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Abstract

In this paper, dual Lorentzian angles and dual split quaternions are
defined. Then using these concepts, rotation motions, translation
motions and screw motions are obtained in 3-dimensional Lorentzian

space .3
1R

1. Introduction

For the vectors ( )321 ,, xxxx =  and ( )321 ,, yyyy =  the Lorentzian

inner product  on 3R  is given by

., 332211 yxyxyxyx ++−=

The vector space on 3R  equipped with the Lorentzian inner product is

called 3-dimensional Lorentzian space and denoted by .3
1R  For a vector

3
1R∈x  the sign of xx,  determines the type of x. If it is positive, then x

is called a space-like vector. If it is zero, then x is called a null vector or
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light-like vector. If it is negative, then x is called a time-like vector.

Moreover, if the first component 1x  of x is positive, then x is called a

positive vector. If 1x  is negative, then x is called a negative vector. For

,3
1R∈x  the norm of x is defined by ., xxx =  The norm x  is

either positive or zero or positive imaginary. If x  is positive imaginary,

then the notation x  used instead of .x

For the vectors ( ),,, 321 xxxx =  ( ) 3
1321 ,, R∈= yyyy  the cross product

is defined by

( ).,, 122131133223 yxyxyxyxyxyxyx −−−=∧

The subspace ∨ of 3
1R  is time-like space if and only if ∨ has a time-

like vector. ∨ is space-like space if and only if all nonzero vectors of ∨ are

space-like vectors. Otherwise ∨ is light-like space.

In Lorentzian space 3
1R  the angle between vectors x, y is defined as

follows:

(1) For the time-like vectors x, y in 3
1R

,cosh, ϕ⋅−= yxyx

.sinh ϕ⋅=∧ yxyx

(2) For the space-like vectors x, y that span the space-like vector

space in 3
1R

,cos, ϕ⋅= yxyx

if yx ∧  is time-like vector, then

.sin ϕ⋅=∧ yxyx

(3) For the space-like vectors x, y that span the time-like vector space

in 3
1R

,cosh, ϕ⋅= yxyx

.sinh ϕ⋅=∧ yxyx
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(4) For the space-like vector x and positive time-like vector y in 3
1R

,sinh, ϕ⋅= yxyx

ϕ⋅=∧ coshyxyx      [1, 2].

A split quaternion is defined by the base { },,,,1 321 eee  where, ,1e  ,2e

3e  satisfy the equalities ,12
1 −=e  ,12

2 +=e  ,12
3 +=e

,31221 eeeee =⋅−=⋅  ,12332 eeeee −=⋅−=⋅  .23113 eeeee −=⋅−=⋅  So

a split quaternion can be expressed as ,321 ecebeadq +++=  where, a,

b, c, d are real scalars. The set of split quaternions is represented by H. If

we take dSq =  and ,321 ecebeaVq ++=  then the split quaternion

321 ecebeadq +++=  can be re-written as .qq VSq +=  The split

quaternion addition is defined as

212121 qqqq VVSSqq +++=+

for every ., 21 Hqq ∈  Note that 
2121 qqqq SSS +=+  and 

121 qqq VV =+

.
2qV+  The scalar product of split quaternion is

,qq VSq λ+λ=λ

where λ is real scalar.

The split quaternion product denoted by ×, is defined in the table

below

.

1

1

1

11

1

1233

1322

2311

321

321

eeee

eeee

eeee

eee

eee

−−

−−

×

Thus H is a real algebra.
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The conjugate ( )qK  of the split quaternion qq VSq +=  is defined as

( ) .qq VSqK −=  The norm of the split quaternion 321 ecebeadq +++=

denoted by ( )qN  is ( ) ( ) ( ).qKqqqKqN ×=×=  Observe that

( ) 2222 cbadqN −−+=     [3].

The set { }0,, 2
00 =ε∈|ε+ Raaaa  is called the set of dual numbers

and represented by D. The set { },0,, 23
00

3 =ε∈|ε+= RaaaaD  with

the inner product of ,0aaA ε+=  0bbB ε+=  in 3D  defined by

( )bababaBA ,,,, 00 +ε+= (1.1)

forms a space on 3D  that is called dual Lorentzian space and denoted by

.3
1D  Here the inner products on the right side are Lorentzian inner

products in .3R

For all ,0aaA ε+=  0bbB ε+=  in 3
1D  the cross product BA ∧  is

defined as

( ),00 bababaBA ∧+∧ε+∧=∧

where, the cross product in the right side of equality are the cross

products on .3
1R

Let .3
10 DaaA ∈ε+=  If the vector a  is space-like vector, then A  is

said to be space-like dual vector, if the vector a  is time-like vector, then

A  is said to be time-like dual vector, and if the vector a  is light-like

(null) vector, then A  is said to be light-like dual vector or null dual

vector.

The norm of the dual vector 0aaA ε+=  in 3
1D  is defined by

.0,
,

,
0

0 ≠ε+== a
a

aa
aAAA

If ,1=A  then the dual vector A  is called unit dual vector.
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Let d be a directed line in 3
1R  whose direction is given by the vector

.a  Then the type of the vector a  determines the type of d. Namely, if the

vector a  is time-like vector, then the line d is time-like line, if the vector

a  is space-like vector, then the line d is space-like line and if the vector

a  is null vector, then the line d is null line.

There exists one to one correspondence between directed lines in 3
1R

and unit dual vectors in 3
1D  [4, 5].

2. Dual Split Quaternions

Let q, 0q  be split quaternions. Then a dual split quaternion Q is

defined by .0qqQ ε+=  The set of dual split quaternions is denoted by

.D  By taking dual numbers D, A, B, C the dual split quaternion

321 eCeBeADQ +++=  can be re-written as ,QQ VSQ +=  where

,DSQ =  .321 eCeBeAVQ ++=

The sum of dual split quaternions ,1Q  2Q  is defined as

.
212121 QQQQ VVSSQQ +++=+

The product of dual split quaternion Q by the real scalar λ is given by

.QQ VSQ λ+λ=λ

For all ,
0111 qqQ ε+=  

0222 qqQ ε+=  in ,D  their dual split

quaternionic product is given by

( ).21212121 00
qqqqqqQQ ×+×ε+×=×

As a result D  forms a real algebra.

The conjugate of the dual split quaternion 0qqQ ε+=  is denoted by

( )QK  and is defined as

( ) ( ) ( ).0qKqKQK ε+=
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The norm ( )QN  of Q is given by

( ) ( ) ( ).QKQQQKQN ×=×=

The inverse of Q with ( ) 0≠QN  is defined as

( )
( ) .1
QN
QKQ =−

For all 21, QQ  in D

( ) ( ) ( ),2121 QNQNQQN ⋅=×

( ) .1
1

1
2

1
21

−−− ×=× QQQQ

3. Dual Lorentzian Angles

Using the inner product (1.1), the following theorems can be proven.

Theorem 1. Let A  and B be time-like unit dual vectors. Then

( ),cosh, 0εϕ+ϕ−=BA

( ).sinh 0εϕ+ϕ=∧ NBA

Here, N  is unit dual vector corresponding to the line which is

perpendicular to both lines corresponding to the vectors A  and .B

Theorem 2. Let ,a  b  be space-like unit vectors that span space-like

vector space. Then 0aaA ε+=  and 0bbB ε+=  are space-like unit dual

vectors such that

( ),cos, 0εϕ+ϕ=BA

( ).sin 0εϕ+ϕ=∧ NBA

Theorem 3. Let ,a  b  be space-like unit vectors that span time-like

vector space. Then 0aaA ε+=  and 0bbB ε+=  are time-like unit dual

vectors such that
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( ),cosh, 0εϕ+ϕ=BA

( ).sinh 0εϕ+ϕ=∧ NBA

Theorem 4. Let 0aaA ε+=  be space-like unit dual vector and let

0bbB ε+=  be time-like unit dual vector. Then,

( ),sinh, 0εϕ+ϕ=BA

( ).cosh 0εϕ+ϕ=∧ NBA

4. Motions in Lorentzian Space 3
1R

4.1. Motions in between time-like lines

Theorem 5. Let ,0aaA ε+=  0bbB ε+=  be time-like unit dual

vectors and let .
BA
BAN

∧
∧=  Then

( ( ) ( )).sinhcosh 00 εϕ+ϕ+εϕ+ϕ−=× NAB

Proof. Consider the equality

., BABABA ∧+=×

Then the proof follows from Theorem 1.

Corollary 1. Let ,0aaA ε+=  0bbB ε+=  be time-like unit dual

vectors and ( ) ( ).sinhcosh 000 εϕ+ϕ+εϕ+ϕ= NP  Then ,0PBA ×=

.0 APB ×=

Corollary 2 (Rotation Operator). If the lines corresponding to the

time-like unit dual vectors ,A  B  intersect, then the dual angle between

these lines is .0 ϕ=ε+ϕ  In this case,

.sinhcosh0 ϕ+ϕ= NP

Since 0PBA ×=  and ,0 APB ×=  multiplying A  by 0P  from left
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means that rotating the line corresponding to A  around N -axis in

positive direction by ϕ angle. Similarly, multiplying B  by 0P  from right

means that rotating the line corresponding to B  around N -axis in

negative direction by ϕ angle. Here, 0P  is called a rotation operator.

Corollary 3 (Translation Operator). If the lines corresponding to the

time-like unit dual vectors ,A  B  are parallel, then the dual angle between

these lines is .0 00 εϕ=εϕ+  In this case,

.1 00 NP εϕ+=

Since 0PBA ×=  and ,0 APB ×=  multiplying A  by 0P  from left

means that sliding the line corresponding to A  in the direction of N -axis

by .0ϕ  Similarly, multiplying B  by 0P  from right means that sliding the

line corresponding to B  in the direction of N−  by .0ϕ  Here, 0P  is called

a translation operator.

Corollary 4 (Screw Operator). If the dual angle between the lines

corresponding to the time-like unit dual vectors ,A  B  is 0εϕ+ϕ  and

( ) ( ),sinhcosh 000 εϕ+ϕ+εϕ+ϕ= NP

then since 0PBA ×=  and ,0 APB ×=  multiplying A  by 0P  from left

means that first, rotating the line corresponding to A  around N -axis in

positive direction by ϕ angle, then sliding this line in the direction of N  by

.0ϕ  This is the screw motion. Similarly, multiplying B  by 0P  from right

means that, first, rotating the line corresponding to B  around N -axis in

negative direction by ϕ angle, then sliding this line in the direction of N−

by .0ϕ  Here, 0P  is called a screw operator. By taking 00 =ϕ  in screw

operator, a rotation operator is obtained. By taking 0=ϕ  in screw

operator, a translation operator is obtained.
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Example 1. For ,R∈t  the unit dual vectors corresponding the lines

( ) ( ) ( )1,2,30,0,0 tt +=α  and, ( ) ( ) ( )2,1,30,0,1 tt +=β  are 




=

2
1,1,

2
3A

( )0,0,0ε+  and ,
2
1,1,01,

2
1,

2
3






 −ε+





=B  respectively. Then the

corresponding screw operator is

.
2
3,

4
3,1

4
3

4
3,

4
3,

4
3

4
5

0 




 





 −−+ε+





 −−−+=P

4.2. Motions between space-like lines in space-like vector space

Theorem 6. Let ,a  b  be space-like vectors that span space-like vector

space and ,0aaA ε+=  0bbB ε+=  be space-like unit dual vectors. Then

( ) ( ),sincos 00 εϕ+ϕ−εϕ+ϕ=× NAB

where

.
BA
BAN

∧
∧=

Corollary 5. Let ( ) ( ).sincos 000 εϕ+ϕ−εϕ+ϕ= NP  Then

., 00 APBPBA ×=×=

In Corollaries 6, 7 and 8 below, the vectors a  and b  are space-like

vectors that span space-like vector space. Also, 0aaA ε+=  and =B

0bb ε+  are space-like unit dual vectors.

Corollary 6. If the lines corresponding to the unit dual vectors A  and

B  intersect, then the dual angle between these lines is .0 ϕ=ε+ϕ  The

rotation operator for this case is

.sincos0 ϕ−ϕ= NP

And also,

., 00 APBPBA ×=×=
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Corollary 7. If the lines corresponding to the unit dual vectors A  and

B  are parallel, then the dual angle between these lines is .0 00 ϕ=εϕ+

The translation operator for this case is

.1 00 NP εϕ−=

Also,

., 00 APBPBA ×=×=

Corollary 8. If the dual angle between the lines corresponding to the

unit dual vectors is ,0εϕ+ϕ  then screw operator is

( ) ( ).sincos 000 εϕ+ϕ−εϕ+ϕ= NP

Also,

., 00 APBPBA ×=×=

Example 2. The lines ( ) ( ) ( )1,2,10,0,0 tt +=α  and ( ) ( )0,0,1=β t

( )3,1,1 −+ t  corresponding to the unit dual vectors 




=

2
1,1,

2
1A

( )0,0,0ε+  and ,
3
1,1,01,

3
1,

3
1






 −−ε+





 −=B  respectively. Then the

corresponding screw operator is

.
2
1,

6
1,

6
1

6
7

2
1,

3
1,

6
700 





 





 −+−ε+





+=P

4.3. Motions between space-like lines in time-like vector space

Theorem 7. Let ,a  b  be space-like vectors that span time-like vector

space and ,0aaA ε+=  0bbB ε+=  be space-like unit dual vectors. Then

( ) ( ),sinhcosh 00 εϕ+ϕ−εϕ+ϕ=× NAB

where

.
BA
BAN

∧
∧=
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Corollary 9. Let ( ) ( ).sinhcosh 000 εϕ+ϕ−εϕ+ϕ= NP  Then

., 00 APBPBA ×=×=

In Corollaries 10, 11 and 12 below, the vectors a  and b  are space-

like vectors spanning time-like vector space. Moreover, 0aaA ε+=  and

0bbB ε+=  are space-like unit dual vectors.

Corollary 10. If the lines corresponding to the unit dual vectors A

and B  intersect, then the dual angle between these lines is .0 ϕ=ε+ϕ

Thus the rotation operator is

.sinhcosh0 ϕ−ϕ= NP

Also,

., 00 APBPBA ×=×=

Corollary 11. If the lines corresponding to the unit dual vectors A

and B  are parallel, then the dual angle between these lines is

.0 00 ϕ=εϕ+  In this case, the translation operator is

.1 00 NP εϕ−=

Also,

., 00 APBPBA ×=×=

Corollary 12. If the dual angle between the lines corresponding to the

unit dual vectors is ,0εϕ+ϕ  then the screw operator is

( ) ( ).sinhcosh 000 εϕ+ϕ−εϕ+ϕ= NP

Also,

., 00 APBPBA ×=×=

Example 3. The lines ( ) ( ) ( )1,2,10,0,0 tt +=α  and ( ) ( ) +=β 0,0,1t

( )1,3,3t  corresponding to the unit dual vectors ( )0,0,0
2
1,1,

2
1 ε+





=A
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and ( ) ( ),3,1,01,3,3 −ε+=B  respectively. Then the corresponding screw

operator is

.
2
1,

2
3,

2
7

2
1

2
3,1,

2
120 





 





+ε+





 −−+=P

4.4. Motions between time-like lines and space-like lines

Theorem 8. Let 0aaA ε+=  be space-like unit dual vector and,

0bbB ε+=  be time-like unit dual vector. And let .
BA
BAN

∧
∧=  Then

( ) ( ).coshsinh 00 εϕ+ϕ−εϕ+ϕ=× NAB

Corollary 13. Let ( ) ( ).coshsinh 000 εϕ+ϕ−εϕ+ϕ= NP  Then

., 00 APBPBA ×=×−=

In Corollaries 14 and 15, 0aaA ε+=  is space-like unit dual vector

and 0bbB ε+=  is time-like unit dual vector.

Corollary 14. If the lines corresponding to the unit dual vectors A

and B  intersect, then the dual angle between these lines is .0 ϕ=ε+ϕ  In

this case, the rotation operator is

.coshsinh0 ϕ−ϕ= NP

Also,

., 00 APBPBA ×=×−=

Corollary 15. Let the dual angle between the lines corresponding to

the unit dual vectors ,A  B  be .0εϕ+ϕ  Then screw operator is

( ) ( ).coshsinh 000 εϕ+ϕ−εϕ+ϕ= NP

Also,

., 00 APBPBA ×−=×−=
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Example 4. The lines ( ) ( ) ( )2,1,20,0,0 tt +=α  and ( ) ( ) +=β 0,0,1t

( )1,2,3t  corresponding to the unit dual vectors ( ) ( )0,0,02,1,2 ε+=A

and ,1,
2
1,0

2
1,1,

2
3






 −ε+





=B  respectively. The screw operator

corresponding to the these lines is

( ) .1,2,2
2
3

2
1,2,

2
310 





 +ε+





 −−−+−=P
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