given by

( )

( )

( )
















=
β
γ−

β

≠
β
γ−

+β

+

=

∫

∫

β−γ+β

βγ+β






 −β−γ+β






 −βγ+β

.0,

0,
1

1

0

1

0

1

B
dtet

ez

B
dtBtt

Bzz

zq

z
At

Az

z
B

BA
B

BA

           (3.2)

If ( )zp  is analytic in U and satisfies

( ) ( )
( ) ( )Uz

Bz
Az

zp
zpzzp ∈

+
+

γ+β
′

+ ,
1
1≺
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then

( ) ( )
Bz
Azzqzp

+
+

1
1≺≺

and ( )zq  is the best dominant.

Lemma 3.3 [8]. Let µ be a positive measure on the unit interval [ ].1,0

Let ( )ztg ,  be an analytic function in U, for each [ ],1,0∈t  and integrable

in t for each Uz ∈  and for almost all [ ],1,0∈t  and suppose that

( ) 0,Re >ztg  on U, ( )rtg −,  is real and ( ) ( ) ,
,
1

,
1Re

rtgztg −
≥  for

rz ≤  and [ ].1,0∈t  If ( ) ( ) ( )∫ µ=
1

0
,, tdztgzg  then ( ) ( ) ,11Re

rgzg −
≥

.rz ≤

Lemma 3.4 [7]. For real or complex numbers a, b and c

( ),...,2,1,0 −−≠c  ( ) ( ) ,0ReRe >> bc we have

( ) ( ) ( ) ( )
( ) ( )∫ Γ

−ΓΓ=−− −−−−
1

0
12

11 ,;;,11 zcbaF
c

bcbdttztt abcb    (3.3)

( ) ( ),;;,;;, 1212 zcabFzcbaF =      (3.4)

( ) ( ) ,
1

;;,1;;, 1212 






−
−−= −

z
zcbcaFzzcbaF a          (3.5)

( ) ( ) ( ) ( ).;2;1,11;1;,11 1212 zbbFbzbzbbFb ++++=++ (3.6)

Lemma 3.5. Let ( )zh  be convex univalent in U, with ( ) 10 =h  and

( )( ) ,0Re >zh  and let ( ) .A∈zf  Then

( )
( )

( ) ( )
( )

( ) .,
2

1

1
Uzzh

zfI

zfI
zh

zfI

zfI
n

n

n

n
∈⇒

+
λ

+
λ

+
λ

λ ≺≺ (3.7)

Proof. Let

( ) ( )
( )

.
2

1

zfI

zfI
zp

n

n

+
λ

+
λ=  (3.8)
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Then ( )zp  is analytic in U and ( ) .1 2
21 +++= zpzpzp  Logarithmic

differentiation of both sides of (3.8) gives

( )
( )

( ( ))
( )

( ( ))
( )

.
2

2

1

1

zfI

zfIz

zfI

zfIz
zp

zpz
n

n

n

n

+
λ

+
λ

+
λ

+
λ

′λ
−

′λ
=

′λ

From (2.3) we obtain

( ) ( )

( )

( )
( )

.
1 1 zfI

zfI

zp

zpz
zp

n

n

+
λ

λ=

λ

′
+

Using Lemma 3.1, for ,1
λ

=β 0=γ  we obtain

( )
( )

( ).
2

1
zh

zfI

zfI
n

n
≺

+
λ

+
λ

4. Main Results

Theorem 4.1.

[ ] [ ].,, 1 BABA nn +
λλ ⊆ MM

Proof. Let ( ) [ ]., BAzf n
λ∈M  Then from (2.4) and Lemma 3.5, by

choosing ( ) ,
1
1

Bz
Azzh

+
+=  we have

( )
( )

( )
( )

,
1
1

1
1

2

1

1 Bz
Az

zfI

zfI
Bz
Az

zfI

zfI
n

n

n

n

+
+⇒

+
+

+
λ

+
λ

+
λ

λ ≺≺

hence ( ) [ ],,1 BAzf n+
λ∈M  which is the required result.

We also have a better result than Theorem 4.1.

Theorem 4.2. Let ( ),11 ≤<≤− AB  0>λ  and .0N∈n  If ( ) ∈zf

[ ],, BAn
λM  then

( )
( ) ( ) ( ),~1

2

1
zq

zQzfI

zfI
n

n
=

+
λ

+
λ ≺ (4.1)
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where

( )
( )













=
λ

≠






+
+

λ=

∫

∫
−

λ
−

λ






 −

λ−
λ

0,1

0,
1
11

1

0

1111

1

0

1
11

Bdtet

Bdt
Bz
Bztt

zQ
ztA

B
BA

(4.2)

and ( )zq~  is the best dominant of (4.1). Furthermore, if 01 >
λ

+
B
A  with

,0<B  then

[ ] ( )( ),,,, 1
1 λρ⊂ +

λλ BABA nn MM (4.3)

where

( ) .
1

;11;1,1,,
1

121

−





 







−
+

λ




 −

λ
=λρ

B
B

B
ABFBA

The result is best possible.

Proof. Let [ ],, BAf n
λ∈M  and let

( ) ( )
( )

.
2

1

zfI

zfI
zp

n

n

+
λ

+
λ= (4.4)

Then p is analytic in U and ( ) .10 =p  Making use of the logarithmic

differentiation on both sides of (4.4) and simplifying the resulting

equation, we deduce that

( ) ( )

( )

( )
( )

.
1
1

1 1 Bz
Az

zfI

zfI

zp

zpz
zp

n

n

+
+=

λ

′
+

+
λ

λ ≺ (4.5)

By Lemma 3.2, we obtain

( ) ( ) ,
1
1

Bz
Azzqzp

+
+≺≺

where ( )zq  is the best dominant of (4.5) and is given by (3.2) for 
λ

=β 1

and .0=γ  Now, rewriting ( )zq  by changing the variables, we get
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( ) ( ) ( ).~1 zqzQzp =−≺

Next we show that

( ){ } ( ).1~~Reinf
1

−=
<

qzq
z

                                  (4.6)

If we set ,1





 −

λ
=

B
ABa  

λ
= 1b  and ,1+= bc  then .0>> bc  From

(4.2) by using (3.3) and (3.4) we see that, for 0≠B

( ) .
1

;11;,112 






+λ
+=

Bz
BzaFzQ                        (4.7)

To prove (4.6), we show that ,
)1(

1
)(

1Re
−

≥






QzQ
 .Uz ∈  For 

B
A
λ

+1

0>  and 0<B  (so that )0>> ac  we can rewrite (4.7) as

( ) ( ) ( )∫ µ=
1

0
,, tdztgzQ

where µ is a positive measure on [ ],1,0  ( )ztg ,  is an analytic function in

U for [ ]1,0∈t  and integrable in t for each Uz ∈  and for almost all

[ ].1,0∈t

For ,0<B  we have ( ){ } ,0,Re >ztg  ( )rtg −,  is real for ,10 <≤ r

[ ]1,0∈t  and

( )
( ) ( )

( ) ,
,
1

1
11

1
11Re

,
1Re

rtgBr
Brt

Bz
Bzt

ztg −
=

−
−−≥

+
−+=

for 1<≤ rz  and [ ].1,0∈t

Therefore by using Lemma 3.3 and by letting ,1−→r  we obtain

( ) ( ) ,
1

11Re
−

≥
QzQ

  .1<z

This by (4.1) leads to (4.3)

If we put ( )1021 <α≤α−=A  and 1−=B  in Theorem 4.2, then

we obtain
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Corollary 4.1. Let ,10 <α≤ ,0>λ λ−>α 12   and .0N∈n  Then

( ) ( )( ),,1 λαβ⊂α +
λλ
nn MM

where ( )λαβ ,  is given by

( ) ( ) .
2
1;11;12,1, 12 



 





 +

λ
α−

λ
=λαβ F

The result is the best possible.

For a function ,A∈f  the function ( )zµF  is defined by

( ) ( )∫ −µ
µµ
+µ=

z
dttft

z
z

0

1 ,
1F (4.8)

where ,01 >+µ Uz ∈  and

  ( ) ( )zfIz 1

1
1
+µ

µ =F

( )zfz
k

z
k

k ∗













+µ
+µ+= ∑

∞

=2

1

∑
∞

=
+µ
+µ+=

2

.
1

k

k
kza

k
z

It is easy to see that

( ( )) ( ) ( ) ( ).1 zIzfIzIz nnn
µλλµλ µ−+µ=′ FF                   (4.9)

Theorem 4.3. Let 11 ≤<≤− AB  and

( ) .
1
111

B
A

−
−−≥−+µλ                                   (4.10)

(i) If ( ) [ ],, BAzf n
λ∈M  then the function ( )zµF  defined by (4.8)

satisfies

( )
( ) ( ) ( )( ) ( ),~111

1
11

zq
zQzI

zI
n

n

=−+µλ−
µ

+
λ

µλ ≺
F

F
              (4.11)
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where

( )
( )













=
λ

≠






+
+

λ=

∫
∫

−
µ






 −

λ
µ

0,

0,
1
1

1

0

1

1

0

1

1

Bdtet

Bdt
Bz
Bztt

zQ
ztA

B
BA

             (4.12)

and ( )zq1  is the best dominant of (4.11).

(ii) If in addition to (4.10), ( )21 +µλ−>
B
A  with ,0<B  then for

( ) [ ]BAzf n ,λ∈M  we have ( ) ( )( ),,,,2 µλρ∈ λµ BAz nMF  where

( ) ( )
( ) ( )( ).11

1
;2;,1

1,,,
12

2 −+µλ−







−
+µ

λ
−

+µλ=µλρ

B
BBABF

BA

The result is best possible.

Proof. Let ( ) [ ]BAzf n ,λ∈M  and

( )
( )
( )

.
1 zI

zI
zp

n

n

µ
+

λ

µλ=
F

F
                                  (4.13)

Then ( )zp  is analytic in U and ( ) .10 =p  Using (2.3) and (4.9) in (4.13),

we get

( ( )) ( ) ( ( ))

( ( )) ( ) ( ( ))
( )

( ) ( )( ) .
11

1

1

1
21

22

−+µλ+
+µλ=

λ−+′λ

λ−+′λ
+

λ
+

λ

µ
+

λµ
+

λ
zpzfIzfIz

zIzIz
nn

nn FF
(4.14)

Since ( ) [ ],, BAzf n
λ∈M  we note that ( ) 01 ≠+

λ zfI n  in U. Logarithmic

differentiation of both sides of (4.14) with using (2.3), we have

( ) ( )

( ) ( )( )

( )
( )

.
1
1

1111 1 Bz
Az

zfI

zfI

zp

zpzzp
n

n

+
+=

−+µλ
λ

+
λ

′
+

+
λ

λ ≺ (4.15)
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Using Lemma 3.2, we obtain

( ) ( ) ( ) ( )( ) ,
1
1111~

1
1 Bz

Az
zQ

zqzp
+
+−+µλ−= ≺≺

where ( )zQ1  is given by (4.12) and ( )zq1
~  is the best dominant of (4.15).

Proceeding as in Theorem 4.2 the second part follows.

Putting α−= 21A  and 1−=B   in Theorem 4.3, we have

Corollary 4.2. Let ,10 <α≤  ( ) ( ).121 α−>+µλ  If ( ) ( ),α∈ λ
nzf M

then ( ) ( )( ),,,3 λµαρ∈ λµ
nz MF  where

( ) ( )

( )
( )( ).11

2
1;2;12,1

1,,
12

3 −+µλ−





 +µα−

λ

+µλ=λµαρ
F

The result is best possible.

Theorem 4.4. (i) If ( ) [ ],, BAzf n
λ∈M  then the function ( )zµF

defined by (4.8), satisfies

( )
( ) ( ) ( ) ( )

( )( )
( ) ,

1
1

11
~

1
1

2
11

1

Bz

zBA

zq
zQzI

zfI
n

n

+








+µλ
λ−−λµ++

=
+µλ

µ
+

λ

+
λ ≺≺
F

(4.16)

where ( )zQ1  is given by (4.12) and ( )zq2
~  is the best dominant of (4.16).

(ii) If in addition to (4.10), ( ),21 +µλ−>
B
A  and ,0<B  then for

[ ],, BAf n
λ∈M  we have

( )
( )

.
1

;2;1,1Re
1

121

1 −

µ
+

λ

+
λ





 







−
+µ





 −

λ
−>















B
B

B
BAF

zI

zfI
n

n

F

The result is best possible.

Proof. Let

( ) ( )
( )

.
1

1

zI

zfI
zp

n

n

µ
+

λ

+
λ=
F

 (4.17)
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Then ( )zp  is analytic and ( ) .10 =p  Making use of the logarithmic

differentiation on both sides of (4.17) and using (4.9) and (2.3), we deduce
that

( )
( )

( )
( ) ( )( ) ( ) ( ).11

1
zp

zp
zpz

zfI

zfI
n

n
+µλ+λµ−λ−+

′λ=
+

λ

λ

Let

( ) ( )( ) ( ) ( ).11 zpzP +µλ+λµ−λ−=

Then

( )
( )

( ) ( )

( ) ( )( )
.

1
1

1111 Bz
Az

zP

zPzzP
zfI

zfI
n

n

+
+

λ−−λµ
λ

+
λ

′
+=

+
λ

λ ≺

By using Lemma 3.2, we deduce that

( ) ( ) ,
1
1

Bz
AzzqzP

+
+≺≺                               (4.18)

where ( )zq  is the best dominant of (4.18) and is given by (3.2), for ,1
λ

=β

and ( )( ),11 λ−−λµ
λ

=γ  we have

( )( ) ( ) ( ) ( ) ( )( ) .
1
11111

1 Bz
Az

zQ
zp

+
+λ−−λµ−+µλ+λµ−λ− ≺≺  (4.19)

By simplifying (4.19) we get (4.16).

To prove the second part of this theorem we proceed as in Theorem
4.2.
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