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Abstract

In the previous paper, we introduced a “pre-ring ” and “pre-module” and
also defined a pre-ring homomorphism and pre-module homomorphism.

A power set with a binary operation “ ∪ ” forms a pre-module over some

two elements pre-ring together with an appropriate scalar
multiplication. In this paper, considering non-empty finite sets A and B,
we present a fundamental one-to-one correspondence between the

homomorphisms from the pre-module ( )AP  to the pre-module ( )BP

and the relations from A to B. We also present some related
consequences.

1. Preliminaries and Conventions

The study of this paper is based on the results of our previous study
[1, 2]. We use the terminology and notation introduced in the previous
study.

A binary relation (simply a relation) is a set of ordered pairs. A
function f is the relation f such that if ( ) fyx ∈,  and ( ) ,, fzx ∈  this

implies .zy =  If f is a function, then the unique y such that ( ) fyx ∈,  is

the value of f at x.
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We adopt the following conventions. Let R be a relation (including
functions). Then the notation xRy is equivalent to ( ) ., Ryx ∈  If f is a

function, then the notation ( ) yfx =  is used for the value y of f at x. Let

R and S be relations. Then the composition of R and S, denoted by ,SR D

is the relation such that ( )yx,  belongs to SR D  if xRz, zSy, and ∈z

( ) ( )( ).domran SR ∩  Let f and g be functions such that ( ) ( ).domran gf ⊆

Then the composition of f and g, denoted by ,gf D  is the function with

( ) ( )fgf domdom =D  such that ( ) ( ) ( )( )gfxgfx =D  for every ( ).dom fx ∈

Let A and B be sets. Then we adopt the following conventions. A
relation R from A to B is a subset of .BA ×  The empty relation ∅ is

denoted by the symbol O. If R is a relation from A to B, then the inverse

of R, denoted by ,1−R  is the relation from B to A such that =−1R

( ) ( ){ }.,, Ryxxy ∈|  A function f from A to B is the relation f from A to B

such that ( ) Af =dom  and if ( ) fyx ∈,  and ( ) ,, fzx ∈  then .zy =  A

relation on A is a relation from A to A. A function on A is a function from
A to A.

To reduce the parentheses in expressions with a sequence of symbols,
we adopt the usual conventions. In this case the symbols “∈, ∉, =, ≠, ⊆ ”

are dominant. However, the two symbols “→, ↔” are more dominant
symbols.

1.1 Some notation for finite relations. We briefly review some
notation and related properties of finite relations [2].

Let A and B be non-empty finite sets and let ,BAR ×⊆  with Aa ∈

and .Bb ∈  The symbols aR and Rb are defined as follows:

• aR is the set such that “ aRy ∈  if ( ) Rya ∈,  for some By ∈ ” or

“ ∅=aR  if ( ) Rya ∉,  for every By ∈ ”.

• Rb is the set such that “ Rbx ∈  if ( ) Rbx ∈,  for some Ax ∈ ” or

“ ∅=Rb  if ( ) Rbx ∉,  for every Ax ∈ ”.

In relation to the above notation, the following properties hold.

Let A and B be non-empty finite sets and let f be a function from A to



www.p
phm

j.c
om

… FINITE BINARY RELATIONS 123

B. Then af is the singleton ( ){ }fa  for every .Aa ∈  If Bb ∈  and

( ),ran fb ∉  then fb is an empty set ∅.

Let A and B be non-empty finite sets and let ,BAR ×⊆  with Aa ∈

and .Bb ∈  Then

1. aRy ∈  if and only if aRy, and Rbx ∈  if and only if xRb.

2. aRaR 1−=  and .1−= bRRb

Let A and B be non-empty finite sets and let R, ,BAS ×⊆  with

Aa ∈  and .Bb ∈  Then

1. SR =  if and only if “ aSaR =  for every Aa ∈ ” or “ SbRb =  for

every Bb ∈ ”.

2. ( ) aSaRSRa ∪∪ =  and ( ) .SbRbbSR ∪∪ =

Let A, B and C be non-empty finite sets, and let BAR ×⊆  and

.CBS ×⊆  Then ( ) SRca D∈,  if and only if ∅≠ScaR ∩  for every

Aa ∈  and .Cc ∈

Let A, B, C and D be sets. Let ,BAR ×⊆  ,CBS ×⊆  and

.DCT ×⊆  The following properties are well known. If OR =  or ,OS =

then .OSR =D  ( ) 111 −−− = RSSR DD  and ( ) ( ).TSRTSR DDDD =

We consider an indexed family of sets with a finite index set for the
later study. Let { }IiAi ∈|  be an indexed family of sets with a finite

index set I. Let { },...,,2,1 nI =  where n is a positive integer. Then

{ }∪ ∪"∪∪ .21 ni AAAIiA =∈|  If ,∅=I  then { }∪ .∅=∈| IiAi

Proposition 1.1. Let { }IiAi ∈|  and { }JjAj ∈|  be two indexed

families of sets such that if ,ji =  then ,ji AA =  where I and J are finite

index sets. Then { } { } { }∪ ∪ ∪∪∪ .JjAIiAJIkA jik ∈|∈|=∈|

Proof. Clearly, by the hypothesis, { }JIkAk ∪∈|  is an indexed

family of sets with the finite index set .JI ∪  Note that if ,ji =  then

.jiji AAAA ∪==  Then by considering the associativity and
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commutativity of ∪, together with the fact above, we can prove the

equality. �

Lemma 1.2. Let { }IiAi ∈|  be an indexed family of sets with a finite

index set I. Define ( ) { }.IiandAxixN i ∈∈|=  Then { }∪ IiAx i ∈|∈

if and only if ( ) .∅≠xN

Proof. Let { }∪ .IiAx i ∈|∈  Then there is some Ik ∈  such that

.kAx ∈  By the definition of ( ),xN  we have ( )xNk ∈  and hence

( ) .∅≠xN  Conversely, let ( ) .∅≠xN  Then by the definition of ( ),xN

there is some Ii ∈  such that .iAx ∈  This implies that { }∪ .IiAx i ∈|∈

Thus, we have { } ( )∪ .∅≠↔∈|∈ xNIiAx i �

Proposition 1.3. Let A, B and C be non-empty finite sets. Let ⊆R

BA ×  and ,CBS ×⊆  with Aa ∈  and .Cc ∈  Let { }aRbbS ∈|  be an

indexed family of sets with an index set aR. Let { }ScbRb ∈|  be an

indexed family of sets with an index set Sc. Then ( ) =SRa D

{ }∪ aRbbS ∈|  and ( ) { }∪D .ScbRbcSR ∈|=

Proof. To prove ( ) { }∪D ,aRbbSSRa ∈|=  let { }∪ .aRbbSCa ∈|=

We show that ( ) .aCSRa =D

Let ( ) { bSxbxN ∈|=  and }.aRb ∈  This is equivalent to ( ) =xN

{ Sxbb ∈|  and }.aRb ∈  This means ( ) .SxaRxN ∩=  By Lemma 1.2, we

have ( ) ( ).SRaxxSRaSxaRCx a DD∩ ∈↔↔∅≠↔∈  This implies

( ) .aCSRa =D

On the other hand, ( ) ( ) ( ).111 −−− == RScSRccSR DDD  From the

result above, it follows that ( ) { }∪D =∈|= −−−− 1111 cSbbRRSc

{ }∪ .ScbRb ∈|  Thus, we have ( ) { }∪D .ScbRbcSR ∈|= �

1.2 A pre-module of a power set. The following is a brief review for a
pre-ring and pre-module, and related terms [1].
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Let A be a non-empty set. The addition + and the multiplication ⋅ are
binary operations on A. The ordered triplet ⋅+,,A  is a pre-ring if it

satisfies the following conditions.

PR 1. +,A  is a commutative monoid.

PR 2. 000 =⋅=⋅ xx  for every ,Ax ∈  where 0 is unity for +.

PR 3. Multiplication ⋅ is associative, and has unity.

PR 4. For each :,, Azyx ∈

1. ( ) ( ) ( )zxyxzyx ⋅+⋅=+⋅

2. ( ) ( ) ( ).xzxyxzy ⋅+⋅=⋅+

Let ⋅+,,A  be a pre-ring (or simply a pre-ring A), and let U be the

set of units of the pre-ring A. Then ⋅,U  is the unit group of the pre-ring

A.

Let ⋅+,,A  and ⋅+,,B  be pre-rings. If f is a monoid homomorphism

from +,A  to ,, +B  and also a monoid homomorphism from ⋅,A  to

,, ⋅B  then the function f is a pre-ring homomorphism from the pre-ring

A to pre-ring B. And f is a pre-ring isomorphism if f is a pre-ring
homomorphism and bijective.

A pre-ring is commutative if its multiplication is commutative. Let
⋅+,,Q  be a commutative pre-ring with additive unity 0 and

multiplicative unity 1. Let +,M  be a commutative monoid with unity

.0M  Let MMQ →×µ :  be a scalar multiplication, with ( )µxr,

denoted by rx for every Qr ∈  and .Mx ∈  Then +,M  (or simply M) is

a pre-module over Q, if it satisfies the following conditions for every r,
Qs ∈  and x, ,My ∈  where sr ⋅  is denoted simply by rs.

PM 1. ( ) .ryrxyxr +=+

PM 2. ( ) .sxrxxsr +=+

PM 3. ( ) ( ).sxrxrs =

PM 4. .1 xx =

PM 5. .00 Mx =
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The element M0  is the zero element of the pre-module M. In relation

to a scalar multiplication, the following holds generally: MMr 00 =  for

every .Qr ∈

Let M and N be pre-modules over the same commutative pre-ring Q.

Then the function NMf →:  is a pre-module homomorphism (or

simply a homomorphism) from M to N if it satisfies the following

conditions. For each x, My ∈  and ,Qr ∈

1. ( ) ( ) ( ) .fyfxfyx +=+

2. ( ) ( ) .fxrfrx =

If f is a homomorphism from M to N, then ( ) ,00 NM f =  where M0  and

N0  are the zero elements of M and N, respectively.

A pre-module isomorphism (or simply an isomorphism) f from M to N

means that f is a homomorphism and bijective. If f is an isomorphism

from M to N, then 1−f  is an isomorphism from N to M.

By 2K  we mean two elements pre-ring with additive unity 0 and

multiplicative unity 1 having the following operations:

1. ,000 =+  ,110 =+  ,101 =+  ;111 =+

2. ,000 =⋅  ,010 =⋅  ,001 =⋅  .111 =⋅

Let A be a non-empty set. Then ( ) ∪,AP  is a commutative monoid

with unity ∅, where ( )AP  is the power set of A. The following gives a

pre-module of a power set.

Proposition 1.4. Let A be a non-empty set. Define a scalar

multiplication by 2K  on ( )AP  such that ∅=x0  and xx =1  for every

( ).APx ∈  Then ( ) ∪,AP  forms a pre-module over .2K

Proof. Let { } .,,1,02 ⋅+=K  We show that ( )AP  satisfies all

conditions PM 1-PM 5 for a pre-module under the given scalar

multiplication. For every x, ( ):APy ∈

PM 1.  ( ) ,000 yxyx ∪∪∪ =∅∅=∅=  ( ) .111 yxyxyx ∪∪∪ ==
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PM 2.  ( ) ,11111 xxxxxxx ∪∪ ====+  ( ) ∪xxxx ===+ 101

,01 xx ∪=∅  ( ) ,10110 xxxxxx ∪∪ =∅===+  ( ) =∅==+ xx 000

.00 xx ∪∪ =∅∅

PM 3.  ( ) ( ),11111 xxx ==⋅  ( ) ( ),01001 xxx ==⋅  ( ) ( ),10010 xxx ==⋅

( ) ( ).000000 xxx =∅=∅==⋅

PM 4. .1 xx =

PM 5. .0 ∅=x

Thus, ( ) ∪,AP  is a pre-module over .2K �

For a simplicity of a notation, the pre-module ( ) ∪,AP  over 2K  is

denoted by ( )., ∪AP

2. Pre-module Homomorphisms Related to Finite Relations

Suppose that A and B are non-empty finite sets, and ( )∪,APX =

and ( )., ∪BPY =  In this section, we are mainly concerned with a

homomorphism between X and Y, and a relation between A and B. The

symbol â  denotes the singleton { }aa =ˆ  for every .Aa ∈

Proposition 2.1. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let f be a function from X to Y. Then f is

a homomorphism from X to Y if and only if ( ) ( ){ }∪ xafafx ∈|= ˆ  for

every .Xx ∈

Proof. Let f be a homomorphism from X to Y. Then by the definition

of a homomorphism, clearly, we have ( ) ( ){ }∪ xafafx ∈|= ˆ  for every

.Xx ∈

Conversely, let f be a function from X to Y such that ( ) =fx

( ){ }∪ xafa ∈|ˆ  for every .Xx ∈

Let ., 21 Xxx ∈  Then by the hypothesis and Proposition 1.1, we have

( ) ( ){ }∪ ∪∪ 2121 ˆ xxafafxx ∈|=
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( ){ } ( ){ }∪ ∪∪ 21 ˆˆ xafaxafa ∈|∈|=

( ) ( ) .21 fxfx ∪=

Hence ( ) ( ) ( ) .2121 fxfxfxx ∪∪ =

Let Xx ∈  and .2Kr ∈  We show that ( ) ( ) fxfx 11 =  and ( ) =fx0

( ) .0 fx  By the scalar multiplications on X and Y, we have ( ) ( ) .11 fxfx =

On the other hand, by the hypothesis, ( ) .∅=∅ f  Then by the scalar

multiplications on X and Y, the equality ( ) ∅=∅ f  implies that

( ) ( ) .00 fxfx =  Hence ( ) ( ) .fxrfrx =

The two facts above imply that f is a homomorphism from X to Y.

Thus the proof is completed. �

Lemma 2.2. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let R be a relation from A to B. If Rf  is a

function from X to Y such that ( ) { }∪ xaaRfx R ∈|=  for every ,Xx ∈

then Rf  is a homomorphism from X to Y.

Proof. Clearly, { }∪ xaaR ∈|  is a subset of B for every .Xx ∈  This

implies that Rf  is a well defined function from X to Y. By the hypothesis,

we have ( ) aRfa R =ˆ  for every .Aa ∈  Then ( ) ( ){ }∪ xafafx RR ∈|= ˆ  for

every .Xx ∈  By Proposition 2.1, the function Rf  is a homomorphism

from X to Y. �

By the notation ( ),, YXH  we mean the set of all homomorphisms

from a pre-module X to pre-module Y.

Proposition 2.3. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Then there is a bijective function

( ) ( )BAPYXH ×→θ ,:  such that ( ) Rf =θ  for every ( ),, YXHf ∈

satisfying the condition ( ) aRfa =ˆ  for every ,Aa ∈  where ( ).BAPR ×∈

Proof. Let f be an arbitrary element of ( )., YXH  Define R to be a

relation from A to B such that ( ) faaR ˆ=  for every .Aa ∈  Then the
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relation R is unique. This fact implies that there exists a function

( ) ( )BAPYXH ×→θ ,:  such that ( ) Rf =θ  for every ( ),, YXHf ∈

satisfying the condition ( ) aRfa =ˆ  for every ,Aa ∈  where ( ).BAPR ×∈

Now we show that the function θ is bijective.

To prove that θ is surjective, let R be an element of ( ).BAP ×  Then,

by Lemma 2.2, there is a homomorphism ( )YXHf ,∈  such that ( ) =fx

{ }∪ xaaR ∈|  for every ,Xx ∈  which satisfies the condition ( ) aRfa =ˆ

for every .Aa ∈  This means that if a relation ( )BAPR ×∈  is given,

then there is some homomorphism ( )YXHf ,∈  such that ( ) Rf =θ

satisfying the condition ( ) aRfa =ˆ  for every .Aa ∈  This implies that θ is

surjective.

Let ( ),,, 21 YXHff ∈  and let ( ) 11 Rf =θ  and ( ) ,22 Rf =θ  where ,1R

( ).2 BAPR ×∈  To prove the injectivity of θ, we show that if ,21 ff ≠

then .21 RR ≠  Let .21 ff ≠  Then there is some element Xx ∈′  such that

( ) ( ) .21 fxfx ′≠′  By Proposition 2.1, ( ){ } ( ){ }∪ ∪ .ˆˆ 21 xafaxafa ′∈|≠′∈|

By the condition for θ, we have { } { }∪ ∪ .21 xaaRxaaR ′∈|≠′∈|  This

means that there is some element xa ′∈′  such that 21 RaRa ′≠′  and

hence .21 RR ≠  Hence θ is injective.

Thus the function θ is bijective. �

In Proposition 2.3, the function θ gives one to one correspondence
between the pre-module homomorphisms from X to Y and the relations
from A to B. The bijective function θ is called the θ-function for ( )., YXH

If ( ) ,Rf =θ  then R is called the relation corresponding to the pre-module

homomorphism f, and f is called the pre-module homomorphism
corresponding to the relation R.

Let A and B be non-empty finite sets, and let ( )∪,APX =  and

( )., ∪BPY =  Let f and g be homomorphisms from X to Y. By gf ∗  we

mean the homomorphism from X to Y such that ( ) ( ) ( ) ( )gxfxgfx ∪=∗

for every .Xx ∈
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Proposition 2.4. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let f and g be homomorphisms from X to

Y, and let R and S be the relations corresponding to f and g, respectively.

Then SR ∪  is the relation corresponding to the homomorphism .gf ∗

Proof. Let θ be the θ-function for ( )., YXH  We show that ( )θ∗ gf

.SR ∪=

Let gfh ∗=  and ( ) .Th =θ  By the definition of ∗, we have ( ) =hâ

( ) ( )gafa ˆˆ ∪  for every .Aa ∈  Note that ( ) Rf =θ  and ( ) .Sg =θ  Then by

the properties of a θ-function, we have aSaRaT ∪=  for every .Aa ∈

Then ( )SRaaT ∪=  for every Aa ∈  and hence .SRT ∪=  Thus, we

have ( ) .SRgf ∪=θ∗ �

Let X and Y be pre-modules. The zero homomorphism 0H  is the

homomorphism such that ( ) NHx 00 =  for every ,Xx ∈  where N0  is the

zero element of Y.

Corollary 2.5. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Then the empty relation O is the relation

corresponding to the zero homomorphism 0H  from X to Y.

Proof. Let θ be the θ-function for ( )., YXH  We show that

( ) .0 OH =θ

Let ( ) .0 RH =θ  Then by the properties of a θ-function, ( ) aRHa =0ˆ

for every .Aa ∈  By the properties of ,0H  we have ∅=aR  for every

Aa ∈  and hence .OR =  Thus ( ) .0 OH =θ �

Corollary 2.6. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let θ be the θ-function for ( )., YXH  Then

θ is a monoid isomorphism from ( ) ∗,, YXH  to ( ) ., ∪BAP ×

Proof. ( ) ∗,, YXH  and ( ) ∪,BAP ×  are commutative monoids

with unities 0H  and O, respectively.

Let ( ),,, YXHgf ∈  and let ( ) Rf =θ  and ( ) .Sg =θ  Then, by
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Proposition 2.4, we have ( ) ( ) ( ) .θθ==θ∗ gfSRgf ∪∪  By Corollary

2.5, ( ) .0 OH =θ  A θ-function is bijective. Hence θ is a monoid

isomorphism from ( ) ∗,, YXH  to ( ) ., ∪BAP × �

Corollary 2.7. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let ( ) ⊆,AP  and ( ) ⊆,BP  be partially

ordered sets by set inclusion ⊆. If f is a homomorphism from X and Y, then

f is an order-preserving function from ( ) ⊆,AP  to ( ) ., ⊆BP

Proof. Let ( )APxx ∈21,  and .21 xx ⊆  Then there is some ∈dx

( )AP  such that .12 dxxx ∪=  Since f is a homomorphism, ( ) =fx2

( ) ( ) ( ) .11 fxfxfxx dd ∪∪ =  This implies that ( ) ( ) .21 fxfx ⊆  Hence f is

an order-preserving function from ( ) ⊆,AP  to ( ) ., ⊆BP �

Suppose that X, Y and Z are pre-modules. If f and g are

homomorphisms from X to Y and Y to Z, respectively, then gf D  is a

homomorphism from X to Z.

Proposition 2.8. Let A, B and C be non-empty finite sets, and let

( ),, ∪APX =  ( )∪,BPY =  and ( )., ∪CPZ =  Let f and g be

homomorphisms from X to Y and Y to Z, respectively. Let R and S be the

relations corresponding to f and g, respectively. Then SR D  is the relation

corresponding to the homomorphism gf D  from X to Z.

Proof. Let ,1θ  2θ  and θ be the θ-functions for ( ),, YXH  ( )ZYH ,

and ( ),, ZXH  respectively. We show that ( ) .SRgf DD =θ

By the hypothesis, ( ) Rf =θ1  and ( ) .2 Sg =θ  Then by the properties

of a θ-function, ( ) aRfa =ˆ  for every Aa ∈  and ( ) bSgb =ˆ  for every

.Bb ∈  On the other hand, let gfh D=  and ( ) .Th =θ  Then by the

properties of a θ-function, ( ) aTha =ˆ  for every .Aa ∈

From Proposition 2.1, it follows that ( ) ( ) ( ) ( )( ) === gfagfaha ˆˆˆ D

( ) {( ) } { }∪ ∪ aRbbSaRbgbgaR ∈|=∈|= ˆ  for every .Aa ∈  Then, by

Proposition 1.3, we have ( ) ( )SRaha D=ˆ  for every .Aa ∈  This implies
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that ( )SRaaT D=  for every Aa ∈  and hence .SRT D=  Thus we have

( ) .SRgf DD =θ �

Let A be a non-empty finite set and let ( )., ∪APX =  Then Ai

denotes the identity relation on A and Xi  is the identity function on X.

Corollary 2.9. Let A be a non-empty finite set and let ( )., ∪APX =

Then identity relation Ai  on A is the relation corresponding to the

isomorphism Xi  on X.

Proof. Let θ be the θ-function for ( )., XXH  The identity function Xi

is an isomorphisms on X. We show that ( ) .AX ii =θ

Let ( ) ,RiX =θ  where ( ).AAPR ×∈  Then by the properties of a

θ-function, ( ) aRia X =ˆ  for every .Aa ∈  This implies that { } aRa =  for

every Aa ∈  and hence .AiR =  Thus we have ( ) .AX ii =θ �

Lemma 2.10. Let A, B and C be non-empty finite sets, and let

( ),, ∪APX =  ( )∪,BPY =  and ( )., ∪CPZ =  Let ,1θ  2θ  and θ be the

θ-functions for ( ),, YXH  ( )ZYH ,  and ( ),, ZXH  respectively. Let

( )YXHf ,∈  and ( ) ,1 Rf =θ  and let ( )ZYHg ,∈  and ( ) ,2 Sg =θ  where

( )BAPR ×∈  and ( ).CBPS ×∈  Then ( ) ( ) ( ) 21 θθ=θ gfgf DD  and

( ) ( ) ( ) .1
2

1
1

1 −−− θθ=θ SRSR DD

Proof. By Proposition 2.8, ( ) .SRgf DD =θ  Then ( ) ( ) 1θ=θ fgf D

( ) 2θgD  because by the hypothesis, ( ) Rf =θ1  and ( ) .2 Sg =θ  On the

other hand, since a θ-function is bijective, ( ) ,1
1
−θ= Rf  ( ) 1

2
−θ= Sg  and

( ) .1−θ= SRgf DD  This implies that ( ) ( ) ( ) .1
2

1
1

1 −−− θθ=θ SRSR DD �

Lemma 2.11. Let A and B be non-empty finite sets, and let

( )∪,APX =  and ( )., ∪BPY =  Let AiKJ =D  and ,BiJK =D  where

( )BAPJ ×∈  and ( ).ABPK ×∈  Let j and k be the homomorphisms

corresponding to J and K, respectively. Then j is an isomorphism from X

to Y and .1−= jk
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Proof. Let 1θ  and 2θ  be the θ-functions for ( )YXH ,  and ( ),, XYH

respectively. Let xθ  be the θ-function for ( )., XXH

From the condition AiKJ =D  and ,xθ  it follows that ( ) 1−θxKJ D

( ) .1−θ= xAi  Then, by Corollary 2.9 and Lemma 2.10, we have ( ) D1
1
−θJ

( ) .1
2 XiK =θ−  This implies that Xikj =D  because by the hypothesis,

( ) 1
1
−θ= Jj  and ( ) .1

2
−θ= Kk  Similarly, by the condition ,BiJK =D  we

have .Yijk =D  Then from the properties of a function [3], it follows that

j is a bijective function from X to Y and .1−= jk

Thus j is an isomorphism from X to Y and .1−= jk �

Lemma 2.12. Let A and B be non-empty finite sets, and let
( )∪,APX =  and ( )., ∪BPY =  Let t be an isomorphism from X to Y and

let T be the relation corresponding to t. Then T is a bijective function from

A to B and 1−T  is the relation corresponding to the isomorphism .1−t

Proof. Let 1θ  and 2θ  be the θ-functions for ( )YXH ,  and ( ),, XYH

respectively. Let xθ  and yθ  be the θ-functions for ( )XXH ,  and

( ),, YYH  respectively.

First we show that the relation T is a function from A to B.

By the hypothesis, ( ) .1 Tt =θ  Then by the properties of a θ-function,

( ) aTta =ˆ  for every .Aa ∈  Clearly, ( ) .∅=∅ t  Then we have ( ) ∅≠tâ

for every Aa ∈  because t is bijective. This implies that ∅≠aT  for

every .Aa ∈

To prove that T is a function from A to B, we show that aT is a
singleton for every .Aa ∈

Assume that Ta′  is not a singleton for some .Aa ∈′  Then there is

some Yy ∈  such that Tay ′⊆  and .1=y  On the other hand, 1−t  is

an isomorphism from Y to X. Then by Corollary 2.7, we have ( ) ⊆−1ty

( ) .1−′ tTa  This implies that ( ) { }aty ′⊆−1  because { }( ) .Tata ′=′   Then

( ) ∅=−1ty  or ( ) { }.1 aty ′=−
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If ( ) ,1 ∅=−ty  then .∅=y  This is a contradiction because by the

assumption .1=y  If ( ) { },1 aty ′=−  then { }( ) .Tatay ′=′=  This is also

a contradiction because, by the assumption, Ta′  is not a singleton and

.1=y  Thus, we can say that aT is a singleton for every Aa ∈  and

hence T is a function from A to B.

Next we show that the function T is bijective. Let K be the relation

corresponding to the isomorphism 1−t  from Y to X. Then by the result

above, we can say that K is a function from B to A.

By the properties of a function, Xitt =−1D  and .1
Yitt =− D  By

considering a θ-function, ( ) ( ) xXx itt θ=θ−1D  and ( ) ( ) .1
yYy itt θ=θ− D

By Corollary 2.9 and Lemma 2.10, we have ( ) ( ) Aitt =θθ −
2

1
1 D  and

( ) ( ) .12
1

Bitt =θθ− D  Since ( ) Tt =θ1  and ( ) ,2
1 Kt =θ−  we have KT D

Ai=  and .BiTK =D  Then by the properties of a function [3], T is a

bijective function from A to B and .1 KT =−

Thus the proof is completed. �

Proposition 2.13. Let A and B be non-empty finite sets. Let R be a

relation from A to B and let S be a relation from B to A. Then “ AiSR =D

and BiRS =D ” if and only if “R is a bijective function from A to B and

1−= RS ”.

Proof. Let p be the statement “ AiSR =D  and BiRS =D ”. Let q be

the statement “R is a bijective function from A to B and 1−= RS ”. Then,

by considering Lemmas 2.11 and 2.12, we have .qp →  On the other

hand, by the properties of a function, .pq →  Thus we have .qp ↔ �

In the following description, the notation ( )XXH ,  is abbreviated to

( ).XH

Proposition 2.14. Let A be a non-empty finite set and let

( )., ∪APX =  Let AR  be the set of all relations on A and let AS  be the set

of all bijections on A. Let θ be the θ-function for ( ).XH  Then
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1. θ is a pre-ring isomorphism from ( ) D,, ∗XH  to .,, D∪AR

2. The symmetric group D,AS  is the unit group of the pre-ring

.,, D∪AR

Proof. (1) The ordered triplet ( ) D,, ∗XH  is a pre-ring with additive

unity 0H  and multiplicative unity Xi  and D∪,,AR  is also a pre-ring

with additive unity O and multiplicative unity Ai  [1], where 0H  is the

zero homomorphism on X and O is empty relation.

Let ( ) .,,, D∗∈ XHgf  Then, by Proposition 2.4 and Corollary 2.5,

we have ( ) ( ) ( )θθ=θ∗ gfgf ∪  and ( ) .0 OH =θ  By Corollary 2.9 and

Lemma 2.10, we have ( ) ( ) ( )θθ=θ gfgf DD  and ( ) .AX ii =θ  And θ is a

bijective function from ( )XH  to .AR

Thus θ is a pre-ring isomorphism from ( ) D,, ∗XH  to .,, D∪AR

(2) Let D,U  be the unit group of the pre-ring .,, D∪AR  To prove

,,, DD ASU =  we show that .ASU =

Let UR ∈  and let R
~

 be the multiplicative inverse of R. Then by the

definition of U, we have .
~~

AiRRRR == DD  By Proposition 2.13, the

relation R is a bijection on A and hence .ASU ⊆

Conversely, let .ASf ∈  Then ASf ∈−1  because f is a bijective

function on A. By the properties of a function, .11
Aiffff == −− DD  By

the definition of U, Uf ∈  and hence .USA ⊆

Thus we have .ASU = �

Remarks. Suppose that A and B are non-empty finite sets with
mA =  and ,nB =  where m and n are positive integers. Let =X

( )∪,AP  and ( ),, ∪BPY =  and let { }{ }AaaA ∈|=ˆ  and { }{ }BbbB ∈|=ˆ

be ordered sets.

The sets Â  and B̂  may be considered as ordered “bases” for the pre-
modules X and Y, respectively. Then a homomorphism f from X to Y can
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be represented by some ( )1,0nm × -matrix over .2K  This suggests that

the relation R from A to B corresponding to the homomorphism f can be
identified with the same ( )1,0nm × -matrix over .2K

On the other hand, in view of the converse, it can be said that any

finite relation or ( )1,0 -matrix induces a homomorphism between two

appropriate pre-modules, such as ( )∪,AP  and ( )., ∪BP
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