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Abstract

With the definition the perturbation of fuzzy relational equation based
on max-+ composition by means of the index of measurement, we
discuss the condition that fuzzy relational equation and its
perturbational equation possess solutions. Then we give a formula to
estimate the perturbation of a fuzzy relational equation and also
changes in the number of its maximal solutions and minimal solutions.

1. Introduction

In recent years, the perturbation theory of fuzzy relational equation
has been applied in various fields, for example, in fuzzy control systems,
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fuzzy inference and fuzzy logic. Due to its importance, the issue of
perturbable theory of fuzzy relational equation has drawn significant
attention in the past few years and a lot of progress has been made
[6-8, 10]. By the definition of perturbable element, Tang discussed the
perturbation of fuzzy relational equation [5]. Zhang answered questions
which Tang left behind [10]. However, they did not answer how the
solutions of fuzzy relational equation are impacted by all perturbable
elements of fuzzy matrix. In this paper, first we define the perturbation of
fuzzy matrix, then discuss the perturbation of fuzzy relational equation.

Finally some useful results are obtained.

Our work is organized as follows. In Section 2, we discuss the
condition that perturbational fuzzy relational equation possesses
solutions. In Section 3, we give a relation between the maximal solutions
of fuzzy relational equations (3) and (4). Section 4 is devoted to finding
the relation between the minimal solutions of (3) and (4).

Definition 1.1 [9]. Let X = {x1, x9, ..., x,}, Y = {31, Y2, --» ¥ }- Then
we refer mapping A : X — L as fuzzy set on X, denoted by F(X).
Furthermore, R: X xY — L iscalled X xY a fuzzy relation on X XY,
denoted by F(X xY).

In this paper, we promise the universe of discourse is finite and
L =1[0,1] aswellas N = {1, 2, ..., n}.
Definition 1.2 [4]. Let A = (ajj),.pn> B = (bij)up» B = (1ij),np be
called max-+ composition of A and B, in symbols R = A ® B, where r;; =
Tala *by)(i =12 ...,n,1=1,2, .., k)

J

There are three classes of fuzzy relational equations as follows [7]:
(1) R = () and B = (by, by, ..., b,)’ are given, how to find an
X = (%, X9, ..., x,,)", where B = R ® X holds.

@) A =(aj, as, ..., a,,)" and B = (b, by, ..., b,)" are given, how to
find X = (x;) where B = X © A holds.

nxm?
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3) A =(ay, ay, ..., a,) and b€ [0,1] are given, how to find X =
(%1, Xg, oy Xy )., where b = A ® X holds.

And (2) is equivalent to (3) [7]. So we only discuss the perturbation of

solution (3).

Lemma 1.3 [3]. The solution of (3) exists if and only if G(b) =
{i e N|la; > b} # D holds.

Definition 1.4. Let A = (a;;) A" = () pun> if 0<afj —a;j <e

mxn’ ij y -

holds. Then we refer A’ as the upper perturbation of A, denoted by
A’ = (+e)A. If 0 < a; —ajj <& holds, then we refer A" as the lower

perturbation of A, denoted by A’ = (-¢)A. If | ajj - q;; | < ¢ holds, then
we refer A’ as the total perturbation of A, denoted by A’ = (g) A.

Now we discuss the relation between the solutions of \/?:1 (a; *x;)

=b and \/?:1 (af *x;) =0, denoted (3) and (4), respectively.

2. The Condition for the Existence of Solution of (4)

Lemma 2.1. Suppose the solution of (3) exists, if A" = (¢)A, b' = (8)b,
then the solution of (4) exists.

Proof. By Lemma 1.2, the solution of (4) exists if and only if G(b') =
{i e N|a} > b'} # @ holds. Since A’ = (¢)A, b’ = (8)b, we have

(@ —e)-b+8)<al-b <(a; +&)—(b-23). (*)

Because the solution of (3) exists, there at least exists an i € G(b) such
that a@; —b > 0, thus a; —b+ (¢ +38) > 0. It is easy to find that in a! =
a; +g b =b-3 case, a} —b' = (a; +¢)—(b-3) holds, thus a; —b" > 0,
furthermore G(b') = @.

Corollary 2.2. Suppose the solution of (3) exists, then the solution of
(4) exists.
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Lemma 2.3. Suppose the solution of (3) does not exist, if A' = (g)A,
b’ = (8)b and ¢+ 8 > max(b — a;) (Vi € N), then the solution of (4) exists.

Corollary 2.4. Suppose the solution of (3) does not exist, then the
solution of (4) exists if one of the following holds:

(1) A" = (+&)A, b' = (+8)b and & > max(b — q;);
(1) A" = (-¢)A, b' = (-8)b and & < max(a; - b);
(1) A" = (+&)A, b = (-8)b and £ + & > max(b — q;), where Vi e N.

Remark. (1) Suppose the solution of (3) exists, since the right (*) is

not negative forever, the solution of (4) does not exist anyway.

(2) Obviously G(b) = G(b') holds.

3. On the Relation between the Maximal Solutions of (3) and (4)

We suppose that the solutions of (3) and (4) exist. For writing
conveniently, the maximal solutions of (3) and (4) are denoted by X* and
X" respectively, while the minimal solutions of (3) and (4) are denoted

by X, and X}, respectively. In addition, x; and x;" denote as X" i-th
coordinate of X* and X’ respectively, while x.; and x%; denote as i-th
coordinate of X, and X, respectively.

Lemma 3.1 [6]. If the solution of (3) exists, then X" = (aq0b, agab,

T. . . . .
ey @p0b)” is its maximal solution, where aab = vi{x|a *x < b} and * isa

continuous t-norm on [0, 1].

Theorem 3.2. Let

At {((ai —g)v0)a((b+38)Al)—aq;ab, e G(b),
"o, i ¢ G(),
A - {((ai +&e)Ala((b-38)v 0)-a;ab, ie Gb),
i 7o, i ¢ GO).

If A" = (£)A and b’ = (8)b, then inf(x!" —x}) = A7, x}" —x] < A}
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Proof. We will prove the case of i € G(b). The proof of the rest is
similar.

Obviously x!* —x; = aab’ — q;ab. Since the operator o is non-
increasing to first variable and non-decreasing to second variable, —¢ <
aj —a; <¢ and =8 < b —b < § hold, hence ((a; +&)A1)a((b-3)v0)-
a;ab < & —x; < ((a; —€)v 0)a((b +8) A1) — q;ab. Especially, if a} = q;

+¢g, b = b -3, wehave inf(x}" —x;) = A].

Remark. A} is not always the minimal upper bound. However, if

a; —b>¢e+3 holds, then a} =a; —¢, b =b+3, therefore Al is the

minimal upper bound.
Similarly we have the following:
Corollary 3.3. Let
At {aia((b +3)Al)—a;ab, ie G(b),

12

0, i ¢ G(b),
o~ {((ai +e)Al)ab —aab, e G(b),
"o, i ¢ GO

If A' = (+e)A and b’ = (+3)b, then inf(x}" — x]) = A}, x}" —x] < A}

1 - I
Corollary 3.4. Let
A {((ai —g)v 0)ab —aq;ab, ie G(b),

12

0, i ¢ G,
A = {aioc((b -38)v 0)-a;ab, ie G(),
o, i ¢ G(b).

IfA'=(-¢)A and b’ = (- 8)b, then inf(x]" — x]) = A}, x}" —x; <A}
Corollary 3.5. Let
Af =0,
I {((ai +e)Ala((b-38)v 0)—a;ab, ie Gb),
"o, i¢ GO
If A’ = (+e)A and b’ = (- 8)b, then inf(x;" —x}) = A7, x}" —x; <O.
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Corollary 3.6. Let

A; =0,

AT =

l

{((ai —g)vO0)o(b+8)Al)—a;ab, ie Gb),
0, i ¢ G(b).

If A" = (-¢)A and b' = (+8)b, then inf(x}" —x;) =0, x}" —x; < A}.

Remark. (1) A} may be negative, for example, in case of i € G(b)
— G(b). This means that there is a shrink at i coordinate of the maximal
solution.

(2) If ¢+8 <min(b-a;)( ¢ G(b)), then G(b') = G(b) holds. Only
when G(b’) = G(b) the total maximal solution of (4), increases or

decreases, otherwise the change occurs at some coordinates of the

maximal solution.

(3) Let A* = max A}, A~ = min A;. If G(b) = G(b'), then inf(X"™ - X™)
=A, X" -X"<A". Especially, if A" = sup(X"* - X*), then X" =
(A) X", where A = max{A", - A" }.

4. On the Relation between the Minimal Solutions of
Fuzzy Relational Equations (3) and (4)

Lemma 4.1 [3]. The minimal solutions of (3) exist if and only if
Gb) = @.

Lemma 4.2 [3]. The minimal solutions of (3) are formed by X, =
a;cb, j

_=l, (i € G(b)), ach = Alx|a *x > b}, and
0, J#1

* is continuous t-norm on [0, 1].

(x*j)jeN’ where x,; = {

Lemma 4.3 [3]. The number of minimal solutions of (3) is | G(b)|.

According to Lemma 4.3, we obtain the following lemma.

Lemma 4.4. (i) If G(b) c G(b'), then the difference of the number of
minimal solutions between equations (3) and (4) is | G(b') | —| G(b) |.
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(1) If G(') = G(b), then the difference of the number of minimal
solutions between (3) and (4) is | G(b)| —| G(b')|.

(i) If G(b) = G(b'), then the number of minimal solutions of (4) is
equivalent to that of (3).

The same as above, after being perturbed the minimal solution of
fuzzy relation equations is either increased or vanished. So it is sufficient
to discuss the situation that the corresponding coordinates of minimal

solutions of (3) and (4) are both nonzero.

Theorem 4.5. Let
((a; —€) v 0)o((b+8)Al)—ajob, if A" =(e)A, b = (8)b,

ajo((b +8) A1) - ajob, if A'=(+¢)A, b = (+3)b,
A5 = ((a; —€) v 0)ob - a;ob, if A'=(-¢g)A, b =(-3)b,
0, if A'=(+¢)A, b =(-3)b,

((a; —€) v 0)o((b+8) A1) —ajob, if A'=(—g)A, b = (+5)b,
((a; + &) A)o((b—8)v 0) - ajob, if A" = (c)A, b = (5)b,

((a; +¢&) A1)ob - ajob, if A'=(+¢)A, b = (+3)b,
A =1a;06((b - 8) v 0) - ajod, if A'=(-¢)A, b =(-8)b,
((@; +e)A1)o((b-8)v 0)—a;ob, if A" =(+g)A, b =(-3)b,
0, if A'=(-¢g)A, b =(+3)b,

we have inf(X}; - X, ;) = Aj, Xi; - X, < AJ;-, especially if sup(X; — X, ;)

= A}, then X} = (A)X., where A = max{A}, - A}}.
Proof. The proof is similar to that of Theorem 3.2.

In summary we first show the condition that perturbational fuzzy
relational equation possesses solutions, further we investigate the
relation between the maximal solutions of fuzzy relational equations (3)
and (4) as well as the relation between the minimal solutions of (3) and

4).
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