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Abstract

We propose a method for realizing numerical semigroups as Weierstrass
semigroups. Given a specific numerical semigroup as input, if it is a
Weierstrass semigroup, we obtain as the output the explicit equations
of a canonically embedded nonsingular curve whose Weierstrass
semigroup at a distinct point is this numerical semigroup. To illustrate

the method we realize the numerical semigroup (6, 8,10,11) as a

Weierstrass semigroup.
1. Introduction

Let C be a nonsingular, complete, irreducible, algebraic curve of
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genus g defined over an algebraically closed field % of characteristic zero.
For each point P of C we can associate the semigroup H(P) of the pole

orders of the rational functions on C that are regular outside P. The
semigroup H(P) is a numerical semigroup, that is, a subsemigroup of
the natural numbers N whose complement is finite, and it is called the
Weierstrass semigroup of C at P. A classical question, posed by Hurwitz
[7] in 1893, was whether any numerical semigroup was a Weierstrass

semigroup. In 1980 Buchweitz [1] answered negatively this question by
showing that the numerical semigroup (13, 14, 15, 16, 17, 18, 20, 22, 23)

cannot be a Weierstrass semigroup H(P) of a curve C. The question of

which numerical semigroups are Weierstrass semigroups is difficult and
only partial results are known (see, for example, [5], [9], [10] and [17]).

In this note we propound the use of Stéhr’s method (cf. [16], [13] and
[11]) for constructing the moduli space of pointed curves with a given
Weierstrass semigroup to handle the related problem that consists in
giving a specific numerical semigroup and asking if it is a Weierstrass
semigroup. In general, this kind of problem is solved by ad hoc
techniques. Our method is systematic, the technique used is very flexible
and in principle can be applied to any semigroup, the computational
complexity being the only impediment. To illustrate the method we
realize the numerical semigroup (6, 8, 10, 11) as a Weierstrass semigroup

and exhibit a pointed canonically embedded curve (C, P) with Hp(P) =
(6, 8,10, 11). To the best of our knowledge it was not known whether

this semigroup was a Weilerstrass semigroup, anyway other numerical
semigroup could be considered.

2. The Method

Let C be a nonsingular, complete, irreducible, nonhyperelliptic,
nontrigonal curve of genus g defined over an algebraically closed field k.
Let P be a point of C with Weierstrass semigroup Hg(P) and let

L=N-Hg(P)=1{4,ly, ... lg} be the set of Weierstrass gaps at P. Let
oc be the dualizing sheaf of C. By the Riemann-Roch theorem there

exists a P-Hermitian basis for Hom" (C, o¢), or equivalently, there exist
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regular differentials oy, oy, ..., w7, on C whose orders at P are [; —1,
ly -1, ..., lg — 1, respectively. Since, by hypothesis, C is nonhyperelliptic,
we can identify it with its image under the canonical embedding

(07 tog ot o)lg) :C — P}f_l.
Thus C becomes a projective, nondegenerate curve of genus g and degree
2¢ — 2 in ]P’;f_l, and the integers [; -1, ly -1, ..., [; —1 are precisely the

intersection multiplicities of C with the hyperplanes at the point P =
(1:0:--:0). Let I(C) be the ideal of C. Then we have that I(C) is

the set of polynomials f in the indeterminates Wll, vy ng satisfying

flog s -y colg) = 0. So I(C) is the homogeneous ideal ®;-5 I, (C), where

I,,(C) is the vector space of n-forms that vanish identically on C. By a

theorem of Noether (cf. [15], Theorem 1.2) the homomorphism

_ — Hom"(C, m%”)

KWy o W]
induced by the liftings Wli - oy, i =1, .. g, is onto for each n and the

canonical curve C c IPkg 1 s arithmetically Cohen-Macaulay. Then we

have that

Wy, ooy Wi ]

lg
1,(C)

dim,, L=(@n-1)(g-1)

+g-1
or equivalently, dim, I,,(C) = [n & j —(2n-1)(g - 1), for each n > 2.
n
In particular, the vector space I5(C) of quadratic relations has dimension

W. Let Ly = {i; +1;|h, I; < L}. Then for each s € Ly we
consider all the partitions of s as sums of two gaps

s=ag+b; ([@=0,..v)
with ag < by and ay, by € L. We put a; = ayy and b; = by, where

bso 1is the largest among the by;’s. Observing that the o, o, ’s have

different orders at P, there exists a monomial basis B of Hom° (c, m%z)
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containing all the W, O, (see [12], Theorem 2.1). After normalization we

. -2 -3 . .
can obtain % equations, one for each Oq; Op; not in B,
wasimbsi = (Daswbs + Z Csily OOy,
[+1l'>s
ooy eB

where ¢y € kB and [ + 1" € Ly. All the W forms

Fgi = Wo,We,, — Wo Wy, — Z csinWiWy @

I+l'>s
wjoreB

vanish identically on C and are linearly independent. Thus, they form a
k-basis for the vector space of the quadratic relations I5(C). Indeed,

since C is nontrigonal, by a classical theorem of Petry (cf. [15]) it follows
that the forms F,; generate the ideal I(C). It is worth observing that we

know exactly the Weierstrass semigroups on trigonal curves (cf. [2], [3]
and [8]). Moreover, our method can be adapted to the trigonal case by
adding g — 3 cubic forms to the generators of the ideal I(C) (see [15]).

Stohr’s idea consists in reversing the above considerations. Initially,
we define for each form F,; the homogeneous and isobaric form

Fs(l! = Wasi Wbsi N Was Wbs (2)
and write I° for the ideal defined by the forms Fs(; ’s. Now let C° be the

subscheme of }P’]f 1 defined by the homogeneous ideal I°. Typically C°
will be a highly singular canonical curve that realizes the Weierstrass
gap sequence in the sense that the intersection multiplicities of C° with
the hyperplanes at the point P = (1 : 0 : --- : 0) are precisely the integers
h-1,1-1, .., lg —1. We have just seen that any canonical curve C

having a point with the gap sequence /; —1,l5 -1, ..., [, —1 and B as a

(g-2)(g-3)
2

similar to those in (1), thus it can be seen as a deformation of the curve

basis of Hom®(C, ®6C92) is given by quadratic forms Fg;,

C°. We impose conditions on the coefficients ¢z in order to the
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intersections of the quadrics Fy; in Pf ! be a canonical curve C having a

nonsingular point P = (1 : 0 : -+- : 0), where the intersection multiplicities
of C with the osculating spaces of Cat Pare [} -1, 15 -1, ..., lg —1. The

conditions we have to impose are given by Stéhr’s deformation theorem.

Theorem 2.1. Suppose that the scheme c’ defined as above is a
canonically embedded curve and let I be the ideal generated by the

(& -2)(g-3)
2

following statements are equivalent:

quadratic forms Fg, s € Ly and o, oy ¢ B. Then the

(1) The quadratic forms Fg define a non-degenerated Gorenstein

curve C of arithmetic genus g and degree 2g — 2 in P,f_l;

(i1) Each homogeneous syzygy of degree n between the forms Fg; is

induced by a homogeneous syzygy of degree n between the forms Fs(io).

In addition, the curve C in item (1) has a unique component passing
through the nonsingular point P =(1:0:---:0) whose contact orders

with the hyperplanes defined by the equations W) = 0 are the integers
l-1withleL={4, Iy, .., lg}.

Proof. See the proof of Theorem 4.1 in [13].

After dividing by the action of the subgroup of GL,(g) that preserves
g(g -1)

P-Hermitian basis, or more precisely, the T-dimensional group of
upper triangular matrices whose diagonal elements are of the form 2l

for each i =1, ..., g, for a non-zero constant z (see [16], Section 3 for

details), Theorem 2.1 gives defining equations for the parameter space of

the pointed Gorenstein curves with gap sequence f, Iy, ..., I, and

because the nonsingular curves correspond to an open subset in the
moduli variety (cf. [14]), if we choose an “aleatory point” in the moduli it
should correspond to a nonsingular curve for “almost every” choice. Thus
we can obtain the desired nonsingular curve that realizes the given
numerical semigroup (if it does exist).



450 FRANCISCO L. R. PIMENTEL and GILVAN OLIVEIRA

Our method for representing a given numerical semigroup H can be
summarized by the following steps:

(1) Study of a special singular canonical curve that realizes the
numerical semigroup H at a distinct nonsingular point in the sense that
the sequence of intersection multiplicities of the curve with the
hyperplanes at this point has the correct values, that is, it is equal to

h-1,1,-1, .., lg -1, where [, [, ..., lg is the sequence of gaps N - H

of the semigroup. (If a curve is nonsingular, it is well known that this is
equivalent to saying that the Weierstrass semigroup of the curve at this
point is H.)

(2) Deform the special curve in (1), by using Stohr’s deformation
theorem (see Theorem 2.1), in order to obtain the parameter space of
isomorphism classes of pointed canonical curves with the prescribed

Weierstrass gap sequence [, o, ..., lg.

(3) Obtain the examples by choosing arbitrary curves among those
constructed in (2) and proving that they are nonsingular by the Jacobian

criterion.

3. An Example: The Semigroup (6, 8, 10, 11)

To illustrate the method we take the numerical semigroup
(6, 8,10, 11). We used the software SINGULAR [6] for the algebraic

computations.
Step 1. For this semigroup we have that L = {1, 2, 3,4, 5,7, 9,13, 15}
is the set of gaps. We obtain the ideal I 0 by observing that
4,5,6,7, 8, 9,10, 11, 12, 14, 16,17, 18, 20, 22 € L,

can be written as a sum of two gaps in more than one way. (The

(g-2)(g-3)
2

isobaric binomials in the forms Fy; given in Step 3.) Let R = k[W;, Wy, W5,

= 21 quadratic equations Fs(g ’s that generate I O are the

Wy, W5, Wy, Wy, W3, Wl5]/IO be the homogeneous ideal of the scheme

C°. The Hilbert polynomial of C® is 16n - 8, so C° is a curve of genus 9



REALIZING NUMERICAL SEMIGROUPS AS WEIERSTRASS ... 451

and degree 16 in P}f . To conclude that it is a canonically embedded curve

it is sufficient to prove that the ring R is Gorenstein. Since Wy5, W; — W3

is an R-sequence, it follows that R is Gorenstein if and only if the Artinian

R
(W - Wis, Wi5)

be written as the sum of vector spaces A=A4,® A; ® Ay ® A3, where

ring A = is a Gorenstein ring. Now, observe that A can

dimj, A3 =1 and A = KWW, is the annihilator of the maximal ideal of
A, s0 A is a Gorenstein ring (cf. [4], Proposition 21.5).

Step 2. Observing that
m%, W03, O1O3, O104, O1O5, V05, O]07, VoM, O]Mg,
Mg, W30g, W Mg, V1013, M2M3, VW5, W05, B3W]5,
04015, V5015, O7015, O9W15, 60%3, 13015, 60%5
have different orders at P we conclude that they form a basis B for

Hom?(C, m(gz). Thus we can obtain the forms F§; that generate the ideal

I(C) as in (1) and then apply Theorem 2.1.

Step 3. We search for a pointed curve (C, P) with Hp(P) =
(6, 8,10,11) among those obtained by Step 2. Since the nonsingular

curves correspond to an open set in that variety, we take an arbitrary
curve and analyze it. By Theorem 2.1 we know that the curve C defined

by the following set of 21 equations:

Foo 1 = WoWi3 — WyWi5,
Foo1 = WyWiz — WsWy5 - WisWis — Wi,

Fig o = Wg — WaWis — W, Wi — WsWi5 — WyWis — Wi,
Fig 1 = WsWi3 — WaWi5,

Fi71 = WyWi3 — WolWs,
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Fig,5 = WqWy — WiWi5 — WoWy5 — WsWi5 — WsWi5 — 2WisWi5 — Wi,
Fig,1 = WaWi3 — Wi W5,

Fly s = Wi = WiWig - WoWis — 2W5% — WiWy5 — WaWy5 — WisWis,

Fryq = WsWo - WiWig — WoWig — 2W5% — WsWi5 + WyWis
+ WoWi5 — Wiy,

Fig 1 = WsWp - WsWy,

Fiy1 = WaWq - Woly,

Fio,5 = W5 - MWy + W3Wi5 + W5Wis,

Fo1 = WsW7 - WiWg,

Fy 1 = WyW5 - WoW; + WoWy5 + WyWi5,

Fyg o = Wi - WiW; — WasWo + WiWy5 — WaWi5 — WsWi5
- WyWis — WoWis — Wi,

Fg 1 = WsW; - WiWq + WiWy5 + W35,

Fr 1 = WsW, — WolVs,

o
I

Wg' - Wi W,
Fg 1 = WoW, - WW5 — WiWy — 2W, W5 — WaWi5

~ WsWi5 — WyWy5 — 2W3Wi5 — Wi,

F5 1 = WolWs - W Wy,
Fyq = Ws - WiWs — 2WiWig — 2Wi% — Wi Wi — WaWis

~ WsWi5 — 2Wi3Wi5 — Wi,
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is canonically embedded in Plf and has the correct sequence of
intersection multiplicities
0,1,2,3,4,6,8,12, 14

with the hyperplanes at the point P=(1:0:0:0:0:0:0:0:0). If
the curve is nonsingular, it is well known that this is equivalent to saying
that the Weierstrass semigroup of the curve at the point P is

(6,8,10,11). We can verify by means of the Jacobian criterion that in

fact this curve is nonsingular.
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