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Abstract

The objective of this paper is to introduce the ®-hemicontractive
mapping and to study iterative approximation method for the fixed
points of the mapping by Mann iterative sequence with random errors
{x,}. Let X be a real Banach space and 7 :X — X be ®-hemi-

contractive. The results show that {x,,} converges strongly to an unique

fixed point if 7" is uniformly continuous, and if X is uniformly smooth,
then any continuity of 7 is wunnecessary. As application, the
approximation method for the solution of nonlinear equation with

®-accretive mapping is obtained.
Throughout this paper, X is assumed a real Banach space with dual
X", () denotes the generalized duality pairing of X and X*. The

mapping J : X — 2% defined by

Jr={jeX (@ )=l=liblil=l«l} vereX (1)
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is called the normalized duality mapping. In particular, X is a uniformly

smooth (equivalently, X" is uniformly convex) Banach space if and only
if J is single-valued and uniformly continuous on any bounded subset of X
(see, Browder [2]).

To set the framework, we recall some basic notations as follows.
Definition 1 [9]. Let T : X —» X be a mapping. For any given
xo € X the sequence {x,} defined by
S (1 - 0‘n)xn + oLnTxn T Ynln (n' 2 O) 0.2)

is called Mann iteration sequence with random errors. Here {u,} is a

bounded sequence in X; {a,} and {y, } are two sequences in [0, 1].

Definition 2. Let 7'be a mapping with domain D(T) c X and range
R(T)c X. T is called ¢-hemicontractive if for all x € D(T) and
qe F(T) ={x e D(T): Tx = x} there exist j(x —q)e J(x —q) and a
strictly increasing function ¢ : [0, ©) — [0, o) with ¢(0) = 0 such that

(Tx - q, jlx—q) < |x-q? - o(lx-q)]x-q]. (0.3)

T is called ®-hemicontractive if for all x € D(T) and g € F(T') there
exists j(x — q) € J(x — ¢) such that

(Tx g, j(x-q) <|x-q|* -@(x -q]). (0.4)

T is called ®-accretive if for all x, y € D(T) there exist j(x —y)e
J(x—y) and a strictly increasing function ® : [0, ) — [0, ©) with
®(0) = 0 such that

(Tx — Ty, jlx —y)) = O x — ¥ ). (0.5)

Remark 1. The ¢-hemicontractive mapping was introduced and
studied by Osilike [6] in 1996. Obvious, every ¢-hemicontractive mapping
must be a ®-hemicontractive mapping defined by ®(s) = ¢(s)s, and the

class of ¢-hemicontractive mappings is a proper subset of the class of

®-hemicontractive mappings. For example, let £ = R (the reals with the
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usual norm) and let K = [0, +x). Define T : K — K by Tx = x —

1+x2
It is easy to verify that T is ®-hemicontractive with a fixed point x = 0
and @ : [0, +) — [0, +) defined by ®(s) = s2/(1 +s2), and T is not
¢o-hemicontractive.

Suppose that A : X —» X is a ®-accretive mapping and S : X —» X
is defined by Sx = f + x — Ax for all x € X and any given f € X, it is
easy to verify that g is a solution of Ax = f if and only if g is a fixed point
of S. Hence, the solution of Ax = f is intimately connected with the fixed

point of the mapping.

The following lemma plays a crucial role in the proofs of our main
results.

Lemma 1 [1]. If X is a real Banach space, then there exists a
Jj(x +y) e J(x + y) such that

lx+y|P <|x]?+20, jx+y) Vx, yeX. (0.6)
Now we prove the following approximative theorems.

Theorem 1. Suppose that T : X — X is a uniformly continuous

®-hemicontractive operator with bounded range. If the Mann iteration

sequence with random errors {x,, }:zo=0 defined by (0.2) satisfying
(1.1) lim,_,, o, =0 and Z:i)o o, = +©;

(1.2) Z::O Y, < 40,

then for arbitrary xo € X, {x,} converges strongly to the unique fixed

point of T.

Proof. From (0.4), we know that F(T)={q}. Putting c=
sup{|Tx —q | :x € X} +|x9 —¢| and d =sup{u,|:n =0} For any

n >0, using induction, we obtain |x, —q|<c+ dzzlz_olyi <c+

dzzrjo y;. Hence, we set M = c + dzzrjo y;. Since lim,_, | x, — x,,41 || =
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lim,, | a,x, —a,Tx, — y,u, || = 0, therefore
e, =||Tx, —Tx, 1| >0 (as n — x) 0.7)

by the uniformly continuity of 7.

Let o =inf{|x,,;1 —q|:n>0}. If o>0, then ®(x,,; -¢ql)>
®(c/2) > 0 for all n > 0. Thus, there exists a natural number N € A/
such that

o, <= and 3M2%aZ + 3Mo,e, + 3M?y, = o(a,)a, < ocnfl)(gj (0.8

2

|

for all n > N, respectively. By (0.2), (0.6), (0.4) and (0.8), we have
" Xn+1 — 4 "2 = " (1 - OLn)(xn - Q) + OLn(Txn - Q) + Ynln "2
< " (1 - OLn)(xn - q) "2 + 2an(Txn - Txn+1’ j(xn+1 - Q))
+ 20"n(Txn+1 -q, j(xn+1 - q)) + 2M27n
2 2 2
< (1= o Pl = [P + 2Motye, + 20ty 2,1 ~ 4 |
- 2(an)(" Xn+1 — 4 ") + 2M2Yn
< | x, - q|* + 3M%a2 + 38Moe,,
+ 3M2Yn N 2an®(" Xn+1 — 94 ")
= " Xp — 4 "2 + O(an) - 20‘n®(" Xp+1 — 4 ") (0-9)
for all n > N. It follows from (0.8) and (0.9) that
tns = al? =l = q |+ ofa) - 20,0( 3 ) < |20~ g I - o 3

for all n > N. By induction, we obtain

+00
cp(g) > o; < Jay -l < M2 0.10)
=N



THE ITERATIVE APPROXIMATION METHOD ... 401

(0.10) is in contradiction with Z;jo a; = +o. From this contradiction, we
get 6 = 0. Therefore, there exists a subsequence {xnj} c {x,} such that
Xp; = g as J — . For any given ¢ > 0 there exists an integer jj, 2 N

such that | X -¢| <& and o(cxnj) < Zanjq)(s) for all j > jo. If jy is

fixed, then we shall prove that | Xnjo+k ~d | < & for all integers k > 1.

The proof is by induction. For k =1, suppose | Xpj 41 = q|ze It

follows from (0.9) and (| Znjo+1 — 4 [) = @(c) that

6% < Jop 11— g

njO
< iy, —alP + olay, ) - 20, O)
< gy - alP < 5>

It is a contradiction. Hence, || Tpjo+1 ~ q| < & holds for k£ =1. Assume
now that | Xnjo+p ~ 4 | <e for some integer p >1. We prove
[ Xnjo+p+l ~ 4 | <& Again, assuming the contrary, (| Xnjy+prl — 4 [

> ®(¢g), as above, it leads to a contradiction as follows

82 s ||xnj0+p+1 - q"2 s ||xnj0+p _q”2 < 82’

where n; +p >n;j > jo = N. Therefore, | Xnj 4k = q| < & holds for all

integers k > 1, so that Xnj+k — q as k — oo. The proof is completed.

Theorem 2. Let T : X — X be a ®-hemicontractive mapping with
bounded range and X be uniformly smooth. Suppose that the Mann

iteration sequence with random errors {x,, }S:O defined by (0.2) satisfying
the conditions (1.1) and (1.2) in Theorem 1, then for arbitrary x; € X,

{x,,} converges strongly to the unique fixed point of T.
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Proof. From (0.4), we know that the fixed point of 7' is unique. Let g

be the fixed point of 7" in X. By similar arguments as in the proof of
Theorem 1, we set M =c+d Z;jo y;. From the uniformly continuity of
J, we have
e = J(xp1 —q) - J(x, —q)| >0 (as n > ).
Using (0.2), (0.6) and (0.4), we have
|21 =P = 1@~ an) (= @)+ 0 (T = @) + vty |
<= 0p) (e = @7 + 200 (Txy = g, I (xn11 — )
+ 275 (s J (%41 — q))
<@ - 0n)(@n = @) P + 204 (Tx, — ¢, I(x, - q))
+ 20, (T = ¢, I (41 = @) = (%, — @) + 2M 7,
<, —q | +2M%y, + M%02 + 2Maye,
= 20, ®(| xp 11 — ¢ )
= |2, — g + olen) = 20,9( %1 ~ g ). (0.11)

By similar arguments as in the proof of Theorem 1, we have that {x,}
converges strongly to the unique fixed point g of 7. The proof is
completed.

Corollary 1. Suppose that A : X — X is a uniformly continuous
®-accretive mapping and the range of (I — A) is bounded. If the equation

Ax = f has a solution and the Mann iteration sequence with random
errors {x,}"_ defined by (0.2) satisfying the conditions (1.1) and (1.2) in
Theorem 1, then for arbitrary xo € X, {x,} converges strongly to the

unique solution of Ax = f.

Proof. Putting T :X - X by Tx=f+x-Ax for all x e X.
Obvious, if ¢ € X is a solution of Ax = f, then ¢ is a fixed point of T and

T is ®-hemicontractive. Thus, Corollary 1 follows from Theorem 1.
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Similarly, we obtain

Corollary 2. Let A: X — X be a ®-accretive mapping and the
range of (I — A) be bounded and X be uniformly smooth. Suppose that the

Mann iteration sequence with random errors {x,}’_, defined by (0.2)

satisfying the conditions (1.1) and (1.2) in Theorem 1. For any given
feX, if Ax = f has a solution in X, then for arbitrary xg, € X, {x,}

converges strongly to the unique solution of Ax = f.

Remark 2. The corresponding results (see, for example, Theorems
4.1 and 4.2 in [3], Theorems 3 and 4 in [8], Corollary 4 in [7], Corollary
3.3 in [5], Corollaries 3.2 and 3.4 in [9], Theorem 2 in [10] and Corollary

3.2 1n [4]) are improved in the following senses:

(i) For the convergence of {x,},_, if X is arbitrary Banach space,

then the mapping may not be Lipschitz; if X is uniformly smooth, then

the mapping may not be continuous or demicontinuous.

(i1) The mappings are ®-hemicontractive or ®-accretive, they may not

be ¢-hemicontractive or ¢-strongly accretive.

(111) The random errors of iterative process have been considered.
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