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Abstract

In this article, using construction of fuzzy sets without depending on
membership function, algebric properties of a family of fuzzy sets, three

notions including a ring of generalized fuzzy sets GF(X) of X, a

complete Heyting algebra (cHa) which contains the power set P(X) of

X, an extension lattice B(L), where B = P(X), and the set of L-fuzzy
sets, where L = {L, |x € X}, definitions of fuzzy c-algebra and fuzzy

measure are generalized. We obtain some results using these definitions
which include a generalization of Proposition 2 in [4].

1. Introduction

Zadeh, in his monumental paper [11], defined a fuzzy set as follows:
“A fuzzy set (class) A in X 1is characterized by a membership

(characteristic) function f4(x) which associates with each point in X a
real number in the interval [0,1], with the value of f4(x) at x

representing the “grade of membership of x in A”. Therefore, fuzzy sets
are unreal sets which exist only when identified with membership

functions. For example a fuzzy set labeled old may be characterized by
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s(x; 60, 70, 80) as introduced by Zadeh [12] or may be characterized by a

triangular function. As shown by Nakajima [5], these two membership
functions are equivalent under maxmin operations. The purpose of this
paper is to generalize the definitions of fuzzy oc-algebra and fuzzy
measure, called as generalized fuzzy oc-algebra and generalized fuzzy

measure, respectively.

2. Preliminaries

In this section, we briefly review the well-known facts about lattice
theory (Birkhoff [1], Iwamura [3]), propose an extension lattice, and

investigate its properties. (L, v, A) or simply L, closed under operations

v and A, is called a lattice, if it satisfies the cumulative, the associative
and the absorption laws. A lattice L which satisfies, in addition, the
distributive law is called distributive. For two lattices L and L', a

bijection from L to L' which preserves lattice operations is called a
lattice-isomorphism, or simply an isomorphism. If there is an

isomorphism from L to L', then L is called lattice-isomorphic to L', and
we write L= L. We write x <y if x Ay =ux, or equivalently if
xvy=y We call a lattice L to be complete if every subset A of L

possesses the supremum vA and infimum AA with respect to the order in
L. A complete lattice L has the maximum and minimum elements, which
are denoted by I and O, or 1 and 0, respectively [6].

Definition 1. A complete distributive lattice L is called a complete
Heyting algebra (cHa), if

V(x; A y) = (V xij Ay
el el
for x;,1 € I, and y in L, where I is an index set of arbitrary cardinal

numbers [9].

Definition 2. Let L be a lattice and ¢ : L — L be an operator. Then

c is called a complement in L if the following conditions are satisfied [7]:
@OforaeLl, aAa=0, ava=1,

(i) for a,be L, a <b= a >0,
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@ii) for a € L, (a°) = a.

Definition 3. Let L be a bounded lattice and ¢: L — L be an
operator. Then ¢ is called a generalized complement if the following
conditions are satisfied [7]:

@) for a,be L,a <b, af > b°,
(i) for a € L, (a°)° = a.

Definition 4. Let S be a fuzzy algebra of LX. Then a function

m:S — R, is called a fuzzy measure if the following conditions are

satisfied:
(@) for A € S, m(A) > 0 and m() = 0,
@) for A, B € S, if A < B, then m(A) < m(B),
(iii) for A, Be S, m(Av B)+ m(A A B) = m(A) + m(B).
The pair (X, S) is called a fuzzy measurable space [7].

Lemma 1. For any distributive lattice L, there exists a set E such that

L is lattice-isomorphic with some sublattice of the power set P(E), whose
set operations are its lattice operations [3].

Definition 5. If [ is a sublattice of a lattice L, then L is said to be an
extension of [. If L;, a sublattice of L, is the minimal sublattice which
contains the sublattice [ of L and the subset M of L, then L; is the
extension lattice of [ obtained by adjoining M and is denoted by
Ly = (M)

Definition 6. A family GF(X), which is closed under operations v

and A, is called a ring of generalized fuzzy subsets of X, if it satisfies:

(i) GF(X) is complete Heyting algebra with respect to v and A,

(i) GF(X) contains P(X), the power set of X, as a sublattice of
GF(X),
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(ii1) the operations v and A coincide with set operations U (sum) and N

(intersection), respectively, in P(X),
(iv) for any element Ain GF(X), AvX =X and AAQD = .

Note that because of (ii1), the lattice operations may also be denoted

by U and N, in place of v and A, respectively.

Next we generalize the notions of L-fuzzy sets [2] to L -fuzzy sets.

Suppose that a lattice L, is assigned to each x in X. Let £ = {L, |x € X}
[6].

Definition 7. An L -fuzzy set A is characterized by a membership
function py which associates with each point x in X, an element p 4 (x)
in L,. The family of all £ -fuzzy sets is denoted by LF(X). Set
operations in LF(X) are defined as usual: that is, for A and B in LF(X),
paus(®) = pa(x) v up(x) and panp(x) = palx) A pp(x). When each L,
is equal to L, £ -fuzzy sets reduce to Goguen’s [2] L-fuzzy sets. An L-fuzzy

set 1s called simple, if its membership function is a simple function: that

is, if there is a finite division {Ej, ..., E,} of X and a finite set
{4, ..., A,} of L such that py(x) = A4; for x € E;, i =1, ..., n. The set of
all simple L-fuzzy sets on X is denoted by LF(X) [8].

Lemma 2. Let L be a distributive lattice such that max L =1 and
minL =0, and let I and M be sublattices of L such that max[ =
max M =1, and minl = min M = 0. Then (M) equals

Ly = {\n/(ai Axi)la; el,x; e M,n=1,2, }
i=1

n
Proof. An element of L; can be denoted by \/(a; A x;) with a; not
i=1

n
being zero for a finite number of i’'s. For y =\/(q; Ax;) and z =
1=1

m
‘\/1(b i A Yj), from the fact that L is a distributive, it follows that
]:
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yvz =([\n/(ai /\xi):lv{\"}l(bj /\yj)D e L.
j=

i=1

Also,

YyAZ=

1

V(@i A xi)} A {{’?(b,- A yj)}
Jj=1

i=1

(a; A x;) A (bj A Y))

<z

~

—
~
I

—

<3

= V \ (ai /\bj)/\(xi /\y])

=1J

@.
Il
—

Noting that, a; A b; € [ and x; Ay; € M, we obtain
yAzelL.

Depending on the same operations in L, it is seen that L; is a sublattice
of L. Ly contains [ and M, because for any a in / and any x in M,
a=anrland x =1Ax liein Ly. L' is a lattice in L, if M < L' and

lc L, for \/ q; €l and x; € M, ne N/{0},

g nx; el = \fla; nx;) e L' = Ly € L' = Ly = I(M).
=1

So I(M) is a minimal sublattice which contains M [8].

Lemma 3. Suppose that L is a complete Heyting algebra such that
max L =1 and min L = 0. If [ and M are complete Heyting subalgebras
of L such that max! =max M =1 and minl = min M = 0, then, with I

being any index set of arbitrary cardinal number,
Z(M) = {\/(ai /\xi)|ai € l, X; € M}
el

is the minimal complete Heyting subalgebra of L which contains | and M.

Proof. See [8].
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3. Generalized Fuzzy Measures

In this section, we investigate the algebraic structure of a family of
fuzzy sets and give the definition of a c-algebra of generalized fuzzy sets
and also of generalized fuzzy measure. Furthermore, a lemma and a

theorem are given depending on these definitions.
Definition 8. A family S c GF(X) is called a generalized fuzzy
c-algebra of GF(X), if the following conditions are satisfied:
(1) D eS and X € S,
() for AeS, AAA® =0, Av A° =1, when (A°)° = A, A® € S,
i) {4}y cS=J4ies.
i=1
Since L={L, :xe X}, L, is a complete Heyting algebra. For
A e S c GF(X) and for x € X, we have py(x) € L(). In other words, A
is a L-fuzzy set. AND =0, AvX =X and S c GF(X) are closed
under operations A and v.
Definition 9. A function m:S — R} = R, U {+w} is called a
generalized fuzzy measure on S if the following conditions are satisfied:
@ for AeS, m(A) >0, m@)=0,
@) for A, B € S, if m(A) < m(B), A < B,
(iii) for A, Be S, m(Av B)+ m(A A B) = m(A) + m(B),
(v) (4,),.y = SN, AeS:(4,)T A= m(4,)T m(A).

The pair (X, S) is called generalized fuzzy measurable space.

Lemma 4. Let S = P(X). Then a function m : S — R}, defined by
Number of elements in A, if A is finite,
m(A) =

o, if A is infinite,

is a generalized fuzzy measure.
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Proof. Write N and U in place of A and v, respectively.
1) m(A) >0 for A € P(X). m(D) = 0 for & € P(X).

(ii) For A, B e S = P(X), if A < B, then the number of elements in
A cannot exceed that of in B. Thus m(A) < m(B).

(iii)) When A, Be S = m(Av B)+ m(A A B) = m(A)+ m(B), Av B
=AUB, AAB=ANB are obtained with m’s reducing to classical

measure.
A\B = A\(AN B)
} — AN(AN B) = (AU B\B. (1)
A\B = (AU B)\B
Since m(A\B) = m(A) - m(B) for A, B € S, from (1), it follows that
m(A)-m(ANB)=m(AU B)-m(B). 2)

Let F= AN B and F cE. Then from (2), E = AUB and F =B.
For E = A, we have

m(A v B)+m(A A B)=m(A)+m(B).

(iviFor Ae S, (4,) T A= lim,_,, A, = A, thatis,
UAn = A = m(lim, ., A,) = m(A) & m(4,) T m(A).
n=1

Notation 1. Define p® as p9 ={(x,a,)e XxL, : 0, <p4(x)}. Thus

u% means area under py(x). For operators A, v used in the lattice L,,

na(x) A ppg(x) and py(x) v pg(x), have their usual meaning. If A, v are
operators used in GF(X), then A A B means psnpg, where (), U are used

in XxL.For A, B e S, consider
pans = x, oy) 1 op < panp)}
= {(x, o) o < panB(x) < pglx) < pplx),

oy < HaB(¥) < pp(x)).
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Then

ay < pg(x) and ay; < pp(r) = oy < minjus(x), pp(x)).

Thus p4(x) A ug(x) is valid for L. Here n%, u% e X x L.

0
(%, ay) € (ka Anp) = (6 o) € W, (v, o) € n,

where
(ma App)(x) = minjuy (x), pp(x)),
(wa Anp)’ cud Nud, wiNuph c XxL.
Since
(x, o) € (0% NuB) = oy < palx) and o, < pp(x),
a, < min(uyg(x), pp(x)) = (%, 0y) € (g A ng)’,
(g Aup)’ =% NuB.
Next,

(x, 0p) € (ma vup)(x) = oy < (ua viup)lx) = max{ua(x), pp(x).
If (ugvpg)(x)=pg(x), then o, < pg(x), (x,a,)en, and hence

(x, ay) e p% Up%. Similarly, if

0 0]
(ha viup)(x)=pa(x) = (x, 0,) € pg Ung,
then
0
(mavup) cudUnk e XxL=pu,p cpl Unp.

Conversely, V(x, a,)epny Un% = (x, ay) e pnd or (x, 0.)epnl. Let,

for example, (x, o) € p4. Then
oy < pa(x) = oy < maxiuy(x), pp(x)}
= oy € (ra vup)(®)
= (v, 0p) € (g v up)

0
= (na vup) =n% Upp.
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Theorem 1. Let S(e GF(X)) be a c-algebra of generalized fuzzy sets.

Let A(S) be classical c-algebra determined by {u% : A € S} on X x L.

If @:(XxL,, A(S)) > R} is a (finite) measure where m : S — R} is
such that m(uy) = Q(Y), then m is a generalized fuzzy measure.

Proof. (i) We have m(Q) = Q(uY) =0, where pd = {(x, o) € X x

L, : o, <pg(x)=0}. As o, € L, cannot be found so, p% is a @ set.

Since @ is a measure, Q(uY) = Q(D) = 0. Therefore, m(ugy) = Q(u).

(1) Suppose , e S. Let < pp. Then
pp Ha, UB Ha = UB

W = (%, 0p) € X x Ly s 0y < pg(x))
and
pa(x) < pplx) = a, < pplx).
Thus (x, o) € n%. Since @ is a measure, Q%) < Qu%). Further, since

m(ug) = Q%) and m(up) = Qu),
m(ua) = Qi) < Q) = mug) = m(ua) < m(up).
(iii) For A, B € S, consider py, ug € S. Then
m(ug Aug)+mlia viug) = Qua Anp)’)+ Qua vup)).  ©)
Since (ug A pp)’ =p% Np% and (uy v up)® = pG Unk,
Qua v up)”) = Qi) + Qup) - Qud Nup).

From (3)
Q(ua ~up))+Qna v up))

= Q((a A 1))+ QWY + Q%) - QWY Nuk)
= Q((a A up)’)+ QW) + Q1B) - Qua A up))
= Q%) + QuB)

= m(uy) + m(upg).
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Hence

m(ug v ug)+mug Apg)=mug)+mup).

(iv) Let (ng, pen € SN . Suppose that (na,) T uy. This requires

() T i

Since @ is a measure, Q(ug1 )T QuY) is valid. From this it follows

that m(pny, ) = Q(H%n) T Q%) = m(ua).

(1]

(2]
(3]
(4]

(5]

(6]
(7]

(8]
(9]
(10]
(1]
(12]
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