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Abstract

Following work on abstracting the concept of an algebra to that of an
algebraic system and of an ordered algebra to that of an ordered
algebraic system, the notion of a first-order structure is abstracted to
obtain structure systems. The algebraic part of a structure system is an
algebraic system rather than an algebra as is the case in the ordinary
first-order structures. This abstraction is accompanied by the
introduction of a suitably modified notion of a countable first-order
language with the aim of developing a first-order model theory of
structure systems and, therefore, axiomatizing classes of structure
systems. After introducing some basic constructions on structure
systems, including the ultraproduct construction, an analog of Los’
Ultraproduct Theorem is provided for structure systems.

1. Introduction

A very important part of the theory of abstract algebraic logic deals
with a characterization of certain classes of logical matrices and of
reduced logical matrices that form the matrix semantics of sentential

logics. Results of this kind serve in characterizing classes of logics based
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on closure properties of their matrix semantics. Theorem 3.15 of [19]
summarizes the main characterization results of this type and more
details, including proofs and commentary concerning original sources, are

provided in Czelakowski’s comprehensive treatise [7].

A critical part in relating classes of logical matrices with classes of
reduced logical matrices is played by the Leibniz operator and the Leibniz
congruences, first introduced by Blok and Pigozzi [2], with the goal of
providing an intrinsic characterization of algebraizable logics. Reduction
by the Leibniz congruence of a logical matrix is the operation that leads

from a class of logical matrices to the corresponding reduced class.

Bloom’s work [3], relating sentential logic with universal Horn logic
without equality, shows that the theory of logical matrices also forms part
of the theory of first-order languages with a single unary relation, in
which the unary relation is modeled via the filter of the logical matrix.
This relation was the basis that led a decade ago Elgueta [13, 14, 15, 16]
(and, in part, in joint work with Czelakowski [8] and with Jansana [17])
and Dellunde [9, 10] (and, in part, jointly with Casanovas and Jansana
[5] and with Jansana [11]) to consider, in the context of abstract algebraic
logic, first-order logic without equality and its model theory.

In [13], Elgueta begins the study of several aspects of the model-
theory of equality-free first-order structures. In the first section, he
introduces basic notation and constructions for equality-free first order
logic that carry over, almost without change, from the case of first-order
logic with equality. In Section 2, the notion of Leibniz equality is
introduced for arbitrary first-order structures without equality. It
constitutes a weak form of equality that replaces genuine equality in this
equality-free context. The inspiration for its consideration comes from its
role in the theory of logical matrices, as established by Blok and Pigozzi
[2]. Based on Leibniz equality, Leibniz quotients of structures are
introduced in Section 3. Finally, in Sections 4 and 5 Elgueta proves the
main lemmas and the main theorems, respectively, including
characterization theorems for several classes (elementary, universal,
universal Horn, universal atomic) of structures defined in equality-free

first-order logic.



CAAL: STRUCTURE SYSTEMS AND £0S’ THEOREM 75

In recent work by the author on the algebraization of m-institutions
[25, 26, 27, 28], it has become clear that the role played by algebras in the
theory of sentential logics and of their matrix and algebraic models is
now played by algebraic systems. These are set-valued functors, whose
algebraic nature is given in the form of a category of natural
transformations on the functor. Further, if endowed with a partial
ordering system, algebraic systems give rise to ordered algebraic systems,
properties of whose classes were recently explored in [29, 30, 31, 32],
inspired by analogous work of Patasifiska and Pigozzi [24] on the theory of
partially-ordered  algebras. Partially-ordered algebras form a
generalization of universal algebras and they, in turn, are special cases of
first-order structures. Thus, it is a natural endeavor to seek to extend the
theory of first-order structures to structures that would generalize in the
same direction partially ordered algebraic systems and to explore
properties of their equality-free first-order model theory, following the
lead of the works of Elgueta and of Dellunde.

In fact, inspired by the works of Elgueta and of Dellunde, the concept
of a structure system is introduced in this paper. Structure systems are
generalizations of both first-order structures and partially ordered
algebraic systems. A first-order language is also introduced, a slight
variant of the ordinary notion, that allows us to syntactically study
structure systems. Several elementary results are presented on structure
systems but the most important is an analog of Lo§ Ultraproduct
Theorem for structure systems. This line of research is to be continued in
forthcoming work by the author in which analogs of many other
properties, analogous to those studied by Elgueta and Dellunde, as

pertaining to classes of structure systems are studied.

For general concepts and notation from category theory the reader is
referred to any of [1, 4, 23]. For an overview of the current state of affairs
in abstract algebraic logic the review article [19], the monograph [18] and
the book [7] are all excellent references. To follow recent developments on
the categorical side of the subject the reader may refer to the series of
papers [25]-[28] (see also additional references therein). Finally, the
original reference for Lo§ Ultraproduct Theorem is the paper [21],

whereas standard references on model theory, all of which contain
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treatments of Lo§’ Theorem and related results, are the books by Chang
and Keisler [6], Hodges [20], Marker [22] and Doets [12].

2. Basic Definitions

A clone category is a category F with objects all finite natural
numbers that is isomorphic to the category of natural transformations N
on a given functor SEN : Sign — Set (see [28] for the definition of a

category of natural transformations on a set-valued functor) via an
isomorphism that preserves projections, and, as a consequence, also
preserves objects. Note that in previous papers on the subject, the symbol
N was used to denote a category of natural transformations on a functor.
In the present work, boldfaced symbols will be used to denote categories.
So N in place of N will be preferred.

A (structure system) language is a triple £ = (F, R, p), where F i1s a

clone category, R is a nonempty set of relation symbols and p: R —> o 1is

an arity function.

An L -term is an arrow ¢ € F(n, 1), for some n € w. The collection of
all £ -terms is denoted by Te,. An atomic L -formula is an expression of
the form r(ty, ..., t,(»)-1), where r € R is a relation symbol of £ and
to, s bp(r)-1 are L -terms. Finally, similarly with the case of equality-
free first-order logic, an L -formula is built recursively out of atomic
formulas as follows:

e An atomic £ -formula is an £ -formula.

e (a AB), (wa) are £ -formulas, for all £ -formulas a, B.

e (Vi)a is an £ -formula, for every i € ® and every L -formula o.

The collection of all £ -formulas is denoted by Fm, . Clearly, all other

connectives, e.g., v, —, <>, etc., may be defined in terms of these few basic
connectives. We feel free to use the most convenient collection of
connectives when a structural induction on the complexity of a formula is
called for. Moreover, the usual metamathematical conventions in adding

or omitting parentheses for clarity will be followed throughout.
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Before introducing the concept of an L -structure system, the

definition of a relation system on a functor will be presented.
Let SEN : Sign — Set be a functor. An n-ary relation system R on
SEN is a family R = {RZ}ZG\ Sign |» Such that

* Ry is an n-ary relation on SEN(Y), for all ¥ € |Sign |, and

e SEN(f)"(Ry,) c Ry,, for all %;,%; e|Sign| and all fe
Sign(X;, Xg).
Sometimes, we write SEN(f)(Ry,) c Ry, instead of the more precise
SEN(f)"(Ry,) c Ry, to simplify notation.

An L -(structure) system A = (SENQl, (NQ[, Fm), Rm) is a triple
consisting of

e a functor SEN* : Signm — Set,

e a category of natural transformations N% on SEN?, such that

F* . F > N¥isa surjective functor that preserves all projections pkl :
k—>1 keo, | <k, and

e R* = {¥* : r € R} is a family of relation systems on SEN? indexed
by R, such that r* is n-ary if p(r) = n.
Let ¢t be an £ -term and 2 be an £ -system. Let also X e |Signm|

and ¢ € SEN*(X)®. The value of t at (I, §) in the system 2, denoted by

t% (¢), is the value F(t)y (¢ I,,), where n is the domain of :

15(6) = F)s @ 1,)-

Finally, the satisfaction relation of £ -formulas by L -systems will be
defined.

Let o be an £ -formula, 2 be an £ -system, X € |Signm| and ¢ e

SEN*(X)°. 2 satisfies o at (3, ¢), written 2 Fy af¢], is defined by
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recursion on the structure of the £ -formula o as follows:
o If a = r(ty, ..., t,_1) is atomic, then

A by 1l oty )6 G (@ s (2, ) < 5,
o Aky (o Ap)[0] iff A Fy of¢] and A Fy Bl9],
o AFy (—a)[o] iff A ¥y af¢] and, finally,

o AEs (Vi)a[p] iff A Ey aly], for all § e SEN?(X)®, such that
bj =wyj, forall j =i

These conditions clearly define the semantics of all other connectives in
the first-order model theory of L -systems.

If A Es of¢] holds for all ¥ e |Sign?| and all ¢ e SEN*(X)®, then
we write A F a. The expressions A FT and KF a, for I' a set of

L -formulas and K a class of £ -systems are defined as usual. Finally, we
denote by
Mod(l) = {A : A F T} and Th(K) = {a: K F a},

the collection of all £ -systems that are models of I' and the L -theory of

the collection K of L -systems, respectively.

3. Subsystems, Filter Extensions, Homomorphisms and
Reduced Products

3.1. Subsystems and filter extensions

Before proceeding to define subsystems of structure systems, we need
to recall from Section 2 of [33] the definition of a subfunctor and that of
an N-subfunctor.

Let SEN : Sign — Set be a functor. A functor SEN’ : Sign’ — Set
is a subfunctor of SEN, if

e Sign’ is a subcategory of Sign,

e SEN'(Y') < SEN(Y'), for all 3’ e | Sign’|, and
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e SEN'(f)(¢) = SEN(f)(9), for all f e Sign'(Z, Y'), ¢ € SEN'(Y).
If N is a category of natural transformations on SEN, such that, for all
o : SEN” — SEN in N, all ¥’ €|Sign’| and all ¢' € SEN'(X)", ox(¢)
e SEN'(Y’), then SEN’ will be said to be an N-subfunctor of SEN. If
SEN': Sign — Set i1s a subfunctor of SEN : Sign — Set, with the

same domain category, then SEN' is said to be a simple subfunctor of
SEN.

Returning to the main developments, suppose, now, that 2 = (SENm,
(Nm, Fm), Rm), B = (SEN%, (N%, F%>, R%) are two L -systems. We
say that 2 is a (structure) subsystem of 9, in symbols A < B, if

e SEN? is an N .subfunctor of SEN® and
o ¥ = 1P NSEN*(ZF), forall r ¢ R andall ¥ e [Sign?|.

We call 2 a simple subsystem of 9B if it is a subsystem of 9B, such that

SEN? is a simple subfunctor of SEN®. In this case, we write 2 * B.
Similarly, B is a filter extension of A, written A C 9B, if
e SEN® = SEN®, N* = N®, F% - F® and

o < r%, for all r € R, where, as usual, < denotes signature-wise

inclusion.

Let, now, 2A = (SENQl, (Nm, Fgl), Rm) be an L -system. Suppose that

X = {XZ}ZG\SignQ‘\ is an axiom system of SEN?, i.e., such that

o X5 c SEN?(Y), forall ¥ < |Sign?|, and
* SEN?(f)(X5,)c Xy, forall 31,3, e|Sign?|, f < Sign™(Z;, Ty).

Define the collection [X] = {[X]Z}Ze\Signm\ by letting, for all ¥ e |Sign®|,

[X]y = {(0) : t € Tey and ¢ € X}
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It is shown in the next proposition that, given an axiom system X, the
collection [X] is also an axiom system.

Proposition 1. Suppose that A = (SENQl, (Nm, Fm), Rm) is an
L -system. If X is an axiom system of SEN®, then [X] is also an axiom

system of SENZ.

Proof. It is clear, by definition, that [X]y < SEN*(X), for all
Y e |Signm|. So it suffices to show that, for all X, X9 € |Signm|,

f € Sign®(Z;, ¥5), we have that SEN*(f)([Xly,) < [X]y,. In fact, if
¢ € [X]s,, then, there exist ¢t € Te, ¢ € SEN*(3;)®, such that ¢ e X(ZO1

and ¢ = t%l (¢), whence

SEN™(f)(6) = SEN* (/) (t5, (4)
= SEN*(£)(F™(t)y, (6 1,))
= F* ()5, (SEN*(£) (8 1,))
= F*(t)g, (SEN*(£)(d) ),

whence, since SEN?(f)(¢) e X"’2, we get that SEN®(f)(¢) e [X]y,, as

was to be shown. [ ]

Now, given an axiom system X = {XZ}ZE\SignQI\ on SENQl, as above,

2A [ X denotes the subsystem of 2 generated by X. This has
e the same signature category SignQl as 2,
o its sentence functor maps ¥, < [Sign?| to the set [X]s < SEN? (),
e the same pair (NQ[, FQ[) as 2 and

o i 2E = xR
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It is not difficult to verify that 2 [ X, as defined above, is indeed a

subsystem of 2 and that, as a consequence, this definition makes sense.

Given L -systems 2 and 9B, 2 is an elementary subsystem of B, in

symbols 2 <, B, iff 2 < B and for all £ -formulas a, all ¥ e |Signm|,
and all ¢ e SEN*(2)®,
A Fy ad] iff B Es ofd].

Finally, 20 and B are elementarily equivalent, written 2 = B, iff, for all

L -sentences (£ -formulas without any free variables) a,
AFE o iff BE

It is clear that, if 20 is a simple elementary subsystem of B, written

A 5 B, then A = B.
3.2. Homomorphisms
Suppose that 2 = (SEN?,(N?%, F?) R), 8 = (SEN® (N®, F?), R?)

are two L -structure systems. An (NQ[, N%)-epimorphic translation

(F, o) : SEN* % SEN? is said to be an £ -morphism (F, a): A — B
if

o the following triangle commutes:

Nm """""""""" N% (1)

where the dashed line represents the two-way correspondence established

by the (N*, N?)-epimorphic property, and
o for all r € R, with p(r) = n, all ¥ < |Sign®| and all ¢ e SEN? ()",

be r% implies az($) € rﬁ(z).
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If (F, a) is injective or surjective, then we write (F, a): 2 — B and
(F, a) : A — B, respectively. Finally, (F, o) : 2 = B is an isomorphism if

it 1s bijective and its inverse mapping is also an £ -morphism.

In the following lemma, we establish a property that will prove very
useful in the sequel. It gives the analog of the usual universal algebraic
homomorphism property in the context of £ -structures.

Lemma 2. Let 2 = (SEN*, (N?, F?), R), % = (SEN®, (N, F?®),
R%) be two L -systems and (F,a): A — B be an L-morphism. Then,

forevery t € Te,, ¥ e |Signm|, b e SEN*(2)°,
as@@F) = (25 (03 ).
Proof. Let t € Te,, Y € |Sign®|, ¢ ¢ SEN*(X)®. Then

ay (t5(9) = ax(F* ()5 (9 I,)) (by definition)
= F2() F(Z)(O‘Z(‘T) I,)) (by the commutativity of Diagram (1)
and the (N®, N®)-epimorphic property)
= t?(z)(aZ((T))) (again by definition). [ ]
An £ -morphism (F, a): 2 — B is said to be a strong L -morphism,
denoted by (F, a): A —¢ B, if, for all r e R, with p(r)=n, all ¥ e
|Sign?| and all ¢ € SEN*(X)",

¢ e ifand only if ay(9) e r?(z).

L -morphisms correspond to semi-interpretations, whereas strong
L -morphisms correspond to interpretations in the framework of

categorical abstract algebraic logic.

A surjective strong £ -morphism is called a reductive £ -morphism. If
(F,a): A -4 B is a reductive £ -morphism, then B is said to be a

reduction of 2 and 2 is an expansion of B, written B < A or A = B.



CAAL: STRUCTURE SYSTEMS AND LOS’ THEOREM 83

Given a singleton translation (F, o) : SEN — SEN' and r' an n-ary
relation system on SEN’, recall the standard convention of using the
notation o (r') = {ail(r]'z(z))}ze‘ Sign |» for the n-ary relation system on

SEN, generated by pulling back signature-wise the relation system r'.

This notation will be used in the next lemma, which forms an analog for
L -systems of Lemma 1.1 of [13].

Lemma 3. Suppose that (F, o) : SEN® % SEN® is an (N¥, N%).

epimorphic translation, such that triangle (1) commutes. Then

(1) (F, a) : 2 > B if and only if r < o' (r®), forall r € R.

() (F, o) : A >, B if and only if r¥ = o 1(r®), forall r € R.

(3) (F,a): A —; B implies r* = a 1(r®) and ocz(r%) = r?(z), for
all r € R and all ¥  |Sign?|.

Proof. All three statements are easy consequences of the definitions
involved. un

Corollary 4. (1) A bijective strong L -morphism (F,o): A —> B is

an isomorphism.

(2) If R contains the equality symbol, then reductive L -morphisms

coincide with isomorphisms.

Proof. The first statement is obvious. For the second, note that
reductive L -morphisms are surjective and strong and, moreover, if the

language contains equality, then they are also injective. ]
Let 2 = (SEN? (N F¥), R%) and B = (SEN®, (N®, F®), R®) be
L -systems and suppose that (F, a) : 2 — B is an £ -morphism.
-1
Define the triple o (B) = (SEN%, (N¥, F*), R* (®)) by letting, for

-1
all r e R, with p(r) = n, and all ¥ e |Sign®|, ry (®) - SEN%(Z)* be

given by
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-1 _
rg (B) _ O“Zl(r]?(z))'

Then, the following lemma, forming an analog of Lemma 1.2 of [13],
asserts that, the restriction of the £ -morphism (F, a):2 — B to

o 1(B) is a strong £ -morphism.

Lemma 5. Let 2 = (SEN*, (N* F%), R*) and % = (SEN®, (N?,

F%>, R%) be L -systems and (F, o) : A — B be an L -morphism.
(1) (F, o) [a,l(%) o H(B) —>¢ B is a strong L -morphism.

() If (F, o) is surjective, then (F, a)| 0 (B) >, B is a

RCON
reductive L -morphism.

Proof. (1) The proof of this statement follows directly by the
definition of o 1(B).

(2) Just combine the statement of Part (1) with the hypothesis of Part
2). ]

Let 2 = (SEN? (N F¥), R¥) and B = (SEN®, (N®, F®), R®) be
L -systems and suppose that (F,a):2 — 9B is an L -morphism.
Assume that ¢ = (Signc, (Nq, FG), R€> is a subsystem of 2 and that
D = (Sign®, (N®, F®), R®) is a subsystem of B.

-1 -1 -1

Define, first, the triple ofl(CD) = (SEN“ (9), (N¢ (9), F¢ (9)),

-1
R” (9)) by setting:

o« SEN® @) . F-1(Sign®) - Set is given by SEN® ®)(¥)-

-1

a5 (SEN®(F(X)), for all ¥ e|F '(Sign®), and, SEN* ®)(f)-=

SEN?(f), for all f € F7}(Sign®)(Z, ),

-1
e for all n-ary ¢ in F, F* (9)(6) is the restriction of F*(c) to

as! (SEN®(F(Y)))", and
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efor all r € R, with p(r) =n, and all ¥ e |Sign°‘71(©)|, rg_l(g) c

SENO‘_I(@)(Z)n, is given by

ol

D =109
ry @) _ oy (rF(Z))‘

Now, if F :Sign® — Sign® is injective and F(Sign®) is a
subcategory of Sign®, define the triple o(C) = (SENO‘(C), (NO‘(Q),
F“(Q)), Ra(@) by setting:

o SEN*®) : F(Sign%) - Set is given by SEN*O(F(Y)) =
as (SEN%(X)), for all ¥ |Sign®|, and, given ¥;, ¥, e |Sign%|, f e
Sign® (L1, X,), SEN*)(F(f)) = SEN®(F (/)

efor all n-ary ¢ in F, F OL(Q)(c) is the restriction of F®(c) to

ay(SEN®(X))" and
efor all r € R, with p(r)=n, and all F(X)e |Sign°‘(¢)|, rlﬂfg)) c
SEN*®)(F(Y))", is given by
r;g)) N az(rz@).
It is now shown that if (F, a): A —¢ B is a strong L -morphism,

then, for all ©® c B, we have that oc_l(Q) c 2 and that, if ¢ < 2, then
a(¢) B, when a(€) is defined.

Lemma 6. Let 2 = (SEN? (N F¥) R%) and % = (SEN?, (N?,
F%>, R%) be L -systems and (F, o) : A —; B be a strong L -morphism.
(1) If © B, then a (D) c 2.

(2) If ¢ =, F :Sign® - Sign® is injective and F(Sign%) is a

subcategory of Sign®, then a(C) c B.
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-1

Proof. (1) First, to see that SEN® ®) is well defined at the
morphism level, suppose that Y1, Xy € |F1(Sign®),
f e F1(Sign®)(X;, X) and ¢ e (xill (SEN®(F(;))). Then we have

oy, (SEN® ®)(1) () = ary, (SEN*(£) (4)
= SENZ(F(f)) (e, ()
e SEN®(F(f)) (0rx, (o5} (SEN®(F(24)))
< SEN(F(f)) (SEN®(F (%))
< SEN®(F(Zy)).
Thus SEN® ®)(f)(SEN* ®)(x,)) c SEN® @)(3,) and, hence,

SENO‘_I(D) is well defined on morphisms.
Next, to see that N restricts to a category of natural transformations
on SENMI(@), suppose that ¢ e Te,, X e |F71 (Sign©)| and ¢ e
a3 (SEN®(F(X)))®. Then
as(t ) = as (@)

= 2 5)(ax @)

e SEN®(F(X)) (by the N -subfunctor property),
whence t%fl(g)(a)) e o5 (SEN®(F(X))). Finally, the fact that (F, o)
strong implies that o (D) is an L -subsystem of 2 is fairly obvious.

(2) We follow a similar order as in Part (1). To see that SEN®) g
well defined at the morphism level, suppose that >, >, € |Sign¢|, fe

Sign®(X;, ¥) and ¢ € SEN%(;). Then we have
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SEN“C(F(£)) (e, (9)) = SEN®(F(£)) (arx, (9))
= o, (SEN(£)(9))
= ay, (SEN®(f) (9))
e ay, (SEN®(Zy))
= SEN“O(F(,)).
Thus SEN*®)(f) is well defined on morphisms.

Next, to see that N restricts to a category of natural transformations
on SEN“(Q), suppose that ¢t € Te,, X e |Sign¢| and ¢ € SEN¢(X)°.
Then

)@z @) = 155 (@x @)
= ax(53(9))
= ay(t5(4))
e as (SEN®(Y))
= SEN“O(F(Y)),

whence t“®) is also well defined. The fact that (F, a) strong implies that

a(¢) is an L -subsystem of B is also obvious. [ ]
An £ -morphism (F, o) : A — B is said to be elementary if, for every
L -formula y, every ¥ e |Sign®| and all ¢ ¢ SEN*(X)°,
%y 0] iff B Epes)vloax (@)

In that case, we write (F, o) : A -, B. It is clear from the definitions

involved that, if (F, o) : 2 —, B, then 2 = B.
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Proposition 7. Every reductive L -morphism is elementary.

Proof. Suppose that 2 = (SENm, (Nm, Fm), Rm), B = (SEN%, (N%,

F%>, R%) are L -structures and (F,a): 2 —; B is a reductive

L -morphism. It is shown that, for every L -formula vy, for all

Y e |Sign®|, ¢ ¢ SEN*(X)®, we have that

A Fy v[¢] iff B Fpx) vlas(9)).
The proof goes by induction on the complexity of vy.

If y = r(ty, ..., t,_;) is atomic, then
A Fy 0] iff (2 (¢) N 12 () e ¥ (by definition)

iff (o (o, (¢)) L oy (2 L1y @) €
(since (F, o) : A —¢ B)
iff ( (az(d))) wto 1F(Z)(az(¢))> € r ) (by Lemma 2)
iff B Fp(y)vlas(@)] (by definition).
If y = (v Av2), then
A Fs y[o] iff A Fy v1[0] and A Fy v5[6] (by definition)
iff B Fpx)rilos®)] and B Epes) valox(9)]
(by the induction hypothesis)
iff B Fpx)vlax(@)] (by definition).

The case of negation may be handled similarly. Suppose, now, that y =
(37)y". Then

A Fy (30)y[9] iff (3 : yi =65, J#i)(&A Fxy[y]) by definition)
iff (3w =9¢;,j#1)BFpx)vlos(@)])

(by the induction hypothesis)
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iff B Fpy) @i)ylog(9)] (by definition and
the surjectivity of (F, a)). [

3.3. Reduced products

Recall from Section 3 of [33] the definitions of a product functor,
category of natural transformations on the product functor and product

translation.
Suppose that A’ = (SENi, (Ni, Fi>, Ri), iel, is a family of L-
systems. The direct product of the A is defined by
[T - ([Ts ([T~ [T#) [T %)
iel el iel el el
where HidRi = {HieI rire R} is defined, for every r € R, with

p(r) = n, by setting, for all ¥; |Signi|, ¢lj € SENi(Zi), iel, j=0,..

n-1,

@°, .. "N e Hrh 5, i (O, s 6] ) e g, forall i e L.

el
In case I = J, then the trivial system is obtained by taking the product

[12

Suppose now, that, in addition to the structure systems oA , 1el, we

are given a filter F on I Define the equivalence system =7 =

F i :
= ~on .~ SEN" Dby setting, for all 2. €
{ [icr % }Hielzie HieISignL‘ HZEI L

|Sign’|, ¢;, y; € SEN(X;), i e I,

J’Eﬁe,zi VOiff {fel:¢; =y;}e F.

This 1s also a Hie[ N! -congruence system on Hie[ SEN’. We can thus
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define the reduced product functor Hf; J SEN' = l_L.E J SEN' /Ef , with

category of mnatural transformations Hi];INi :H Ni/zjT via

el
Hi];I F':F > HieI Ni/zf, which is defined by composing the product

functor Hie] F':F > Hie] N’ with the quotient functor P7 :
i i/_F
[LN - IL,N/="

L F ; F
F_ Ll NP LT

Ni /=7
iel /

iel
. . F i F i
We may also define the relation system Hie IR on Hie J SEN* by

setting, for all re R, with p(r)=n, and all ;e |Signi|,
¢/ e SEN'(Y;), iel, j=0,..,n-1,

]:
S0 ,_F qn-1/,_F J
U TR A T A g’"n,-dzi
i fie I: (o), 0f e e F

It may be shown that this definition is independent of the choice of

representatives and, thus, well defines a relation system Hlfe 7 ri, for all

re R, on Hlfd SEN’.

In fact, note that, if ¢°, ..., ¢" ' e Hie[ SENi(Zi) are such that

il =F = J _ _ : )
¢ Tl v/, for all j=0,..,n-1, then we have that {ieI: o
= \y{} e F, for all j=0,.. n-1, whence ﬂ;:é{z el: ¢Lj = \Vf} e F.
Therefore, if i I : (47, ..., o7 1) e ré} e F, then

Gel: W, . .,y e réi} Slel: @), .., 01 e ri_}

n-1
ﬂﬂ{ie]:d){:w{}e]:
j=0

J
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and, hence, {i € I : (\V?, . \u?_l) € ré} e F. By symmetry, we get that
12

Gel:(y) .,y e rgi} e F iff {iel: (@), .., F e rgi} e F,

1.e., that

F .

<0, F n-1/,_F .
(¢ /=Hiezzi’ - § /:Hie12i> < Hie] rHiEIZi

F oo

. ~0/,_F -n-1/_F L
iff (g /_HieIZi’ ¥ /_Hiel Zi> € Hiel rHieIzi.

Now, let

F ) F ) F ) F ) F )
[T = (TTso ([T¥- TT# TT#
el el el el el

be the reduced product of the structure systems Q[i, i € I, by the filter

F on I. As is customary, the reduced product by an ultrafilter is termed

an ultraproduct.
4. Lo§’ Ultraproduct Theorem for £ -systems

Recall the definition of an arbitrary first-order Horn formula.
Theorem 8 is an extension of a classical theorem from first-order model
theory to the model theory of L -systems. It states, roughly speaking,
that, for a given Horn formula, a given indexed collection of £ -systems
and a given proper filter on the index set, if the set of all indices for which
the formula is satisfied at a given tuple of elements in the corresponding
structure belongs to the filter, then the formula is also satisfied by the
equivalence class of the product tuple in the filtered product of the

indexed family of the £ -systems by that filter.

Theorem 8. Suppose that o is an arbitrary Horn L -formula and let
Al = (SENi, (Ni, Fi), Ri>, i € I, be a family of L -systems, with I # Q.
Let F be a proper filter on L. If ¥, e |Signi|, (I)Lj € SENi(Zi), iel,

J € o, then
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iel: Fs,; a[o;]} € F implies HQ[ IZH 5 [(|)/_H

icl zelz ]

The above implication becomes an equivalence in case o is an atomic

L -formula.
Proof. Suppose, first, that o = A’ Or (tj, e t}i—l) — 1, where
j

rj(té, - t;{;._l), J < n, are atomic. Then we have
J
: ] 1 ; -
{z el: A Fs; /\;.Lzo ri(tgs e t]ij_l) -1 [¢i]} c

. . : -1 . . -
iff {L eI by, \/ "y t;ej_l)[q)i]} < F
. n-1 . : . . -
iff szo el by, o tf ) 0] < F
. n-1 . . . N
iff UFO e Lo by, rit, ot DB < F
it (' el 2 i )
it (Yt e 1o by rth o t] DB <7

implies ﬂ,_ fiel: o kg rit], ... t,ij_l)[J)i]} ¢ F

iff Qj <n)(fiel: A ey (], . t,gj_l)[éi]} ¢ F)

]:
iff (3 <n)(H F‘H s (to,- o k 1)[¢/—H Izi])
iff (3j < n)(HF H s T (té, o t,ﬁj_l)[J)/Eﬁ_ Izi])
i [T, 2 Fy s Vo ot DB/ 4]

F i n-1l_ j j T_F
iff 1 2[ ':HLEI ZL /\j:() l"](to, v tkj_l) >4 [q)/:HieI Zi ]



CAAL: STRUCTURE SYSTEMS AND £0S’ THEOREM 93

Suppose, next that o = /\;-L;érj(té, vy tlé__l) - 1,(tg, -» ;) and that
j n

n-1

iel: A Fy. N\ 1itd t;ijq) - 1,8, ..., thfl)[J’i] e F. (2
7=0

o TTF o j N :
Now, if Hiel A ':Hislzi ri(tds s t}]ej_l)[d)/zlf—[idzi], forall j=0,..,n-1,

we get that, forall j = 0,..,n-1,{i e I: A ks ri@t}, .. t] )] e F.
v J
Therefore

n-1
ﬂ{i eI by (et _)IB]) e 7. (3)
j=0

But note that

fiel: A ey 1, .m thil)[d;i]}
" i PG
- ﬂj:o fiel:A Fs, rj(to, ey tk,-q)[‘i’i]}

. ; 1 ; ; -
n {L e 1 g, Nt ot ) = 1 tgn_l)[¢i]},

whence, by Conditions (2) and (3), we obtain that {i € I : A Fs; r, (t0

o tp 4]} € F, giving that

F ; n-1 i j > _F
T2 s AN 7 ot ) = el oty DW= 5]

ieIzi

To finish the proof, it suffices now to show that, if the conclusion

holds for the formulas a, a; and ag, then it holds also for (a; A ag) and

(3k)a and (VE)o.
Suppose, first, that {ie: 2’ Fy, (og A ag)[¢;]} € . Then

ﬂ§=1 iel: A Fs; ocj[cT)i]} e F. This immediately yields that {i e I :
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A Fs; ocj[(T)i]} e F, for j=1,2, whence, by the induction hypothesis,

Hie] Al ':Hiel 5 aj[a)/zﬁid Zi]’ for j =1, 2, which, finally, gives that
Hid A’ ':Hid s, (01 A 0‘2)[6)/51]%1.61 Zi]'

For the existential quantification we have

{iel: U kg, @R)alf;]} e F
iff i e I: A Fy, ofi;], for some y; 1y = ¢/, j =k} e F

implies {i e I : ° Fs, oyl e F,
, o :
for some y € (Hiel SENL(Zi)) s/ Eﬁielzi o, j =k,
iff Hf Wy eli/= o
iel jer Zi [l 2i
: o ‘
for some y e (Hief SENL(Zi)j v Eﬁid > o, j %k,

: Fogi T _F
iff | |. 2 ':Hielzi (Elk)oc[q)/:l—[idzi I

le
A similar reasoning works also for the universal quantification. u

Finally, we present the main theorem of the paper, an analog of Lo$§
Ultraproduct Theorem for L -systems. The original reference for to§’

Ultraproduct Theorem is Lo$§’ 1955 paper [21]. See also Theorem 4.1.9 of
[6] and Theorem 9.5.1 of [20].

Theorem 9 (Lo$ Ultraproduct Theorem). Let I # & be a set,
Al = (SENi, (Ni, Fi), Ri>, i € I, be a collection of L -systems, U be an
ultrafilter over I and o be an arbitrary L -formula. If ¥; € |Signi|,
¢/ € SEN'(;), i e I, j € o, then

u
el kg alolyetd if Hml ':Hiel 2i a[q)/zuniel Zi]'

iel
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Proof. Suppose, first, that a = r(y, ..., t,_1). Then we have

Hilmi ':Hielzi r(tO’ vy b 1)[¢/—Hld ]

u u i
) HLEI Hielml

) l_L€ enrn
iff <t H I (¢/—H R 1Hlel ; (¢/_Hlelzi )> Hidzi

iel i

el 2
iff {{el: <t62i (D7) ey t;_lzi (¢;)) € rzl:i} elU
iff e A by, rltg, oty 1) [6;]) € U

Next, if @ = (07 A ay), then we have

Uu
tel

]

ielzl

A E o/=Y

Hidzi (o A ag)[d/ 1

iff “ A E oy [9/=4 ] and
el Hielzi 1 _Hiel Zi

u i = U
Hielﬁ ':Hiel Zi a2[¢/=1—[i€1 Zl]
iff {iel: A Fy onf;]} et and {i e I: A Fy asé;]} e U
iff {iel:A Fy onf]}N{iel: A Fy, aslh]} e U
iff {iel:2 Fs, (og A as)[0;]) € U.

Similarly, if a = —a/, then, we have

Hil o ':Hiel by, ﬁaﬁ)/EMHie[ Zi] iff HZI o JFﬁnie] Zi a,[a)/zlli[iel Zi]
iff i e I: A Fy, oo;]} & U
iff i e I: A Fy, o6;]) U
iff el Ky ofp]} e

iff i e T2 Fy, —a[6;]} € U.
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Finally, if a = (3k)a/, then, we have
TT. 2 /s @GRal/=t ]
el Hiel Zi _Hiel Zi
. u 1 - =Z/{
iff Hie[ A ':Hiel Zi ¢ [W/_Hie[ Zi ]’

. © . .
for some e (H ISENL(ZL-)) , such that y’/ zlz’i[ Z‘q)f, j#k,
le 2

el

iff fieI: A Fy o]} et

. © . o
for some vy e (Hiel SENL(ZL-)) , such that y’/ EILLL-EIZZ' &, j =k,
iff el Fs, o[y;], some ; such that \y{ = ¢{, j2rklelU

iff {i e 1: 9 Fy. 3k)aé;]} e U. n
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