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Abstract

In this paper, we use the modified Mann iteration method introduced by

Kim and Xu [7] to show the strong convergence for asymptotically

nonexpansive mappings in uniformly smooth Banach spaces. The results

presented in this paper affirmatively answered the question proposed by

Kim and Xu [8].

1. Introduction

Let K be a nonempty closed convex subset of real normed linear space

E. A mapping KKT →:  is said to be nonexpansive if yxTyTx −≤−

for all ., Kyx ∈  A mapping KKT →:  is called asymptotically non-

expansive if there exists sequence { } [ ),,1 ∞⊂nk  1→nk  as ∞→n  such

that

yxkyTxT n
nn −≤− (1.1)
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for all Kyx ∈,  and each .1≥n  A mapping KKT →:  is said to be

uniformly asymptotically regular if 01 →−+ xTxT nn  as ∞→n  for all

.Kx ∈  In this paper, we use ( )TF  to denote the fixed point set of T, i.e.,

( ) { }.: xTxKxTF =∈=

The interest and importance of construction of fixed points of

nonexpansive mappings stem mainly from the fact that it may be applied

in many areas, such as image recovery and signal processing (see, e.g., [1,

2, 12, 13]).

Iterative techniques for approximating fixed points of nonexpansive

mappings have been studied by various authors (see, e.g., [3, 5, 6, 15]),

using the famous Mann iteration process or the Ishikawa iteration

process.

Mann iteration procedure is a sequence { }nx  which is generated in

the following recursive way

( ) 0,11 ≥α−+α=+ nTxxx nnnnn (1.2)

where the initial value Kx ∈0  is chosen arbitrarily. However, the Mann

iterations for nonexpansive mapping have only weak convergence even in

Hilbert space.

Some attempts to modified the Mann iteration (1.1) so that strong

convergence is guaranteed have recently been made, such as Nakajo and

Takahashi [10] and Kim and Xu [7]. In [7], Kim and Xu introduced a

modified Mann iteration sequence { }nx  in the following way: For

arbitrary Kx ∈0

( ) ,1 nnnnn Txxy α−+α=

( ) 0,11 ≥β−+β=+ nyux nnnn (1.3)

where Ku ∈  is an arbitrary (but fixed) element in ,K  { }nα  and { }nβ  are

two sequences in ( ).1,0  In uniformly smooth Banach space, they obtained

the following strong convergence theorem for nonexpansive mappings.
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Theorem 1 [7]. Let C be a nonempty closed convex subset of a

uniformly smooth Banach space X and CCT →:  be a nonexpansive

mapping such that ( ) .∅≠TF  Given a point Cu ∈  and given sequences

{ }nα  and { }nβ  in (0, 1), the following conditions are satisfied:

(1) ;0,0 →β→α nn

(2) ∑ ∑∞
=

∞
=

∞=β∞=α
0 0

;,
n n nn

(3) ∑ ∑∞
=

∞
= −− ∞<β−β∞<α−α

0 0 11 ,
n n nnnn

the sequence { }nx  is defined by (1.3). Then { }nx  converges strongly to a

fixed point of T.

Being an important generalization of the class of nonexpansive

mappings, the class of asymptotically nonexpansive mappings was

introduced by Goebel and Kirk [4] in 1972, who proved that if K is a

nonempty bounded closed convex subset of a real uniformly convex

Banach space and T is an asymptotically nonexpansive mapping on K,

then T has a fixed point.

In 2006, Kim and Xu [8] proposed whether the modified Mann

iterations (1.3) can be adapted to asymptotically nonexpansive mappings

similar to nonexpansive mappings in [8]. In this paper, we construct the

following iteration method to approximate a fixed point of asymptotically

nonexpansive mapping T: Fixed a ,Ku ∈  for arbitrary Kx ∈1

( ) ,1 n
n

nnnn xTxy α−+α=

( ) 1,11 ≥β−+β=+ nyux nnnn (1.4)

and obtain the strong convergence of { }nx  under some appropriate

assumptions on { }nα  and { },nβ  which affirmatively answered the question

proposed by Kim and Xu [8]. Meanwhile, we prove that the fixed point set

( )TF  of T is sunny nonexpansive retract of K if K is a nonempty bounded

closed convex subset of a uniformly smooth Banach space E.
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2. Preliminaries

For the sake of convenience, we restate the following concepts and

lemmas.

A closed convex subset K of E is said to be retract if there exists

continuous mapping KEP →:  such that xPx =  for all .Kx ∈  A

mapping EEP →:  is said to be a retraction if .2 PP =  A mapping P

from E onto K is said to be sunny if ( )( ) PxPxxtPxP =−+  for all Ex ∈

and .0>t  A subset K of E is said to be sunny nonexpansive retract of E if

there exists a sunny nonexpansive retraction of E on K.

Note. If a mapping P is a retraction, then zPz =  for every ( ),PRz ∈

range of P. In addition, if E is a Hilbert space, then the metric projection

KP  is a sunny nonexpansive retraction from E to any closed convex

subset K of E.

Lemma 2.1 [16]. Let { }na  be a sequence of nonnegative real numbers

satisfying the following

( ) 0,11 ≥δ+β−≤+ naa nnnn

where { } ( )1,0⊂βn  and { }nδ  are such that (1) 0lim =β∞→ nn  and

∑∞
=

∞=β
0

;
n n  (2) .0suplim ≤

β
δ

∞→
n

n
n  Then { }na  converges to zero.

Lemma 2.2 [11]. Let E be a real Banach space. Then the following

inequality holds: for all ,, Eyx ∈  we have

( ) ( ) ( ).,,222 yxJyxjyxjyxyx +∈+∀++≤+

Lemma 2.3 [14]. Let E be a uniformly smooth Banach space and K be

a convex subset of E. Let C be a nonempty subset of K and P be a retraction

from K onto C. Then P is sunny and nonexpansive if and only if for each

Ku ∈  and ( ) .0,, ≤−−∈ qPuJuPuCq

Theorem LX [9]. Let E be a uniformly smooth Banach space, K be a

nonempty bounded closed convex subset of E and KKT →:  be an
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asymptotically nonexpansive mapping with sequence { } [ ).,1 ∞⊂nk  Fix a

Ku ∈  and { }nZ  defined by

,1 n
n

n

n

n

n
n ZT

k
t

u
k
t

Z +





 −=

where { } ( )1,0⊂nt  is a sequence such that 1lim =∞→ nn t  and

.0
1

lim =
−
−

∞→
nn

n
n tk

k
 If ,0lim =−∞→ nnn TZZ  then { }nZ  converges

strongly to a fixed point of T.

3. Main Results

Lemma 3.1. Let K be a nonempty closed convex subset of a Banach

space E and KKT →:  be an asymptotically nonexpansive mapping with

sequence { } [ ).,1 ∞⊂nk  For a fixed Ku ∈  and arbitrary ,1 Kx ∈  suppose

that { }nx  is generated by (1.4), where { } ( ) { } ( )1,0,1,0 ⊂β⊂α nn  and { }nk

satisfy the following conditions:

(1) ;0limlim,
1

=β=α∞=β ∞→∞→
∞
=∑ nnnnn n

(2) ( ) ∑∑ ∑ ∞
= −

∞
=

∞
= − ∞<β−β∞<α−α∞<−

2 11 2 1 ;,,1
n nnn n nnnk

(3) .0lim 1
1

1 =
β
− −

−
−

∞→
n

n
n

n
n

n
xTxT

If ( )TF  is nonempty, then .0lim =−∞→ nnn Txx

Proof. Firstly, we show that { }nx  is bounded. Taking ( ),TFp ∈  then

( ) pxkpxpy nnnnnn −α−+−α≤− 1

pxk nn −≤ (3.1)

and

( ) pxkpupx nnnnn −β−+−β≤−+ 11

{ }.,max pxpuk nn −−≤ (3.2)
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By induction, we have

{ }.,max 1211 pxpukkkpx nn −−≤−+

Setting .1 nn uk =−  Thus

( ) ( ) ( ) { }pxpuuuupx nn −−+++≤−+ 1211 ,max111

{ }.,max 1
1 pxpue n nu

−−< ∑∞
=

Since ( )∑∞
=

∞<−
1

,1
n nk  ∑∞

=
∞<

1
.

n nu  Therefore { }nx  is bounded. So are

{ }ny  and { }.n
nxT

It follows from (1.4) that

,as0 ∞→→−α=− nxTxxTy n
n

nnn
n

n (3.3)

.as01 ∞→→−β=−+ nyuyx nnnn (3.4)

Further, we have

.as01 ∞→→−+ nxTx n
n

n (3.5)

Secondly, we prove that .0lim 1 =−+∞→ nnn xx

( ) ( ) 1111 11 −−−+ β−+β−β−+β=− nnnnnnnn yuyuxx

( ) ,1 1111 −−−− β−β+−β−+β−β≤ nnnnnnnn yyyu (3.6)

where

( ) ( ) 1
1

1111 11 −
−

−−−− α−−α−α−+α=− n
n

nnnn
n

nnnnn xTxxTxyy

( ) 1111 1 −−−− −α−+α−α+−α≤ n
n

n
n

nnnnnnn xTxTxxx

( ) 1
1

111
1

1 1 −
−

−−−
−

− −α−+α−α+ n
n

n
n

nn
n

nn xTxTxT

( )1
1

111 −
−

−−− +α−α+−≤ n
n

nnnnnn xTxxxk

.1
1

1 −
−

− −+ n
n

n
n xTxT (3.7)
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Since { } { }nn yx ,  and { }n
nxT  are bounded, there exists 0>M  such that

{ } MxTxyu n
n

nn ≤,,,max  for all positive integers n. Thus,

from (3.6) and (3.7), we have

( ) 111 21 −−+ β−β+−β−≤− nnnnnnnn Mxxkxx

.2 1
1

11 −
−

−− −+α−α+ n
n

n
n

nn xTxTM (3.8)

Since { } ( ) ∑∞
=

∞=β⊂β
1

,1,0
n nn  and ( )∑∞

=
∞<−

1
,1

n nk  
n

n
n

k
β
−

∞→
1

lim

,0=  i.e., ( ),1 nn ok β=−  thus there exists positive real sequence { }nd  such

that ,1 nnn dk β=−  where .0lim =∞→ nn d  It follows from (3.8) that

( )[ ] 11 11 −+ −β+−β−≤− nnnnnnnn xxddxx

( ) .2 1
1

111 −
−

−−− −+α−α+β−β+ n
n

n
n

nnnn xTxTM

Since ,0lim =∞→ nn d  there exist ( )1,0∈δ  and positive integer N

such that δ>β+− nnn dd1  as .Nn ≥  Therefore, as Nn ≥

( ) ( )1111 21 −−−+ α−α+β−β+−δβ−≤− nnnnnnnnn Mxxxx

.1
1

1 −
−

− −+ n
n

n
n xTxT

It follows from Lemma 2.1 that .0lim 1 =−+∞→ nnn xx  In addition,

.11 n
n

nnnn
n

n xTxxxxTx −+−≤− ++

Further, it follows from (3.5) that .0lim =−∞→ n
n

nn xTx

Finally, we show that .0lim =−∞→ nnn Txx  Since

1
111

+
+++ −+−≤− n

n
n

n
n

n
nnn xTxTxTTxTxx

nnnn
n xxxxT −+−+ +++
+

111
1

nnnn
n

n xxkxTxk −+−≤ ++ 111

.111
1

nnnn
n xxxxT −+−+ +++
+

Therefore, .0lim =−∞→ nnn Txx  The proof is completed.
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Theorem 3.2. Let K be a nonempty bounded closed convex subset of a

uniformly smooth Banach space E and KKT →:  be a uniformly

asymptotically regular and asymptotically nonexpansive mapping with

sequence { } [ ).,1 ∞⊂nk  For a fixed Ku ∈  and arbitrary ,1 Kx ∈  suppose

that { }nx  is generated by (1.4). If { } ( ) { } ( )1,0,1,0 ⊂β⊂α nn  and { }nk

satisfy the conditions as in Lemma 3.1, then { }nx  converges strongly to a

fixed point of T.

Proof. Under the conditions of our Theorem 3.2, it follows from

Corollary 1 in [9] that the fixed point set ( )TF  of T is nonempty. To

show our result, let sequence { }nZ  be defined as in Theorem LX and we

may choose that { } ( )1,0⊂nt  satisfies the conditions as in Theorem LX,

i.e., 1lim =∞→ nn t  and .0
1

lim =
−
−

∞→
nn

n
n tk

k
 Since K is bounded and

,1 n
n

n

n

n

n
n ZT

k
t

u
k
t

Z +







−=  we have

∞→→−





 −=− nZTu

k
t

ZTZ n
n

n

n
n

n
n as01 (3.9)

and

nn
n

n
n

n
n

n
n

nnn TZZTZTZTZTZTZZ −+−+−≤− ++ 11

( ) .1 1
1 n

n
n

n
n

n
n ZTZTZTZk +−+−+≤

Thus, it follows from (3.9) and the uniformly asymptotically regularity of

T that .0lim =−∞→ nnn TZZ  Therefore { }nZ  converges strongly to a

fixed point of T by Theorem LX. We may set .lim nn ZsPuq ∞→−==

We claim that ( ) 0,suplim ≤−−∞→ nn xPuJuPu

( ) ( )
2

2 1 nm
m

m

m
n

m

m
nm xZT

k
t

xu
k
t

xZ −+−




 −=−

( )nmn
m

m
nm

m

m

m xzJxu
k
t

xZT
k
t

−−




 −+−





≤ ,122

2
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[ 22
2

nmm
m

m xZk
k
t

−







≤

( ) ]nn
m

nn
m

nmm xxTxxTxZk −−+−+ 2

( ) .12,12 2
nm

m

m
nmm

m

m xZ
k
t

xZJZu
k
t

−







−+−−








−+

Setting ( ).2
2

2

nn
m

nmm
m

m
n xxTxZk

k

t
L −+−=  Since K is bounded and

,1lim =∞→ nn k  there exists 0>M  such that { } MxZkL nmmn ≤− 22,max

for all positive integers m and n. Thus we have

( )nmm
m

m xZJuZ
k
t

−−





 − ,12

nn
m

m

m xxTMM
k
t

−+





 −≤

2
1

( +−+−+







−≤ nnnn

m

m xTTxTxxMM
k
t 2

2

1

)n
m

n
m xTxT −+ −1

( ) .11 121

2

nnm
m

m TxxkkkMM
k
t

−+++++





 −≤ −

Hence

( )nmm xZJuZ −− ,

( )
.

1

1
2

1
121

m

m

nnmm

m

k
t

TxxkkkM
M

k
t

−

−++++
+

−
≤ − (3.10)

Letting ∞→n  in (3.10), it follows from Lemma 3.1 that

( ) .
2

1
,suplim M

k
t

xZJuZ m

m

nmmn

−
≤−−∞→ (3.11)
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Since K is bounded and E is uniformly smooth Banach space, the

duality mapping J is norm-to-norm uniformly continuous on bounded

subset of E. Letting ∞→m  in (3.11), it is easily found that the two

limits can be interchanged. Therefore, ( ) .0,suplim ≤−−∞→ nn xPuJuPu

Finally, we show that { }nx  converges strongly to the fixed point Pu

of T.

It follows from Lemma 2.2 that

( ) ( ) ( ) 22
1 1 PuyPuuPux nnnn −β−+−β=−+

( ) ( ) .,21 1
222 PuxJPuuPuxk nnnnn −−β+−β−≤ +

Since { } ( ) ∑∞
=

∞=β⊂β
1

,1,0
n nn  and ( ) ,1

1∑∞
=

∞<−
n nk  ,0

1
lim =

β
−

∞→
n

n
n

k

i.e., ( ).1 nn ok β=−  Hence there exists positive real sequence { }nd  such

that ,1 nnn dk β=−  where .0lim =∞→ nn d  Thus

( ) ( ) 2222
1 211 PuxddPux nnnnnnn −β+β+β−≤−+

( )PuxJPuu nn −−β+ +1,2

[ ( )] 2222 2211 Puxdddd nnnnnnnnn −β+β+β−−β−=

( ) .,2 1 PuxJPuu nn −−β+ +

Since ,0lim =∞→ nn d  without loss of generality, we may assume that

2
1221 222 >β+β+β−− nnnnnnn dddd  for all positive integers n. Hence,

( ) .,2
2

1 1
22

1 PuxJPuuPuxPux nnn
n

n −−β+−





 β

−≤− ++

It follows from Lemma 2.1 that .0lim =−∞→ Puxnn  The proof is

completed.

The fixed point set ( )TF  of T is nonempty under the conditions in

Theorem 3.2. We now prove that ( )TF  is sunny nonexpansive retract of K.
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Theorem 3.3. Let K be a nonempty bounded closed convex subset of a

uniformly smooth Banach space E and KKT →:  be a uniformly

asymptotically regular and asymptotically nonexpansive mapping with

sequence { } [ ).,1 ∞⊂nk  Then the fixed point set ( )TF  of T is sunny

nonexpansive retract of K.

Proof. Since KKT →:  is an asymptotically nonexpansive mapping

with sequence { } [ ),,1 ∞⊂nk  we may choose a real sequence { } ( )1,0⊂nt

such that 1lim =∞→ nn t  and .0
1

lim =
−
−

∞→
nn

n
n tk

k
 Let sequence { }nZ  be

defined as in Theorem LX. It is easily shown that 0lim =−∞→ nnn TZZ

because T is uniformly asymptotically regular. Thus, it follows from

Theorem LX that { }nZ  converges strongly to a fixed point of T. Let P be a

mapping from K onto ( )TF  and .lim nn ZsPu ∞→−=  For each ( ),TFq∈

we have (the proof of Theorem 2 of [9])

( ) ,, 2dSqZJuZ mmm ≤−− (3.12)

where d is the diameter of K and 0
1

→
−
−

=
mm

m
mm tk

k
tS  as .∞→m  It is

a fact that J is norm-to-norm uniformly continuous on bounded subset K

of E since E is uniformly smooth Banach space. Therefore, letting ∞→m

in (3.12), for all ( )TFq ∈  we have

( ) .0, ≤−− qPuJuPu

It follows from Lemma 2.3 that ( )TF  is sunny nonexpansive retract of K

and P is a sunny nonexpansive retraction from K onto ( ).TF  The proof is

completed.
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