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Abstract

The inherent stochastic properties in Lorenz type maps are clarified in
this paper. The distributions of frequency and inter-occurrence times are
discussed carefully. Unimodal surjective map and Lorenz map have
same distributions, which are also explained in theory. By constructing
4-letters Lorenz map, comparing similarities with 4-letters surjective
map, one elicits catholicity of inherent stochastic properties. In the field
of application, we hope to afford a symbolic platform which satisfies
these stochastic properties and study some properties of DNA
sequences, 20 amino acids symbolic sequences of proteid structure, and
the time series that can be symbolic in finance market etc.

1. Introduction

As early as in 1947, Ulam and von Neumann studied the densities
distribution [8] of orbital points {xi};ozo about the surjective parabolic

maps, and got the famous Chebyshev distribution
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The study of chaotic symbolic sequences is gradually developing in
theory. However, applied research of stochastic chaotic sequences has not
been fully carried out, for most of studies focus on controlling or avoiding
chaos. Chaos, nevertheless, affords inherent stochastic properties that
can be calculated, which is an important applied domain. The stochastic
symbolic sequences bear the following three features. First, computer can
generate them iteratively. Second, like false stochastic numbers, they can
set up a stochastic sequence simulation (in contradiction, they are based
on corresponding symbolic spaces). Third, they can produce numerous
symbolic spaces, which is not characteristic of common stochastic
numbers. Therefore, the symbolic dynamics [3] developed by this means
is supposed to be very useful. This paper aims at inquiring preliminarily
into various properties of inherent stochastic properties in Lorenz maps.
We have been familiar with two symbolic sequences and have clarified
the inherent randomicity in 4-symbolic dynamics in paper [10], the
multiformity of inherent randomicity and visitation density in n symbolic
dynamics in paper [9], while the generic properties of Lorenz type maps
are still unknown.

These researches reveal the probability distributions of symbolic
appearance and inter-occurrence times in Lorenz maps, Unimodal map,
4-letters Lorenz map, 4-letters surjective map. And this paper is
organized as follows. In Section 2, introduced the symbolic dynamics of
Lorenz maps. In Section 3, the stochastic properties in Lorenz map are
amplified in detail. In Section 4, compared the similar stochastic
properties in Lorenz map and Unimodal map. In Section 5, one discussed
the stochastic properties in 4-letters Lorenz maps.

2. Symbolic Dynamics of Lorenz Maps

Lorenz equation:

x :G(y_x)’
y=(r-2)x-y,
z = xy — bz.
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On the Poincaré section, some geometrical structure of Lorenz flow

may be reduced to a one-dimensional Lorenz map f : [-u, v] = [-u, v],

A
f(x):{fL(x)zv—oc|x| +hot, x<0, (Wv>0E>1)

fp(x) = —p + px* + hot, x>0,
where LA is a constant greater than 1, “h.o.t” represents high-level term.

Both of the branches f; and fi are monotone increasing. In order to get

iterative sequences in the part of chaos, the Lorenz map used in this

research is:

_ fL(x)=1—2|x|2, x <0,
) {fR(x) =-1+2x%, x>0. M

Let us study the symbolic dynamics of Lorenz maps [7]. Following the
kneading theory [5], the address A(x) of any point x on the interval
[-1, 1] is

R, x e[-1,0),

Alx) = {L, x e[o, 1).

x = 0 1is the turning (discontinuous) point, and one can define C and D as

C= lim fi(x),

x—0"

D= lim+ fr(x).

x—0

Two infinite or finite symbolic sequences starting from C and D are
kneading sequences which can be ordered lexicographically by L < C,

D < R. For two kneading sequences, vy{Yg:---ViVi+1 -~ and ming -
MiNis+1 --+» with maximal common leading part y;yg:-y; =ming--'M;, one
has yiyg - viviy - < Mg - MiNs o if and only if v,y < n;. The
shift operator ¢ is defined as (pk(i) = Ep,1Ep+0 -+ for the sequence
§ =&182 - Ex&py1 - For any two sequences §=E&&p--§;8;,p - and
€= Gy Cilja s & G e R L, if 0°(8) 2 & and ¢ < ¢"(C), for all

K € Z., then £ and ¢ are called maximal and minimal, respectively, and
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S = (&, €) is an extremal pair. Let the integers k; and kp be the order
coordinates of a letter in the sequence such that @kL_l(i) =L.., and
¢kR_1(§) = R..., the set By, or kp describe successive sequences of L or
R. Then, if the pair S further satisfies the following condition:

o™ (&) < K', o"R() = K?, {kp}U (kg = {k} € Z,,

oL@ <K' ¢"R(Q) = K% kiU ki) = k) < 2,

S is admissible with respect to the kneading sequences K 1 and K2. All
the admissible pairs form an admissible set K and fill up the whole
kneading parameter plane of dynamical systems of two letters.

3. The Stochastic Properties in Lorenz Map

3.1. The distribution of frequency

Let us define an alphabet of 2 numbers, which is corresponding to the
likely states of a random discrete dynamical system, or all the likely
outcomes of a random experiment:

Q = {0, 1} = {“failure”, “success”}.

The forward sequence constitutes a space (or a set) composed of the
generated outcomes:

N .
QY ={(&g, &1, &9, )1 & € Q Vie {0, 1,2, .0}
These sequences themselves are iteratively generated, in fact it is a shift
map o : QY - QO which acting on the sequences by o(&, &;, Eg, ...)

= (&1, &g, ...). Another definition is p, which is the product measure [2] on

OV generated by the measure (1 - p, p) on {0,1}, and will be denoted

by (1-p, p). Defining f: QY — {0, 1} by f{&o, &, &g, .} = &g, it is
coarse graining in theory, one can get: X;(§) = q)(ciég), (for i=0,1,2,..),
which are sequences of independent identically distributed (@.i.d.)
random variables defined on the probability space (QN , 1) (all the

following discussions are based on the random variables), that is, the
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random variables represented by &g, &, &g, ... are 1iid., and §&;
(1=0,1,2,..) is based on Q,
n-1

Y, =Xo+ X1+ + X, 4 = Z‘P(Gii) =& +& + -+ E&p -
i=0

The stochastic symbolic sequences in 2-letters map satisfy Binomial

distribution:
we e QN 1 Y, (x) = B} = Cip*( - p)" .
3.2. The inter-occurrence times of Lorenz map

Now let us make a further study a given word’s occurrence times in
an independent repeated experiment, such as “success” in the alphabet of

2 numbers. Given outcomes of a random sequence

& = (80, &, &g, ..) € QF,

we are mainly interested in n such that &, =1, let
®(&) = 1(8) = infin 2 0 : &, =1},
and accordingly, for j > 2,
tj(8) = inf{n > 7; 1(§) : &, = 1}.

Then for all £ > 0, the result is, for fixed £ > 0 and all £ < --- < kj—1>

k-1
P(TJ _ijl = k|‘l?j,1 = kjfl’ ey T = kl) = P(‘E] —‘Cj,1 = k) = p(l —p) .
the inter-occurrence times 1+ 1y, 19 — 1, T3 — Tg, .... are 1i.d. with
parameters p.

Using this method similar to study the distribution of first passage

time 7T, of one-dimensional simple random wander in stochastic
processes, one has proved rt; satisfies Negative Binomial distribution

J
BN(j, p):

P{Tj:k}zclgjpqu”, k=r,r+1,r+2,..., 0<p<1, g=1-p.
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4. The Comparability of Stochastic Properties
in Lorenz Map and Unimodal Map

In fact, the former stochastic properties in Lorenz map are similar
entirely to that in Unimodal map. This kind of comparability is
determined by the relationship of Lorenz map and Unimodal map. (See
Fig. 1)

-1 0 1 -1 0 1
(@) (b)
Figure 1. Lorenz map and Unimodal map.

The iterative form of Lorenz map is (1), and Unimodal map is: y =

1 - 2x2. One can find this characteristic by Fig. 1,

{fa = _fb’ x 20,
fa = fb, x < 0.
An n-periods orbit of f; corresponds to a couple of n-periods orbits of f,.

Both of them have the same topological entropy [4] and marker behavior.
The fixed point of f;, exhibits two-periods behavior of f,, which can be

found clearly by contrasting their bifurcation diagrams. (See Fig. 2)

Figure 2. The bifurcation diagrams of Lorenz map

and Unimodal surjective map.
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Compared the right branch of Lorenz map and Unimodal map, the
Lorenz map is only overturned by x coordinate axis. As these results
reveal that this kind of overturn does not influence statistical properties
of random sequences. We can also make out this character by comparing
4-letters Lorenz map and 4-letters surjective map. Compared with
Unimodal map, Lorenz map belongs to a more complex category, which
presents more abundant dynamics actions. But as above study, these
statistical results present regulation as a whole.

These are stochastic properties in deterministic systems.
5. The Stochastic Properties in 4-letters Lorenz Maps

The iterative form of 4-letters Lorenz map is,

—8x2 - 8x, -1, -1<x < -0.5,
8x2 +8x, +1, —0.5<x <0,
—8x2 +8x, -1, 0<ux<0.5,
8x2 —8x, +1, 0.5 <x < -0.5.

Xpi1 = F(A, xp,) =

5.1. The distribution of frequency
Define an alphabet of 4 numbers,
Q={0,1, 2, 3} = {L.”, “M”, “N”, “R”}
= {“Adenine”, “Guanine”, “Cytosine”, “Thymine”} = {“A”, “G”, “C”, “T"}.
The forward sequence of outcomes 1is this space,
oV = {5, &1, 89, )1 & € Q, Vie {0, 1,2 .0

These sequences are iterative themselves. Introduced a shift map o :

oV 5 oV, which acting on the sequences by o(&g, &1, Eg, -0) =
(&1, €5, ...). Defining ¢ : @ - {0,1, 2, 3} by ofo, &, &g, ...} = &g, one
has:

X;(¢) = 9(c'8), (fori=0,1,2 ..).

The stochastic symbolic sequences in 4-letters Lorenz map satisfy
Multinomial distribution:
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n! ny _n n n
— P Pe®P3 Dyt (2)
ny.ng.ng.Ny.

4 4
[z p-1 Y, - j ®
=1 =1

As we know, the random sequences of one-hump surjective map in

T(Ny =ny, Ng =ng, Ng =ng, Ny =ny)=

2-letters maps satisfy Binomial distribution. The base in theory of these
results is that the topological entropy in n letters surjective maps is In(n),
which is a deduction of chaotic symbolic sequences’ Bernoulli property.

5.2. The inter-occurrence times of 4-letters Lorenz map

Now let us consider a given word’s occurrence times in an
independent repetition experiment, such as “R”, “T” or “Thymine” in the
alphabet of 4 numbers. Given a random sequence of outcomes

& = (&, &1 &2, ) € O,

we are mainly interested in n such that &, = T, let

1(8) = n(8) =inf{n 2 0: ¢, =T},

and define, for j > 2,
tj(€) = infin > 1;4(8) : &, = T}

Then for all k£ > 0, the result is, for fixed £ > 0 and all & < --- < kj_q,

P(tj—tj g =kltjy =kjq,nt =k)=P(t;—1; 4 = k)= p{'pSpSpy, (4)
4
Zpi:1;a,b,c6{0,1,2,...},a+b+c:k—1. (5)
=1
Correspondingly, for &, = A, §,, = G, &, = C, the results can be educed

in this way. The inter-occurrence times 1 + ri‘, r}z‘ - t{‘, ‘E?); - t;‘, ... are

1.1.d. with parameters py, ps, pP3, D4.

Similarity with 4-letters Lorenz map, 4-letters surjective map also
has these distributions, namely (2) and (4). This kind of stochastic
properties have catholicity.
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6. Conclusion and Discussion

The inherent stochastic properties in Lorenz maps are clarified in
this paper. These stochastic symbolic sequences bear three characters.
These researches reveal the probability distributions of symbolic
appearance and the inter-occurrence times in Lorenz maps (include 4-
letters Lorenz map). Compared with Unimodal surjective map and 4-
letters surjective map, the catholicity is clear.

We hope to afford a symbolic platform which satisfies these stochastic
properties and study some properties of DNA [1, 6] sequences, 20 amino
acids symbolic sequences of proteid structure, and the time series that
can be symbolic in finance market etc., which are part of our future work.
The symbolic platform provides a set of effective methods to approach
problems of this kind. The establishment of this symbolic platform opens

up a vast vista.
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