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Abstract

In this paper we ameliorate and prove the Lemma of Musielak-Orlicz

sequence space .Φl

1. Preliminaries

Let X be a normed linear space. ( )XS  and ( )XB  denote the unit

sphere and the unit ball of X, respectively.

We introduce some basic facts on Musielak-Orlicz sequence space.

Suppose that a sequence of function ( )∞=Φ=Φ 1ii  for any i satisfies

  (i) ( ) [ ]∞→∞−∞Φ ,0,:i  is even, convex and left-continuous;

 (ii) ( ) ;00 =Φi

(iii) ( ) ∞=Φ
∞→

uiu
lim  and there exists 0>iu  such that ( ) .∞<Φ ii u

For each real sequence ( )( ) ,1
∞
== iixx  we define its modular by
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( ) ( )( )∑
∞

=
Φ Φ=ρ

1

.
i

i ixx

Then the Musielak-Orlicz space

{ ( ) ∞<λρ= ΦΦ xxl :  for some }0>λ

with Luxemburg norm and the Orlicz norm are defined respectively by

( ) 



 ≤





ρ>= ΦΦ 1:0inf

c
xcx

and

( ) ( ) ( ) ( )( )












≤Ψ=ρ= ∑ ∑
∞

=

∞

=
ΨΦ

1 1

1:sup
i i

i iyyiyixx

is Banach space, where ( ) ( ){ }0:sup ≥Φ−=Ψ uuvuv ii  is the

complementary function of .iΦ  For short, we denote ( ) [ ( )]ΦΦΦ ⋅= ,ll

and [ ]., ΦΦΦ ⋅= ll  The subspace Φh  is defined to be the set { :Φ∈ lx

[ ] },,00 ∞→→− nxx n  where we denote sequence [ ] ( ...,,0,0=j
ix

( ) ( ) ( ) )....,0,...,,2,1 jxixix ++  And denote ( ) [ ( )]ΦΦΦ ⋅= ,hh  and =Φh

[ ]., ΦΦ ⋅h  It is well known that ( ) .Ψ
∗
Φ = lh

2. Results

Theorem. Let ( )1,0∈ε  and ( ) ( ).1 Φ
∞ ⊂ lxn  If for any ( ),Ψ∈ lBy

( ) ( ) ,
8

suplim
1

ε<∑
∞

=∞→ i
n

n
iyix

then we have

 (i) ( ) ( )∑
>∞→

ε<
00

suplim
ii

n
ni

iyix  for any ( ),Ψ∈ lBy

(ii) 
( )( )∑

>→ξ∞→
ε<

ξ
ξΦ

00
.suplimlim

0 ii

ni

ni

ix
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Proof. For ,N⊂e  we denote { },:minmin eiie ∈=  =emax

{ }.:max eii ∈  We first show that

( ) ( ) .
2

min...,,2,1:suplim 00
0

ε<












>=∑
∈

∞→
ieniyix

ei
ni

(1)

If (1) does not hold, then put ,01 =i  there exists 1e  such that 11min ie >

and there exists 1n  such that

( ) ( ) .
2

1
1 0

ε≥∑
∈ei

n iyix

Since ( ) ( )∑
∞

=
∞<

1
0 ,

1
i

n iyix  we can choose 1θ  such that

( ) ( )∑
θ>

ε<
1

1
.

80
i

n iyix

Define { },: 111 θ≤∈= ieiE  we obtain

( ) ( )
8
3

1
1 0

ε>∑
∈Ei

n iyix

and

( ) ( )∑
>

ε<
1

1
max

0 .
8

Ei
n iyix

Since ( ),
10 Ψ∈χ lBy E  for N∈n  large enough we have

( ) ( ) ( ) ( ) ( ) .
8

1
00 1

1

ε<χ= ∑∑
∞

=∈ i
En

Ei
n iiyixiyix

Next we shall show that there exist infinitely many n such that there is
,N⊂e

1maxmin Ee >    and   ( ) ( ) .
20
ε≥∑

∈ei
n iyix (2)
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Otherwise, there exist finitely many ( )N∈msss sxxx
m

...,,,
21

 satisfying

(2). We choose mθ  large enough such that

( ) ( ) ( ),...,,2,1,
20∑

θ>

=ε<
m

j
i

s mjiyix

then for e satisfying { }mEe θ> ,maxmaxmin 1  and for all n we have

( ) ( ) ,
20
ε<∑

∈ei
n iyix

a contradiction.

Hence we may choose 2n  and ,2e  12 maxmin Ee >  such that

( ) ( )
8

1
2 0

ε<∑
∈Ei

n iyix    and   ( ) ( ) .
2

2
2 0

ε≥∑
∈ei

n iyix

Next, we take 22 eE ⊂  such that

( ) ( )
8
3

2
2 0

ε≥∑
∈Ei

n iyix    and   ( ) ( ) .
8

2
2

max
0

ε<∑
> Ei

n iyix

There exist 3n  and ,3e  23 maxmin Ee >  such that

( ) ( )
8

21
3 0

ε<∑
∈ EEi

n iyix
∪

   and   ( ) ( ) .
2

3
3 0

ε≥∑
∈ei

n iyix

In such a way, we can find sequences ( )∞=1kkE  and ( )∞=1kkn  such that

kk EE maxmin 1 >+  and

( ) ( ) ,
8

121

0
ε<∑

−∈ k
k

EEEi
n iyix

∪∪∪

( ) ( ) ,
8
3

0
ε≥∑

∈ k
k

Ei
n iyix
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( ) ( )∑
>

ε<
k

k
Ei

n iyix
max

0 ,
8

where ...,2,1=k  and without loss of generality, we may assume

.0 ∅=E  Put ∪
∞

=
=

1
,

k
kEE  we have that

( ) ( )∑
∈Ei

n iyix
k 0

( ) ( ) ( ) ( ) ( ) ( )∑∑∑
++−

=

∈
∈

∈

−−≥
∪∪

∪ 211

1

000

kk
k

k

j
j

k
k

k
EEi

n

Ei

n
Ei

n iyixiyixiyix

( ) ( )∑
>

−ε−ε≥
k

k
Ei

n iyix
max

088
3

.
8
ε≥

This is a contradiction. Hence (1) is true.

Put ( ) ( ){ },0: 00 >>=′ iyixiiE nn  ( ) ( ){ }.0: 00 <>=′′ iyixiiE nn  Then

when 0i  large enough we have

( ) ( ) ( ) ( ) ( ) ( )∑∑∑
′′∈′∈>

+=
nn Ei

n
Ei

n
ii

n iyixiyixiyix 000

0

.
22

ε=ε+ε<

Thus we obtain (i).

By the condition of the Theorem, it is easy to see { }nx  is bounded in

norm, hence we may assume ( ) ( )....,2,11 =≤ρΦ nxn  If (ii) is not true,

then there exists ∞ki  such that

( )( )∑
>

→ξ
ε≥ξΦ

ξ
kii

ni
n

ix .1suplim
0
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Hence we may take ,0kξ  ∑ ≤ξ
k

k 2
1  and ∞kn  such that

( ( ))∑
>

ε≥ξΦ
ξ

k
k

ii
nki

k
ix .1

Put ( ) ( ( ) ) ( ),...,2,1,sup0 =ξ= iixpiy
knki

k
 ( )( ) ,1

∞
== iiyy  then

( ) ( ( ( ) ))∑
∞

=
Ψ ξΨ=ρ

1
0 sup

i
nki

k
i ixpy

k

( ( ( ) ))∑∑
∞

=

∞

=

ξΨ≤
1 1i k

nkii ixp
k

( ) ( ( ) )∑∑
∞

=

∞

=

ξξ≤
1 1i k

nkink ixpix
kk

( ( ))∑∑
∞

=

∞

=

ξΦ≤
1 1

2
i k

nki ix
k

( ( ))∑∑
∞

=

∞

=

Φξ≤
1 1

2
i k

nik ix
k

( ( ))∑ ∑
∞

=

∞

=

Φξ=
1 1

2
k i

nik ix
k

∑
∞

=

≤ξ≤
1

.12
k

k

This means ( ).0 Ψ∈ lBy  But

 ( ) ( ) ( ) ( ( ) )∑ ∑
> >

ξ≥
k k

kkk
ii ii

nkinn ixpixiyix 0

( ( )) ( )∑
>

=ε≥ξΦ
ξ

≥
k

k
ii

nki
k

kix ....,2,11

Thus we have reached a contradiction to (i). Therefore (ii) is true.



www.p
phm

j.c
om

LEMMA OF MUSIELAK-ORLICZ SEQUENCE SPACE Φl 319

References

[1] T. Andô, Weakly compact sets in Orlicz spaces, Canad. J. Math. 14 (1962), 170-176.

[2] S. Banach and S. Saks, Sur la convergence forte dans les champs ,pL  Studia Math.

2 (1930), 51-57.

[3] B. Beauzamy and J.-T. Lapresté, Modèles Étalés des Espaces de Banach, Hermann,
Paris, 1983.

[4] S. Chen, Geometry of Orlicz spaces, Dissertationes Math. 356 (1996), 204.

[5] M. M. Day, Normed Linear Spaces, Springer-Verlag, Berlin, 1962.

[6] J. Diestel, Sequence and Series in Banach Spaces, Springer-Verlag, New York, 1984.

[7] M. I. Ostrovskii, A comparison between the weak and the continuous Banach-Saks
properties, Teor. Funktsii Funktsional. Anal. i Prilozhen. 48 (1987), 130-134 (in
Russian).

Department of Mathematics
TongJi University
ShangHai 200092, P. R. China
e-mail: shuxuezhang@gmail.com


