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Abstract

In this paper we ameliorate and prove the Lemma of Musielak-Orlicz

sequence space lg.
1. Preliminaries

Let X be a normed linear space. S(X) and B(X) denote the unit
sphere and the unit ball of X, respectively.

We introduce some basic facts on Musielak-Orlicz sequence space.

Suppose that a sequence of function ® = (d)i);o:l for any i satisfies
(i) ®; : (-0, o) — [0, o] is even, convex and left-continuous;

(ii) ®;(0) = 0;

(iii) ulglgo ®;(u) = o and there exists u; > 0 such that ®;(x;) < .

For each real sequence x = (x(i));—;, we define its modular by
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Po(x) = Y ®;(x(i)).
=1

Then the Musielak-Orlicz space

lp =1{x: pp(Ax) < o0 for some A > 0}
with Luxemburg norm and the Orlicz norm are defined respectively by

[ x ”(cD) = inf{c >0: pq,(%j < 1}

and
I o = Sup{ZI x(@)y6)| : pwly) = D Wil y6)]) < 1}
i=1 i=1

is Banach space, where ¥;(v)=sup{yjv|-®;(u):u >0} is the
complementary function of ®;. For short, we denote [q) = [lp, |- ||(¢,)]

and lp = [lp, | [} The subspace hq, is defined to be the set {x e Iy :

n J
|x—[x]g| = 0, n = o}, where we denote sequence [x}/ =(0,0, ..,

x(i +1), x(i +2), ..., x(j), 0, ...). And denote hq) = [hg, |- ||(q))] and hg =

[P, | ) Tt is well known that h(g) = ly.
2. Results

Theorem. Let ¢ € (0, 1) and (x,,){" < o). If for any y € B(ly),

S 2,050

i=1

lim sup

< €
’
n—oo 8

then we have

(i) lim sup Z| x,(1)y(@)| < & for any y € B(ly),
) —>®©

n i>i0

(ii) igii)nw %1_I)n sup ZM <e

n i
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Proof. For ec N, we denote mine = min{i :i € e}, maxe =

max{i : i € e}. We first show that

D %li)3o(0)

ice

2

lim sup{ :n=12, .., mine > io} <E (1)
lp—>®©
If (1) does not hold, then put i; = 0, there exists e; such that mine; >

and there exists ny such that

D ()30

iee;

.2
2

0
Since Z“|xn1 (i)yo(i)| < o, we can choose 6; such that
1=1

N nl L €
D D300)] < £
i>91

Define E; = {i € ¢; : i < 0;}, we obtain

3¢
>_

D (@)306) [ > 55

iEEl

and

> L @300 < £

i>max Fy

Since yoxg, € B(ly), for n € N large enough we have

D530 | = | D %301, ()| < 5-
ek i=1

Next we shall show that there exist infinitely many n such that there is
e c N,

mine > max E; and

D %) 30()

ice

€
> <. ©@)




316 TAO ZHANG
Otherwise, there exist finitely many xg , g, ... X (s,, € N) satisfying
(2). We choose 6,,, large enough such that

Dl @306 < 50 G =12 m),

1>0,,

then for e satisfying min e > max{max Ej, 0,,} and for all n we have

€
<§,

D xa(0)3000)

ice

a contradiction.

Hence we may choose ny and ey, min e, > max E; such that
. . g . . €
Z %, (1) y0(@) | < g and Z X, (1) y0(@) | 2 5
ek iceg
Next, we take E5 c eq such that
. . 3¢ . . €
D w02 % and Y [x, (0)x00)] < 5 -
ieky i>max Ey
There exist ng and eg, mineg > max E, such that

D wm@y0@)] < g and | D x, ()y00)] 2 5.

i€E1UE2 iee3
In such a way, we can find sequences (Ej),_; and (ng),_; such that

min Ej,; > max E;, and

. . €
Xny, (@) 0(@) | < R
ieB UE5U - UE),_

3 (30(0) | 2 22,

ek,
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. . €
D xn @300 < 5
i>max Ej,
where k =1,2, ... and without loss of generality, we may assume

Ey=0. Put E = UEk’ we have that
k=1

D %0, ()30

ick

>

> w1, On6)

i€Ep  UER oU-

=1 D, Ox0)| -

k-1
ie UEj
=1

D, (0)3000)

iekp

>3 LS a, 0300)]

i>max Ep,

\2
| m

This 1s a contradiction. Hence (1) is true.
Put E, ={i > iy : x,(1)y9() > 0}, E;, ={i > iy : x,(i)y9(i) < 0}. Then

when i; large enough we have

D w@206)| = | D w@06) |+ | D %ali)30(0)
i>ig ek, icky,
<Eifo,

Thus we obtain (i).

By the condition of the Theorem, it is easy to see {x,} is bounded in
norm, hence we may assume pg(x,) <1 (n =1,2,...). If (ii) is not true,
then there exists ij, 7~ © such that

Jim sup D 2 (&5, (1) 2 =

i>ik
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Hence we may take &, N0, Z Ep < % and nj 7~ o such that
k

£ 2 Oilery, () 2 =
1>
Put y,(i) = sup pi(Erl %, D)), (=1, 2, ..), ¥ = (¥();Z;, then

Py (30) = D ¥ilsup pi(54) 5, ())
=1 ’

¥ (p; (Er] 2, B)1))

s

5

=1

~

>
1l

—

’l\m48
s

~
Il
—_
>
1l
—

& %y, ()] i (Ek] 2y, (D))

'[\IA48
s

N
Il
—
>
Il
—

D;(28 2, (1)

285,®;(xcy, (1))

'[\IA/JS
NgE

~
Il
—
>
Il
—

0

=236, 0y, )
k=1 i=1

g, < 1.

IA
[\
Ms

il
1,

This means y, € B(ly). But

D % D300 2 D |, ()]s G| %, ©)])

>0, >0,
1 .
> gzq’i(ikxnk@) >e (k=12 ..).
1>1p

Thus we have reached a contradiction to (i). Therefore (i) is true.
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