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Abstract

This paper studies Toeplitz operators on the Hardy space over polydisk.

We show that the finite products of Toeplitz operators is a Fredholm

operator only if the finite products of symbols is invertible in ( ).nTL∞

For ( ),nTLf ∞∈  the Toeplitz operator fT  commutes essentially with all

( )niT
iz ,,2,1 …=  if and only if ( ).nDHf ∞∈

1. Preliminaries

Let D be the open unit disk in the complex plane C. Its boundary is

the unit circle T. The polydisk nD  and the torus nT  are the subsets of
nC  which are Cartesian products of n copies of D and T, respectively. Let

( )zdσ  be the normalized Haar measure on .nT  The Hardy space ( )nDH 2

is the closure of the polynomials in ( ) ( ( )).or, 22 nn TLdTL σ  Let P be the
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orthogonal projection from ( )nTL2  onto ( ).2 nDH  The Toeplitz operator

with symbol f in ( )nTL∞  is defined by ( ),fhPhTf =  for all ( )nDHh 2∈

and the Hankel operator with symbol f is defined by ( ) ( ),fhPIhHf −=

for all ( ).2 nDHh ∈  ( ) ( )11
1 1

1
1 wz

wKz −
=  is the reproducing kernel of

Hardy space ( )DH 2  at the point Dz ∈1  and ( ) ( )
( )11

212
1

1 1
1

1 wz
z

wkz −
−

=  is

the normalized reproducing kernel of ( )DH 2  at the point .1 Dz ∈  It is

easy to check that the reproducing kernel of ( )nDH 2  at the point nDz ∈

is the product ( ) ( )∏ =
=

n
i izz wKwK

i1
.  So the normalized reproducing

kernel ( )wkz  of ( )nDH 2  at the point nDz ∈  is also the product ( ) =wkz

( )∏ =
n
i iz wk

i1
.  We know that zk  weakly converges to zero in ( )nDH 2  as z

tends to the boundary of .nD  We denote by ( )nDAut  the group of all

biholomorphic automorphisms of .nD  The automorphisms of nD  for

2≥n  are generated by the following three subgroups: rotations in each

variable separately ( ) ( ),,,1
1

n
ii zezezR nθθ

θ = …  where Möbius transfor-

mations are in each variable separately ( ) ( ( ) ,,11
…zz ww Ψ=Ψ  ( )),nw z

n
Ψ

and the coordinate permutations. Here [ ]nπ∈θ 2,0  and nDw ∈  are

fixed. Möbius transformations are in the form ( )
zw
zwzw −

−=Ψ
1

( )., DzDw ∈∈  Thus an arbitrary ( )nDAut∈Ψ  can be written in the

form

( ) ( ( ( ) ) ( ( ) ))nw
i

w
i zezez

n
n

σ
θ

σ
θ ΨΨ=Ψ ,,11
1 …

for some ( ) ,,,1
n

n Dwww ∈= …  ( ) [ ] ,2,0,,1
n

n π∈θθ=θ …  and σ is a

coordinate permutations (see [10]). Let Z denote the set of all integers,

+Z  denote the set of all nonnegative integers and −Z  denote the set of all

negative integers. We recall that by using multiple Fourier series,
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( ) ( ) ( ) .,ˆ: 22













∞<αζα== ∑∑
∈α∈α

α

nn ZZ

n ffffTL

We note that for every ( ) ,,,1
n

n T∈ζζ=ζ …  ( ) ,,,1
n

n Z∈αα=α …

.1,,1
1 =ζζζ=ζζζ=ζ

αα−ααα
jjjjn

jjn"  So we can also write ( )nTLf 2∈

as

( ) ( )∑
+∈α

αζα=ζζ=
nZ

fff ,~ˆ,

where jj ζ=ζ~  or .~
jj ζ=ζ

Lemma 1.1. Let

( ) ( )∑
+∈α

αζα=ζζ=
nZ

fff .~ˆ,

Then

( ) ( ) ( ) ( )n
zzf DHwKzwfwKT 2, ∈=

for every nDz ∈  (see [4]).

Lemma 1.2. Let f and g be in ( ) ( ).22 ≥nTL n  Then for any ,1 Dz ∈

,1 T∈µ  we have

∫ θθ
′′

µ→
θθ

T

im
zezzezgfz

dekkkkTT ii
1111

,lim

( ) ( ) ,,
11∫ θ= θ

′′⋅µ⋅µ θθ
T

im
zzegef

dekkTT ii

where [ ],2,0 π∈θ  for all Zm ∈  and 1−∈′ nDz  are fixed. For fixed

,1 T∈µ  where ( )⋅µ θief
T

1
 is the Toeplitz operator on the ( )12 −nDH  (see [4]).

2. Fredholm Toeplitz Operators

The object of the present section is to study the properties of Toeplitz

algebra. We write ( ( ))nDHL 2  for all bounded linear operators on Hardy

space ( ).2 nDH  For the subset ( ),nTLN ∞⊆  denote by ( )NF  the closed
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algebra generated by the set { }.| NfTf ∈  In the Hardy space ( )DH 2  of

the unit disk, Douglas [6] gave the following exact sequence:

( ) ( ( )) ( ( )) ( ) ( ),00 →→→→ ∞∞∞ TLTLFTLFcom

where ( ( ))nTLFcom ∞  is the commutator ideal in ( ( )),nTLF ∞

( ( )) ( )TLTLF ∞∞ →ρ :  is symbol map. In 2003, Zhang get the following

exact sequence:

( ) ( ( )) ( ( )) ( ) ( ),00 →→→→ ∞∞∞ nnn TLTLFTLFsemi

where ( ( ))nTLFsemi ∞  denotes the semi-commutator ideal in ( ( ))nTLF ∞

(see [13]). We have the following results.

Theorem 2.1. There exists a ∗-homomorphism ξ from the quotient

algebra ( ( )) KTLF n∞  onto ( )nTL∞  such that ,πξ=ρ D  where K is

compact operator ideal of ( ( )),2 nDHL  π is the canonical homomorphism

from ( ( ))nDHL 2  onto the corresponding Calkin algebra and

( ( )) ( )nn TLTLF ∞∞ →ρ :  is symbol map.

Proof. By Zhang’s Proposition 1 in [13], ( ( )) ⊆⊆ ∞ nTLFcomK

( ),∞LFsemi  so the theorem holds immediately from Zhang’s exact

sequence.

Theorem 2.2. Let ( )mifi ,,2,1 …=  be all in ( )nTL∞  such that

product 
mfff TTT "

21
 is a Fredholm operator. Then product mfff "21  is

invertible in ( ).nTL∞

Proof. If 
mfff TTT "

21
 is a Fredholm operator, then ( )

mfff TTT "
21

π

is invertible in ( ( )) .2 KDHL n  Since ( ( )) KTLF n∞  is a closed self-adjoint

subalgebra of ( ( )) ,2 KDHL n  ( )
mfff TTT "

21
π  is invertible in

( ( )) KTLF n∞  by Douglas’s Theorem 4.28 in [6]. Hence there exists a

( ) ( )nTLFB ∞∈  such that ( ) ( ) ( ).1
1

π=ππ BTT
mff "  Since ξ is a
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∗-homomorphism from ( ( )) KTLF n∞  onto ( ),nTL∞  ( )ξπξ
mff TT "D

1

( ) ( ) .11 =πξ=π DD B  It follows that ( ) ( )
mm ffff TTTT "D"

11
πξ=ρ

mff "1=  is invertible in ( ).nTL∞  This completes the proof.

Corollary 2.3 (Spectrum Inclusion Theorem). Let mfff ,,, 21 …  be in

( ).nTL∞  Then

( ) ( ),
11 mm ffeff TTMM "" σ⊆σ

where 
ifM  is a multiplication operators on ( ),2 nDH  ( )

mff MM "
1

σ

denotes the spectrum of operator ,
1 mff MM "  and ( )

mffe TT "
1

σ  denotes

the essential spectrum of operator .
1 mff TT "

3. The Essential Commutant of Analytic Toeplitz Algebra

The main purpose of this section is the description of the essential

commutant of analytic Toeplitz algebra. For ( ( )),, 2 nDHLBA ∈  if

,KBAAB ∈−  then we say that A essentially commutes with B. The set

of operators which essentially commutes with all operators in ( )NF  is

called the essential commutant of ( ),NF  denoted by ( ),NFEc  where N

( ).nTL∞⊆  Let { ( ) ( ( ))},: n
cf

n
c DHFETTLfA ∞∞ ∈∈=  { ( ) :nTLfA ∞∈=

fH  is compact}. When ,1=n  Davidson [2] showed ( ( )) =∞ n
c DHFE

( ) ( )( ) ,KAFKAF c +=+  CHAAc +== ∞  in 1977. When ,1>n

( ) ( ),nnc SCSHAA +⊇⊃ ∞  but ( ) ( )nn SCSHA +≠ ∞  (see [3]), where

nS  is the unit sphere in .nC  Guo and Sun have obtained ( ( ))nc SHFE ∞

( ) KAF c +=  in [8], and Ding and Sun prove that ,AAc =  ( ) =∞HFEc

( ) ( ),AFECHFE cc =+∞  on Hardy space over unit sphere (see [5]). We

know that the function theory on the polydisk nD  is quite different from
the function theory on the unit disk and unit ball (see [11], [12]).

Naturally, Sun put forward the problem: ( ( )) ?=∞ n
c DHFE  The object of
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the section is to discuss which operators commute essentially with all
analytic Toeplitz operators on Hardy space over polydisk. We shall see
many differences in Toeplitz operator theory between on the polydisk and
the disk or the sphere.

Theorem 3.1. Let A be a bounded operator on ( )nDH 2  such that

.,,2,1, niAATT
ii zz …==

Then there exists a function ( )nTLf ∞∈  such that

.fTA =

Proof. Let ( )nDA  be the polydisk algebra. For any ( ),nDAf ∈  we

have ( )nDHf 2∈  and .2 ∞≤ ff  Hence ( ( ) ) ( )nn DHDAA 2,: →⋅ ∞

is continuous, since A is a bounded linear operator on ( ).2 nDH  Also

niAATT
ii zz ,,2,1, …==  implies

ATATTT nm
n

mnm
n

m zzzz
="" 1

1
1

1

for every ( ) .,,1
n

n Zmm +∈…  By Guo and Chen’s Lemma 2.2 in [7], there

exists a function ( )nTLf 2∈  such that .fTA =  Since A is bounded on

( ),2 nDH  ( ).nTLf ∞∈  This completes the proof of Theorem 3.1.

Theorem 3.2. Let f be in ( ).nTL∞  If fT  commutes essentially with all

( ),,,2,1 niT
iz …=  then ( ) ( ).2≥∈ ∞ nDHf n

Proof. Let ( ),,,2,1 niKTTTT ifzzf ii
…=+=  where iK  are all

compact operators on ( ).2 nDH  Thus we have

.,,
iiiiiii wwwwiwwfzwwwwzf kkkkKkkTTkkkkTT ′′′′′ +=

As ,1−∈µ′→′ nTw  we obtain that

( ) ( ) iiiiii wwfzwwzf kkTTkkTT ,, ⋅µ′⋅µ′ =
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by Lemma 1.2. Hence

( ) ( ),⋅µ′⋅µ′ = fzzf TTTT
ii

where ( )⋅µ′fT  and 
izT  are Toeplitz operators on ( ),2 TH  for almost all fix

.1−∈µ′ nT  It follows that f is analytic in variable iz  by Halmos theorem

in [9]. So ( ).nDHf ∞∈  This completes the proof of Theorem 3.2.

Corollary 3.3. { ( ) ( ( ))} ( )nn
cf

n
c DHDHFETTLfA ∞∞∞ =∈∈= :

( ).2≥n

Theorem 3.4. Let ( )nTLf ∞∈  and fH  be Hankel operator on

( )nDH 2  ( ).2≥n  Then the following are equivalent:

(1) .0=fH

(2) fH  is compact.

(3) 0→zf kH  as .nDz ∂→

(4) ( ) 0,2 →− zzfff
kkTTT  as .nDz ∂→

(5) .∞∈ Hf

Proof. We have only to prove that (4) implies (5). Suppose that
condition (4) holds, then by using Theorem 2.1, we have

( ) ( ( ) ( ) ( ) ) 0,,lim 22
1

=−=− ⋅µ′⋅µ′⋅µ′µ′µ′
→ − iiii zzfffzrzrfffr

kkTTTkkkkTTT

for almost all fix .1−∈µ′ nT  This implies that

( ) ( ) ( ) .2⋅µ′⋅µ′⋅µ′ =
fff TTT

Hence ( )⋅µ′f  is analytic in variable iz  due to Brown and Halmos’s

theorem in [1]. Thus ( ).nDHf ∞∈  This completes the proof of Theorem

3.4.
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Corollary 3.5. ( ),n
c DHAA ∞==  when .2≥n

Theorem 3.6. Let ( ( )).n
c DHFES ∞∈  Then there is an ( )nTLf ∞∈

and bounded operator ( ( ))nDHL 2∈σ  such that .σ+= fTS

Proof. Set kk zzk STTS
11

−=σ  for .+∈ Zk  Since { }+∈σ Zkk :  is

norm bounded, there exists a subsequence which is −∗w  convergent. We

may assume that, without loss of generality, the subsequence is

{ }.: +∈σ Zkk  Let

.lim kk
w σ−∗=σ

∞→

Let

,izz KSTST
ii

+=

where iK  are all compact. Then

 ( ) ( )
immiii zzzzmzz TSTTTwTST

11
lim

∞→
−∗=σ−

( )mimmm zizzzzm
TKTTSTTw

1111
lim +−∗=

∞→

,lim
11

σ−=−∗=
∞→

SSTTw m
zzm

m

since iK  is compact implies .0lim
11

=−∗ ∞→ mim zizzm TKTTw  Theorem

3.1 implies that fTS =σ−  for some ( ).nTLf ∞∈  This gives the desired

result.

Note. If we can prove operator σ is compact, then ( ( ))n
c DHFE ∞

( ( )) .KDHF n += ∞  Although we cannot prove that in now, but we still

have the conjecture: ( ( )) ( ( )) KDHFDHFE nn
c += ∞∞  when .2≥n
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