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Abstract

In this paper, 2-D problem of shape-preserving splines is formulated as
the Differential Multipoint Boundary Value Problem (DMBVP) for thin
plate tension splines. For a numerical treatment of this problem, we
replace the differential operator by its difference approximation. This
gives us a system of linear equations with the matrix of a special
structure. We found that this matrix is positive definite. Therefore, we
can solve efficiently this system of linear equations by direct or iterative
methods. For the required memory of this algorithm is about n and the
computational time especially the operation count is about O(n) for each
iteration, where n is the number of unknowns in the interpolation

problem.
1. Introduction

Spline functions constitute the main tool in computer aided geometric
design (CAGD for short) which is concerned with the approximation and
representation of curves and surfaces that arises when these objects have
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to be processed by a computer. Applications of CAGD include not only
geometric design of different products like car bodies, ship hulls, airplane
fuselages, etc., but also computer vision and inspection of manufactured
parts, medical research (software for digital diagnostic equipment), image
analysis, high resolution TV systems, cartography, etc. In the majority of
these applications, it is important to construct curves and surfaces which
preserve certain properties of the data. For example, we may want the
surface to be positive, monotone, or convex in some sense. Standard
methods of spline functions do not retain these properties of the data.
This problem is known as the problem of shape-preserving interpolation.
The purpose of this research is to develop new efficient methods for
solving this problem.

In this paper, splines are defined as solutions of differential
multipoint boundary value problems (DMBVP) [3]. This method has
substantial computational advantages. We develop this approach on the
examples of hyperbolic and thin plate tension splines. It can be
generalized to smoothing splines and even to scattered data in a
straightforward manner.

2. Problem Formulation

We introduce necessary notations and define 2-D problem of shape-
preserving interpolation as DMBVP which consists of differential

equation, smoothness, interpolation, and boundary conditions.
Let us consider a rectangular domain Q = Q U T, where
Q={x,y)|a<x<bc<y<d}
I is the boundary of Q, and a rectangular mesh A = A, x A, with
Ay ta=x9 <x <--<Xy4 =b,
Ayic=yp <y < <ymy =4,

which divides the domain Q into the rectangles §ij = Q;; UT;;, where

Qi = {(x, ¥)|x € (x;, xj1), ¥ € (yj7 yj+1)}’

and I}; is the boundary of Q

, i=0,.,N,j=0,.. M.

i
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Let us associate to the mesh A the data

(xi, yj, fl])’ 1 = 0, ceey N+1, ] = O, ceey M +1,

;;;2’0), i=0,N+1,  j=0,.., M+1,

(0 2) . . s (]-)
A i=0,..,N+1, j=0,M+1,

ij

£2:2) i=0,N+1, j=0 M+1,

i ’

_ " f(xi, v)

where flﬁr s) P

;r,s =0, 2.
We denote by 02’2[5] the set of all continuous on Q functions f
having continuous partial and mixed derivatives up to the order 2. We

say that the problem of searching for a function S € C2’2[§] such that
S(x;, y;)=f; i=0,., N+1; j=0,.., M+1,

and that S preserves the form of the initial data is the shape-preserving

interpolation problem.

Evidently, the solution of the shape-preserving interpolation problem
is not unique. We are looking for a solution of this problem as a thin plate

tension spline.

Definition 2.1. An interpolating thin plate tension spline S with two

sets of tension parameters {p;; > 0|i =0, ..., N; j =0, ..., M} and {g;; >
0li=0,.. N;j=0,.., M} is a solution of the DMBVP

4 4 4 N2 A2 )2 A2
g2 08, 5 o's +as_(&) as_(ql] *s _,

ot 6x26y2 6y4 h; oxc? lj 6y2

in each Q;,1=0,..,N;j=0,.., M, 2)

2
o*s (pii\" 8%s
896_4_(}1_?} 6x_2 =0, xe(x,x41) y= Yij»

i=0,.,N;j=0, .., M+1, 3)
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2
o's (a;) a%s
a4_(ij — =0, x = x;, ye(yj,ijrl)’
Yy

i=0,., N+1 j=0,.. M, )

S e C*2[q)], 5)
with the interpolation conditions

S(xi,yj):fij, i:O, ...,N+1, j:O, ...,M+1, (6)
and the boundary conditions

D®OS(x;, y;) = D®Of(x;, yj), i=0,N+1, j=0,., M+1,
D(O’z)S(xl’y]):D(O’Z)f(xl’y])’ izoa "'5N+17 j:OaM+15
D(272)S(xi7 y]) = D(Z’Z)f(xi7 y_]), l = 07 N +17 ] = 07 M + 17 (7)

ar+s X', .
where D('"’S)f(xi, yj)= M; r,s=0,2.
ox"oy®
If all tension parameters of the thin plate tension spline S are zero,
then one obtains a smooth thin plate spline [2], interpolating the data

(xi, ¥j, fij); i =0, .., N; j =0, .. M. If tension parameters p;; and g;;

approach to the infinity, then in the rectangle Q;:; i =0, .., N; j =0,

ij>
..., M; thin plate spline S turns into a linear function separately by x
and y, and obviously preserves on ﬁij shape properties of the data. So, by
changing values of the shape control parameters Dij and g;; one can

preserve various characteristics of the data including positivity,
monotonicity, convexity, as well as linear and planar sections. By
increasing one or more of these parameters the surface is pulled towards
an inherent shape at the same time keeping its smoothness. Thus,
DMBVP gives a reasonable mathematical formulation of this problem.

3. Successive Over-Relaxation (SOR) Algorithm

For a numerical treatment of this problem, we replace the differential
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operator by its difference approximation. This gives us a system of linear
equations with the matrix of a special structure. Since the coefficient
matrix A of our linear system is symmetric positive definite matrix [5],
iterative methods such as Jacobi, Gauss-Seidel, etc. should ever converge
to the solution of this system. In general, the convergence of Gauss-Seidel
method can be accelerated by using a relaxation parameter . This gives
us successive over-relaxation (SOR for short) method which is chosen for

solving the system of difference equations.

On the refinement, we define a mesh function
WO k=1 .,n,i=0 ., N 1=1.,mi j=0, .. M
ik; jl T Ly ey Mo b= Uy ey s VT by e J? J =Y

by a piecewise linear interpolation of the initial data either in x or y
direction.

In each subdomain Q;;,1 =0, ..., N, j =0, ..., M, difference equations

from (2) can be rewritten in the componentwise form
Uik, j1-2 + 2U; b1, j,1-1 — Yijlik: j,1-1 + 2U4 ka1; j,1-1 + Wi, k—2; j
= Bijli, k-1 j1 + XUk j1 — Bijl ke1; it Wi ke2s 12U k1,141
= Yiilik; j,141 T 2Ui pi1;j 041 + Uik j142 = 0,

or

1
uip; j1 = 5 - PBij [wi, k1, ji + Wi, ksn; o) + Vijltins jo 11 + Wik 141
ij

=2t po1 o1 F W ket 01 W ks io1 F W ks 041 )

—Uiks j,1-9 = Wiks j, 142 — Ui k=2 j1 = Wi, k+2: 1> ®
where
2 2 2 2
ay = 20 + 2(ﬂj + Q[qu , Bj =8+ (plj and v; = 8 +[ql) .
ni m] ni m]

Now to obtain a numerical solution on the refinement we apply in
each subdomain Q;,1=0,..,N,j=0,.., M, by using SOR method
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Uik j1 = _{Bl] [uL(VI:II gt uz(vlzﬂ jl]+ Yij[uik;j,lfl + L(f\’])] 11]
- 2[uz(vl:11) J,l- 1t z(,vk):—l; J,l+1 + L(VI;R J,l- a7t z(,vk):+1;j,l+l]
L Il T ©
”z(i:zll) = uz(/:) i+ o ji - uz(/:) i (10)
where

l<owc<?2, k=1 .,n-1, i=0,.., N,

The formula (9) gives an approximation by Gauss-Seidel method
while the next step (10) is used for the acceleration of the convergence.

Note that near the border of the domain Q the extra unknowns
Uo,-1;ji> UN+1,1; 5> Jj=0,.. M I=1,., mj, and Uik;0,-1> Uik; M+1,1>
i=0,.., N, k=1,.., n; are eliminated using the boundary conditions

of this problem and do not participate in the iterations. The above
described approach can be formalized as the following algorithm.

Algorithm 3.1. SOR method for solving the system of difference
equations.

Let u be the approximate solution of the original problem, ¢ be an

error bound of exact solution of this system and v be an iteration number.
1. Input the data
N, M, h, o, g

(xi, yj, fz]), 1 = 0, ceey N+1, _] = 0, ceey M +1,

ffo), i=0,.,N+1, j=0,M+1,
ﬂ£02), i=0,N+1, j=0,.., M+1,
22 0 N+1, j=0, M+1.

Y ’
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2. Calculate the following quantities:
hi’ n;, i = 0, ceey N,

lj, m]', _] = 0, veey M,

O(ij, Bij’ and ’YU for each 1 = 0, ceey N, ] = O, veey M.

3. Define tension parameters Pij» 9> 1=0,.., N, j=0,..., M by
one of 1-D algorithms of shape-preserving interpolation.

4. Solve the difference equations from (3) and (4) as 1-D problems to

find:

0 ifi=0,.., N-1,
uik;ﬂ, k= L l=1, T4 mj —1,j= 0, veey M,
0,ny if i = N,

0 if j=0,.., M-1,
uik;ﬂ,kzl, ceey —1,i=0, ceey N,ZI

0, my if j =M,

w29 p -

0 ifi=0, .
lk,]l’ l:]., eey mJ_l,]ZO, ceey M,

ny lfLZN,

©2) p -1, . n-1i=0,.,N,1=

0 if j =0,
Uik il »

my if j = M.
5. Apply the boundary conditions to find
Uo,-1;jl> UN,ny+1j1> L =1 o mj, j=0,.., M;
Uik,0,-15 Wik; M,mp+1> R =1 ..., n;, 1 =0, .., N.
6. Find the initial values
W) k=1 —1i=0, ., N I=1.,m-1j=0, ., M

by using a piecewise linear interpolation.
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7. Make the iterations:

v=0

DO WHILE max] wV) g, v)

i il ~ Wi 2 €

LR,

DO j=0,..M
DO i=0,.., N
DO [=1,.., mj —1
DO k=1,..,n;, -1
Find & by the equation (9).
Find 0+ by the equation (10).
END DO
END DO
END DO
END DO

v=v+1
END DO

8. Print the output

(v)

(v) ) (v)
Uoo; 000 Uo0; ji0 koo a0d Uy

kI]_, ey Iy, iZO, ceey N, l=1, veey mj, jIO, ceey M.

4. Numerical Experiments and Examples

The algorithms introduced in the previous sections work well on more
general data than used in examples given below. If the algorithm fails in
the data monotonicity and/or convexity on some intervals, then we have
to increase the values of the corresponding tension parameters using
algorithm of automatic selection of shape control parameters. This

provides the properties of monotonicity and convexity for any data.

Example 4.1. We tried to reconstruct the surface by the data of
Thailand’s topography. The initial data was obtained from Mr. A.
Boonleart of King Mongkut’s University of Technology Thonburi,
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Bangkok. Three-dimensional view of the initial data is shown in Figure 1.
Figure 2 was obtained by setting all tension parameters to zero. The
surface in Figure 2 does not preserve the shape of the data. The new
surface which preserves the shape of data was obtained by adjusting the

tension parameters and shown in Figure 3.

Example 4.2. We tried to reconstruct the surface of test function
with the scattered data,

—Ll(ox-2)? +(9y-2)7] .3 e—[fg(9x+1)2+%(9y+l)}

f(x, y)=%e 4

- Lolon-afrorrP1 L O]

This function is well-known and usually used for testing each
algorithm. Three-dimensional view of the test function was shown in
Figure 4. Figures 5 and 6 were the initial grid and data points. Figure 7
was obtained by setting all tension parameters to zero. That is
considering an approximation of the usual thin plate splines interpolating
the data. Figure 8 was obtained by setting optimal values of all tension

parameters. These two figures are quite similar.
5. Conclusion

This work aims to develop the new efficient algorithm for solving the
problem of shape-preserving spline interpolation. SOR iterative method
for the numerical solution of this problem is considered. In this algorithm,
the computer time especially the operation count is around 18n, i.e.,

O(n), for each iteration, where n is the number of unknowns in the

interpolation problem. The required memory is about n. The algorithm

can be easily converted into a programming code.

The results of this work can be used in many applied problems and
first of all in CAGD (design of curved and surfaces in the construction of
different products such as car bodies, ship hulls, airplane fuselages, etc.).
Other applications include the description of geological, physical and
medical phenomena, image analysis, high resolution TV system,

cartography, etc.



370

A. LUADSONG and O. SUTTISRI

Acknowledgements

The author is very thankful to his mentor, B. I. Kvasov, who directed

author’s attention to spline functions, and whose influence contributed

substantially towards the research interest and activities of the author in

this direction of work. I would also like to thank my family, whose

continuous encouragement and support sustained me through the

preparation of this work.

(1]

(2]

(3

(4]

(5]

(6]

References

G. H. Golub and C. F. Van Loan, Matrix Computations, The John Hopkins
University Press, Baltimore, London, 1996.

J. Hoschek and D. Lasser, Fundamentals of Computer Aided Geometric Design, A.
K. Peters Ltd., Wellesley, Massachusetts, 1993.

N. N. Janenko and B. I. Kvasov, An iterative method for construction of polycubic
spline functions, Soviet Math. Dok. 11 (1970), 1643-1645.

B. 1. Kvasov, Methods of Shape-Preserving Spline Approximation, World Scientific
Publ. Co. Pte., Singapore, 2000.

A. Luadsong, The method for 2-D shape preserving interpolation problem,
Proceedings of the 7th Annual National Symposium on Computational Science and
Engineering (ANSCSE7), Chulalongkorn University, Bangkok, Thailand, March
24-26, 2003, pp. 351-360.

N. N. Yanenko, The Method of Fractional Steps, Springer-Verlag, New York,
Heidelberg, Berlin, 1971.



SHAPE-PRESERVING SPLINE APPROXIMATION ...

N4
A N
/7
IR INKIS 7
% ?.ggﬂ

:
‘.@

v:
IR

o by

25

Figure 1. The initial data.

Figure 2. The surface with zero tension parameters.
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Figure 3. The surface with optimal tension parameters.

Figure 4. 3-D view of the test function.



SHAPE-PRESERVING SPLINE APPROXIMATION ... 373

Figure 5. The data points. Figure 6. The initial data.
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Figure 7. The surface with zero  Figure 8. The surface with optimal

tension parameters. tension parameters.



