
www.p
phm

j.c
om

Far East J. Appl. Math. 25(1) (2006), 73-84 

 :tionClassifica jectSub sMathematic 2000 76D05, 92C50, 76M10.

 Keywords and phrases: right coronary artery, atherosclerosis, blood flow, wall shear stress, 

finite element. 

Received May 9, 2006 

 2006 Pushpa Publishing House 

PULSATILE FLOW IN A STENOSED RIGHT 

CORONARY ARTERY 

BIYUE LIU 

Department of Mathematics 
Monmouth University 
West Long Branch, NJ 07764, U. S. A. 

Abstract 

We present a three dimensional model with simplified geometry for a 
diseased right coronary artery segment to study the blood flow in a 
stenosed coronary artery and to understand the influence of the artery 
geometry on the flow pattern. The system of unsteady incompressible 
Navier Stokes equations is employed as the governing equation. The 
model is numerically solved using the finite element method. 
Computations are carried out under a variety of physiological flow 
conditions to examine the disturbed flow patterns, including flow shift, 
reverse flow, secondary flow and wall shear stress, in a curved artery 
with a stenosis at the inner wall of the bend at different stages through 
a cardiac cycle. 

I. Introduction 

Atherosclerosis is the leading cause of mortality in the western 
country. It is widely believed that the development of atherosclerosis is 
closely related to the complex haemodynamics in human arterial system. 
More and more clinical and research findings suggest that biomechanical 
factors such as flow velocity, wall shear stress and static pressure may be 
responsible for the formation and progression of atherosclerosis [2, 5, 10]. 
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Atherosclerosis preferentially occurs in certain regions such as the bend 
and bifurcation of large and medium arteries. The local vascular 
geometry substantially mediates the haemodynamic environment of the 
intima [4]. The disturbed flow field with low and oscillating wall shear 
stress and fluctuated pressure in these regions are believed to contribute 
to the preferential occurrence of atherosclerotic plaque in these regions 
[5, 10]. Therefore, it is very important to study the blood flow in arteries 
with bends and bifurcations in order to understand the biomedical 
pathophysiology of atherosclerosis. 

The coronary artery is a common and important clinical site of 
atherosclerotic plaque formation. Many studies have been made towards 
understanding the haemodynamics in coronary arteries [1, 5, 6, 8, 9, 14]. 
He et al. studied the blood flow in a left coronary artery bifurcation [8]. 
Back et al. examined the effect of mild atherosclerosis on flow resistance 
in a coronary artery casting of man [1]. Myers et al. investigated the 
effect of flow waveform and inlet velocity profile on the haemodynamics 
in the proximal, medial and distal arterial regions [12]. Johnston et al. 
compared the models of Newtonian and Non-Newtonian flows in healthy 
right coronary arteries with no sign of atheroma [9]. Despite the fact that 
the blood flow in coronary arteries has been intensively studied, the 
complex correlation between the haemodynamics in the coronary artery 
and atherosclerosis is still not fully understood. Further fluid dynamical 
and artery geometrical studies are needed. 

The aim of the present study is to numerically analyze the local flow 
information in a portion of stenosed right coronary artery. Numerical 
computations are carried out under a variety of physiological flow 
conditions to investigate the local flow in curved arteries with a stenosis 
at the inner wall of the bend. The disturbed flow patterns at different 
stages in a cardiac cycle are examined. 

II. Mathematical Model and Numerical Methods 

This study assumes that the fluid is Laminar, Newtonian, viscous and 
incompressible and the artery wall is rigid. These assumptions have been 
shown to be adequate for arterial haemodynamics by many investigators 
[3, 8, 9, 16]. The unsteady three-dimensional Navier Stokes equations are 
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used to describe the blood flow in a portion of right coronary arteries as 
shown in Fig. 1. In the case of a stenosed artery, the geometry of the 
artery was reconstructed based on the image of a diseased artery in 
Figure 5 in [15] regarding the location, size and the shape of the stenosis. 
It consists of three parts. The first part is a straight 1.0 cm long inlet 
tube, followed by a curved second part which is initially obtained by 

rotating the end-cross-section of the first part by an angle of 72  with a 

1.8 cm radius of curvature. The third part is a straight outlet tube 
following the curved part. The artery has circular cross sections with a 
0.45 cm diameter at both inlet and outlet and with varying diameters in 
the region of stenosis. The area of the cross section at the throat of 
stenosis is reduced by 51%. In each cross section of the artery there is one 
diameter that connects the top point (outer wall) and the bottom point 
(inner wall) of the circle. We refer to this diameter as the center diameter. 

The Navier Stokes equations are complemented with the following 
boundary conditions. The no-slip condition is imposed on the wall of 
artery. At the inlet boundary of artery, a blunt inlet velocity profile with 

a time varying waveform is assumed. ( ) ( ),rftUu =  where r is the radial 

distance of a point to the center of the cross section circle. The value of f 

is zero for cm255.0=r  and 1 for ,cm17.0<r  and continuously varies 

between 0 and 1 for .cm225.0cm17.0 << r  Fig. 2(a) is a plot of this blunt 

profile along the normalized center diameter. ( ),tU  as shown in Fig. 2(b), 

is the pulsatile coronary inlet velocity waveform [1, 9, 11]. This 
physiological profile was recorded in the right coronary artery of a human 
and contains a period of reverse flow in systole and a rapid acceleration 
and deceleration in diastole. The outlet boundary is a circular cross-
section perpendicular to the main axis of the tube. The surface traction 
free boundary condition is imposed at this boundary [12, 13, 17]. In 

computation the density of the fluid ρ is chosen as 1.05g/cm3 and the 

dynamic viscosity η is chosen as 0.0245dynes/cm2. The mean reference 

Reynolds number at the inlet is 348. 

The Navier Stokes equations are solved numerically using the finite 
element method with piecewise quadratic functions for velocity and 
piecewise linear functions for pressure over a tetrahedral mesh. The 
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computations are performed using COMSOL software (version 3.2). The 
initial conditions for velocity and pressure are obtained by solving the 
steady state Navier Stokes equations with the same boundary conditions 
as in the time dependent problem. A few cycles are simulated to ensure 
that the flow is truly periodic. Computations are repeated and compared 
over different meshes to ensure that the numerical solutions are mesh 
independent. 

III. Observations and Conclusion 

Simulation results are analyzed to investigate the flow pattern in a 
segment of right coronary artery with a stenosis at the inner wall and the 
influence of the stenosis on the flow. The flow pattern varies at different 
stages during the cardiac cycle. The solution at four representative times 
( )s85.0,3.0,1.0,05.0=t  is demonstrated. As marked in Fig. 2(b), they 

correspond to a systolic deceleration with a forward inlet velocity 
( )s05.0=t  and a reverse inlet velocity ( ),s1.0=t  a systolic acceleration 

( )s3.0=t  and the point of maximum forward velocity in diastole 

( ).s85.0=t  It is well known that an irregular flow field caused by the 

curvature occurs at the inner wall of a bend. However, with the presence 
of a stenosis at the inner wall, the flow at the inner wall in the region of 
post-stenosis becomes more irregular and a disturbed flow region also 
occurs at the outer wall of downstream. 

Flow shift and reverse flow 

Fig. 3 shows a representative data set of axial velocity along the 
normalized center diameter at the time values of 0.05, 0.1, 0.3 and 0.85s 
through the cardiac cycle at different cross sections ci ( )6...,,2,1=i  of 

the artery. The center diameter is a diameter of a cross section circle in 
the plan of curvature. 0=x  and 1=x  correspond to the outer wall and 

the inner wall respectively. c1 is a cross section near the entry of the 
artery; c2 is at the end of the straight inlet tube; c3 is in the middle of the 
curved part; c4 is immediately below the stenosis; c5 is in the 
downstream; c6 is near the outlet boundary. In the plot a positive axial 
velocity means the fluid moves forward and a negative axial velocity 
indicates the fluid moves backward. The flow separation pattern in a 
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curved artery with stenosis can be observed in Fig. 3. When s05.0=t  

nearly blunt forward flow is observed near the entry of the inlet (see c1 in 
Fig. 3a). At the end of the straight inlet tube, backward flows are 
observed near both outer wall and inner wall. As the fluid moves into the 
curved part and downstream, the maximum forward axial velocity shifts 
towards the outer wall and the backward flow near the inner wall further 
develops and the flow separation at the inner wall reaches the maximum 
in the post-stenosis region. As the fluid moves further down, the 
maximum forward axial velocity shifts back to the center of the tube and 
the backward flow at the inner wall is weakened. It is interesting to 
compare the axial velocity plots in Fig. 3(a) and Fig. 3(b). The axial 
velocity curves at each cross section for s05.0=t  and s1.0=t  have 

similar shapes except near the entry of the inlet. This suggests that the 
reverse flow and flow shifting patterns in the curved artery when 

s05.0=t  and s1.0=t  (both in decelerations during the systole) are 

similar despite the fact that the velocity waveform at the inlet is 
backward when s.1.0=t  

Fig. 3(c) shows that, when ,s3.0=t  the axial velocity profile keeps 

nearly blunt along the artery except in the post-stenosis region where it 
becomes nearly parabolic. No backward flow is observed. From Fig. 3(d) 

we can see that at the peak of the diastole ( ),s85.0=t  there is no 

significant flow shifting in the straight inlet tube and the first half of the 
curved part. The maximum forward axial velocity shifts towards the 
outer wall and a flow separation occurs at the inner wall in the post-
stenosis. The maximum reverse flow is on the order of 20% in magnitude 
compared to the forward flow in the cross section. As the fluid moves to 
the outlet the flow separation disappears and the axial velocity profile 
resumes a regular shape with the maximum at the center. 

Fig. 4 is a plot of streamline of the velocity field when ,05.0=t  ,1.0  

0.3, 0.85s respectively. It shows that during the systolic deceleration with 
a small forward or backward inlet velocity the flow along the artery is 
irregular in the curved part and post-stenosis region, especially at the 
inner wall of the post-stenosis when t = 0.05s and at the outer wall of 

downstream when t = 0.1s.  During the systolic acceleration, flow is more 
regular and there is no sign of flow shifting and reverse flow. The last plot 
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of streamline in Fig. 4 shows a shifted flow towards the outer wall and a 
flow recirculation at the inner wall of the post-stenosis region when 

.s85.0=t  

Secondary flow 

Secondary flows occur along the curved arteries as a result of acting 
centrifugal forces. The pattern of the secondary flow in a stenotic curved 
artery is more complex than that in a curved artery with no stenosis. The 
magnitude of the secondary flow in a stenotic curved artery is also much 
larger. An approach to assessing the secondary flow is to examine the 
maximum magnitude of the transverse velocity on each cross section 
along the artery. Fig. 5(a) is a plot of the maximum axial velocity 
magnitude and the maximum transverse velocity magnitude on each 
cross section along the artery when .s85.0=t  The transverse velocity 

contains the velocity components perpendicular to the axial velocity. The 
horizontal axis is the normalized axial length of the artery. 0=x  and 

1=x  correspond to the inlet and outlet boundary respectively. The 

straight inlet tube is between 0=x  and .17.0=x  The throat of the 

stenosis is at 34.0=x  and the end of the stenosis is at .41.0=x  Fig. 

5(a) demonstrates that the maximum axial velocity assumes the 
maximum at the cross section with 41.0=x  which is below the stenosis. 

The maximum secondary flow occurs at the cross section with 34.0=x  

which is the throat of the stenosis. Fig. 5(b) is the ratio of the maximum 
secondary flow to the maximum axial velocity on each cross section. This 
ratio assumes the maximum value 0.31 at the middle of the curved part 
( ).3.0=x  It indicates that the secondary flow is strongest at the middle 

of the curved part which is on the order of 31% to the axial velocity. 

Wall shear stress 

Fig. 6 and Fig. 7 show the wall shear stress distributions (in 
dyne/cm2) at the time values of 0.05, 0.1, 0.3 and 0.85s respectively 
during the cardiac cycle in a curved artery with 51% stenosis and with no 
stenosis, respectively. Negative wall shear stresses indicate a reverse 
flow. From Fig. 6 and Fig. 7 we can see that the pattern of wall shear 
stress in a curved artery with a stenosis at the inner wall is more complex 
than that in an artery with no stenosis. During the systolic deceleration, 
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the low wall shear stress region occurs at the inner wall of the middle of 
the curve part and the high wall shear stress occurs at the outer wall of 
the second half of the curved part in a curved artery with no stenosis. 
However in a curved artery with 51% stenosis, there are two intense 
regions of low wall shear stress at the inner wall, one in the second half 
of the curved part and the other in the downstream of the post-stenosis 
region. Regions of fairly low wall shear stress also exist at the inner wall 
towards the outlet. High wall shear stress occurs at the outer wall of 
post-stenosis region. It is believed that low wall shear stress and blood 
stagnation increase residence time and interaction between blood 
lipoproteins and vessel endothelium. This may result in the thickening of 
the arterial vessel wall [5, 7]. During the systolic acceleration, no 
negative wall shear stress is observed regardless the presence of stenosis 
and a relatively low wall shear stress region occurs in the post-stenosis 
region in a stenosed artery (Fig. 6(c)). At the peak velocity of diastole, the 
wall shear stress in the second half of the curved part is very high 
compared to the values of the wall shear stress at other times in the 
cardiac cycle. 

The comparison between the wall shear stress in Fig. 6 and Fig. 7 
also clearly demonstrates that the difference between the maximum and 
minimum values of the wall shear stress at each time value is much 
larger in a curved artery with stenosis than that in an artery with no 
stenosis. 

In conclusion, in the pulsatile arterial flow field in a curved artery 
with stenosis, two low wall shear stress regions at the inner wall are 
observed during the systolic deceleration. The region distal to the stenosis 
is characterized by a reverse flow and low wall shear stress at the inner 
wall, a maximum flow shifting and strong secondary flow. These 
phenomena in flow can contribute to abnormal pathologic mechanisms 
which may promote further development of the atherosclerotic plaque. 
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Figure 1. A curved artery with a 72° angle of bend. 
(a) with no stenosis, (b) with a 51% stenosis. 
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Figure 2. (a) Blunt velocity profile at inlet boundary, 
(b) Pulsatile coronary inlet velocity waveform. 
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(a) t = 0.05
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(b) t = 0.10
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(c) t = 0.30
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(d) t = 0.85
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Figure 3. Axial velocity along normalized center diameter at 

.s(d)85.0,s(c)3.0,s(b)1.0,s(a)05.0=t  
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Figure 4. Streamline of the velocity field at .s85.0,s3.0s,1.0,s05.0=t  
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Figure 5. (a) Maximum axial velocity and maximum secondary flow on each cross 

section along the artery, (b) Percent of the secondary flow visas axial velocity. 
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(c) 

 
(d) 

Figure 6. Wall shear stress distribution (a) ,s05.0=t  (b) ,s1.0=t  

(c) ,s3.0=t  (d) s85.0=t  in a curved artery with 51% stenosis. 
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(c) 

 
(d) 

Figure 7. Wall shear stress distribution (a) s,05.0=t  (b) 1s,.0=t  

(c) s,03.0=t  (d) s,85.0=t  in a curved artery with no stenosis. 
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