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Abstract

Green function for a 2M-order linear ordinary differential equation

with free boundary condition is found by means of the so-called

symmetric orthogonalization method. Its properties are also studied in

detail.

1. Introduction

Let ( )xf  be a given function satisfying the following solvability

condition:

( ) ( ) ( ).100
1

1∫− −≤≤=ϕ Midxxxf i (1.1)

We consider the following boundary value problem:

( ) ( ) ( ) ( )

( )( ) ( )

( ) ( ) ( )













−≤≤=ϕ

−≤≤=±

<<−=−

∫−
1

1

2

,100

,1201

,111

Midxxxu

MiMu

xxfu

i

i

MM

(1.2)

where ( )xiϕ  are normalized Legendre polynomials defined as follows:
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The above set of functions ( ){ } ( )1...,,1,0 −=ϕ Mixi  are eigenfunctions

corresponding to the eigenvalue 0=λ  of the following eigenvalue

problems:
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(1.4)

The solution to (1.2) is given as follows:

( ) ( ) ( ) ,,
1

1∫−= dyyfyxGxu
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where ( )yxG ,  is a Green function constructed in the following

procedures. We start with the following proto Green function:

( ) ( ) ( ),
2
1

, 00 yxKyxG
M

−−=

where ( )xK0  is a monomial defined by

( ) ( ) .
!12

12

0 −
=

−

M
xxK

M

We also introduce its successive derivatives ( )xK j  defined by

( ) ( ) ( ) ( ).121
!12

12

0 −≤≤
−−

=




=

−−
Mj

jM
xxK

dx
dxK

jMj

j

The proto Green function ( )yxG ,0  can also be viewed as a fundamental

solution of the differential operator ( ) ( ) .1 2MM dxd−  We can construct

( )yxG ,  by symmetric orthogonalization method [3] as

( ) ( ) ( ) ( ) ( )∑ ∫
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The main purpose of this paper is to find an explicit formula of ( )yxG ,

and investigate its properties as a reproducing kernel.

In order to find ( )yxG ,  explicitly, it is enough to find

( ) ( ) ( ) ,,
1

1
0∫− ηηϕη=ψ dxGx ii (1.5)
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( ) ( ) ( )∫ ∫− −
ηξηϕηξξϕ=

1

1

1

1
0 , ddGg jiij

 ( ) ( ) ( ) ( ) .
1

1

1

1∫ ∫− −
ηηϕηψ=ξξψξϕ= dd jiji (1.6)

By using ( )xiψ  and ,ijg  Green function ( )yxG ,  is rewritten as follows:
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The main results obtained in this paper are as follows.

Theorem 1.1. The functions ( ) ( )1...,,1,0 −=ψ Mixi  are given as

follows:
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where ( )xF ;;,12 γβα  is the Gauss hypergeometric function defined by
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Theorem 1.2. The coefficients ( )1...,,1,0, −= Mjigij  are given as

follows:
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Remark 1. It is very interesting to note that the above summation in

the expression of ijg  is rewritten in the following closed form:

( )

( ) ( )

( )
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ij (1.8)

which is confirmed by computer software Mathematica 5.2.

This paper is organized as follows. In Section 2, we prove the above

two theorems. In Section 3, we investigate some important properties of

the Green function ( )., yxG

2. Proof of the Main Theorems

This section is devoted to the proof of the main theorems.

Proof of Theorem 1.1. Substituting (1.3) into (1.5), we have
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Performing integration by parts i times, we have

( )
( )
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where

( ) ( ) ( )∫−
−− ηη−η−=

x
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212
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We first calculate

( ) ( ) ( ) ( ) .11
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Through the variable transformation 
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x
t  and from
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where we have used the following formula:

( ) ( ) ( ) ( )
( ) ( ).;;,11
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Next we calculate

( ) ( ) ( ) ( )∫ ηη+η−−η= −−1 12
2 11
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which is rewritten through t
x

=
−
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1
1  and from
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as follows:
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which completes the proof.

Before going to the proof Theorem 1.2, we note that the function

( ),xiψ  although it is expressed by means of Gauss hypergeometric

function, is in fact a polynomial
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where ( )xfi  is defined as follows:
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Proof of Theorem 1.2. Substituting (1.3) and (2.2) into (1.6), we

have
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Putting tx −=  and using the fact that ( )ii xD 21 −  is even or odd

function according as i is even or odd, we have

( ( ) ) ( ) ( ) ( ( ) ) ( )∫ ∫− −
+−−=−−

1

1

1

1

22 11111 dttftDdxxfxD i
jjj
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Hence the following relation holds:
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We consider the case  ji −  is even. Integral on the right hand side of

(2.3) is calculated as follows:
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( ) ( ) ( )
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Substituting the above result into (2.3), we have proved the theorem.

3. Properties of Green Functions

This section presents some important properties of the Green

function.

Theorem 3.1. The Green function ( )yxG ,  satisfies the following

properties:

(1) ( ) ( ) ( ) ( ) ( )∑
−

=

− ≠ϕϕ−=∂
1

0

12 ,1,
M

i
ii

MM
x yxyxyxG

(2) ( ) ( ),100, 1 −≤≤=∂ ±=
+ MiyxG x

iM
x

(3) ( ) ( )
( )

( ) ( )





−=−

−≤≤
=∂−∂

−+=−=
,121

,2200
,,

100
Mi

Mi
yxGyxG

Myx
i
xyx

i
x

(4) ( ) ( ) ( )∫− −≤≤=ϕ
1

1
.100, MidxxyxG i

Proof of Theorem 3.1. We first prove (1). Taking x-derivative of

( ) ( )yxyxG ≠,  2M times, we have

( ) ( )( ) ( ).,
1

0

22 ∑
−

=

ϕψ−=∂
M

i
i

M
i

M
x yxyxG

Hence it is enough to find ( )( ).2 xM
iψ  Differentiating (1.5) j times

( ),120 −≤≤ Mj  we have
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( )( ) ( ) ( ) ( ) ( ) ( ) 







ϕ−−ϕ−
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x
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dx
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x

x
ijij

M
dyyyxKdyyyxK (3.1)

Putting 12 −= Mj  and differentiating once again, we obtain

( )( ) ( ) ( )xx i
MM

i ϕ−=ψ 12

which proves (1). Next we show (2) in the case ,1=x

( ) ( ) ( )( ) ( ).,,
1

0
0 ∑

−

=

+++ ϕψ−∂=∂
M

j
j

iM
j

iM
x

iM
x yxyxGyxG (3.2)

First term of (3.2) is calculated as follows:

( )
( ) ( ) ( )

( ) ( ) ( )
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+

++

.
2
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,
2
1
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xyyxK
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i
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x

Putting ,1=x  we have

( ) ( ) ( ).1
2
1

, 10 yKyxG iM

M

x
iM

x −−=∂ +=
+

Since the above function is a polynomial in y of degree ,1 iM −−  it is

expanded as follows:

( ) ( ),,
1

0
10 ∑

−−

=
=

+ ϕ=∂
iM

j
jjx

iM
x yayxG (3.3)

where

( ) ( ) ( ) ( )∫− + −−≤≤ηηϕη−−=
1

1
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2
1

iMjdKa jiM

M

j (3.4)
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Next we consider the second term of (3.2),

( )( ) ( )∑
−

=

+ ϕψ
1

0

M

j
j

iM
j yx

( ) ( ) ( ) ( ) ( ) ( ) .
2
1

1

0 1
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−

= −
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x
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M

j dyyxyKdyyyxKy

Putting ,1=x  we have

( )( ) ( ) ( ) ( ) ( ) ( )∑ ∑ ∫
−

=

−

= −
+

+ ϕ−−ϕ=ϕψ
1

0

1
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1

1
1

2
1

1
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M

j
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M
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j dyyyKyy

( ) ( ) ( ) ( ) ,1
2
1

1

0

1

1∑ ∫
−−

= −
+ ϕ−−ϕ=

iM

j
jiM

M

j dyyyKy

where we have used the fact that orthogonality relation

( ) ( )∫− + =−ϕ
1

1
01 dyyKy iMj  holds for iMj −≥  because ( )yK iM −+ 1  is

a polynomial of ( )iM −− 1 -th degree. Comparing the above expression

with (3.3), (3.4), we can conclude that (2) holds for .1=x  The case

1−=x  is proved by taking the same procedures. (3) and (4) are easy and

so we omit the proof.

The following theorem, which states an important aspect of ( )yxG ,

as a reproducing kernel, is a direct consequence of Theorem 3.1.

Theorem 3.2. ( )yxG ,  is a reproducing kernel of the following Hilbert

space ( )( )⋅⋅,,MH :

( ) ( ) ( ) ( ) ( ) ,1001,1
1

1

2









−≤≤=ϕ|−∈= ∫− MidxxuxLuH i
M

M

( ) ( )( ) ( )( ) ( )∫− ∈=
1

1
.,, M
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That is to say

(1) ( ),, yxG  as a function in x, belongs to MH  for arbitrarily fixed

[ ].1,1−∈y
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(2) The following reproducing relation holds for arbitrary ,MHu ∈

( ) ( ) ( )( ) ( )( ) ( ) .,,,
1

1∫− ∂=⋅⋅= dxyxGxuyGuyu M
x

M
M (3.5)

Proof of Theorem 3.2. (1) is easy to prove. We prove the

reproducing relation (3.5),

 ( ) ( )( ) ( )( ) ( )∫− ∂=⋅⋅
1

1
,,, dxyxGxuyGu M

x
M

M

( ) ( )( ) ( )
1

1

1

1
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−=

−
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x

M

i

iM
x

iMi yxGxu

 ( ) ( ) ( ) .,1
1

1

121∫−
−− ∂′−+ dxyxGxu M

x
M

The first term of the right hand side is equal to 0 owing to the property

(2) of Theorem 3.1. Hence we have

( ) ( ) ( )dxyxGxu M
x

y

y

M ,1 12
0

1

1

0

1 −
−

− +

− ∂′
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1210
1
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yx

M
x

Myx
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M
x
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1

1

2 ,1 dxyxGxu M
x

M

( ) ( ) { ( ) ( ) }0
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0
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−
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M

xyx
M

x
M yxGyxGyu

 ( ) ( ) ( ) .,1
1

1

2∫− ∂−+ dxyxGxu M
x

M

By using the properties (1) and (3) of Theorem 3.1, this is rewritten as

( ) ( ) ( ) ( ) ( )∑ ∫
−

= −
=ϕϕ−=

1

0

1

1

M

i
ii yudxxxuyyu

which completes the proof.
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