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Abstract

Let F be a field and let n, ,1p  ,2p  3p  be positive integers such that

.321 pppn ++=  Let

,

3,32,31,3

3,22,21,2

3,12,11,1
nnF

CCC

CCC

CCC

C ×∈



















=

where the blocks jiC ,  are of type ,ji pp ×  { }3,2,1, ∈ji  and ,1,1C

2,2C  and 3,3C  are square submatrices. In this paper we establish

conditions for which it is possible to prescribe arbitrarily the

characteristic polynomial of C, when ,1,1C  2,2C  and 3,2C  are fixed and

the remaining blocks vary.

1. Introduction

The problem studied in this paper is inserted in the Matrix

Completion Problems. A particular case of this type of problems was

proposed by G. N. Oliveira in 1975 [6].
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Let F be a field. Then we denote by qpF ×  the set of all matrices of

type ,qp ×  with entries in F.

Problem [6]. Let n, p, q be positive integers such that .qpn +=  Let

( ) [ ]xFxf ∈  be a monic polynomial of degree n. Let

,
2,21,2

2,11,1 nnF
AA

AA
A ×∈












= (1)

be a partitioned matrix, where ,1,1
ppFA ×∈  .2,2

qqFA ×∈  Suppose that

some of the blocks { },2,1,,, ∈jiA ji  are known. Under which conditions

does there exist a matrix of the form (1) with characteristic polynomial

( )?xf

Many authors have studied this problem, see for example [5, 6, 7, 9,

10, 11, 14]. It is important to emphasize that the problem is completely

solved for some prescription of blocks, however there are cases for which

there are only partial solutions. Concerning the prescription of ,1,1A  2,1A

and ,1,2A  there is no answer.

Our aim is to generalize the previous problem to a matrix partitioned

into 33 ×  blocks. Let n, ,1p  ,2p  3p  be positive integers such that 1pn =

32 pp ++  and let { }.3,2,1,,, ∈∈ ×
jiFC ji pp

ji  We start by studying the

possible characteristic polynomials of a matrix of the form

,

3,32,31,3

3,22,21,2

3,12,11,1

nnF

CCC

CCC

CCC

C ×∈



















= (2)

when some of the blocks jiC ,  are prescribed and the others vary, over an

algebraically closed field. This problem is equivalent to describe the

possible eigenvalues of (2), for the same prescription of blocks. Obviously

we obtain several problems, according to the prescription of some blocks

of C.
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Recently [2], we studied the possible eigenvalues of (2), when ,2,1C

3,1C  and 1,2C  are prescribed and the remaining blocks vary. In [1] we

also described the list of the eigenvalues of (2), when ,1,1C  2,1C  and 3,3C

are prescribed and the other blocks vary.

In this paper we had the purpose to study the possible eigenvalues of
(2), when ,1,1C  2,2C  and 3,2C  are prescribed and the remaining blocks

vary. The approach used, allows us to solve the more general problem, of
describing the possible characteristic polynomials of (2), for the same
prescription of blocks (i.e., ,1,1C  2,2C  and 3,2C  are prescribed and the

other blocks vary). Note that this situation is more general because still
covers the case where the eigenvalues are outside of the field F.

2. Preliminaries

Let F be a field.

Let FD =  or [ ]xFD =  and let m, n be positive integers. We denote

by nmD ×  the set of all matrices in D of type .nm ×

The symbol | is used in the following way: if ( ),xf  ( ) [ ],xFxg ∈  then

( ) ( )xgxf |  means “ ( )xf  divides ( )xg ”.

Let R be the set of all monic polynomials in [ ]xF  and the zero

polynomial.

Definition 1 [3]. Let ( ) [ ] .nmxFxA ×∈  Then the greatest common

divisor chosen in R, of the determinants of the submatrices of size kk ×

of ( ),xA  { }{ }nmk ,min...,,1∈  is denoted by ( ).xdk  If ( ),rank xAk ≤

then we say that ( )xdk  is the k-th determinantal divisor of ( ).xA  Make

convention that ( ) .10 =xd

It is known [3] that if ( ) [ ] nmxFxA ×∈  and rank ( ) ,rxA =  then

 (i) ( ) 0≠xdk  if and only if ;rk ≤

(ii) ( ) ( ) { }....,,1,1 rkxdxd kk ∈|−
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Definition 2 [3]. The k-th invariant factor of ( )xA  is the element

( ) ( )
( ) ( ){ },rank...,,1,

1
xAk

xd
xd

xi
k

k
k ∈=

−

with the convention that ( ) .10 =xi

Note that according to the previous definitions, the determinantal
divisors and the invariant factors of the matrix ( )xA  are monic

polynomials.

It is known [3] that ( ) ( ) { }....,,1,1 rkxixi kk ∈|−

Since [ ]xF  is a unique factorization domain, if ( ) ( )xixi r...,,1  are the

invariant factors of ( ) [ ] ,nmxFxA ×∈  then every ( ) { },...,,1, rkxik ∈  can

be factored as the following product:

( ) ( ) ( ),,1,
1 xpxpxi tkk n

t
n

k =

where ( ) { },...,,1, tjxpj ∈  are distinct irreducible monic polynomials over

F, and { } { }....,,1,...,,1,0, tjrkn jk ∈∈≥

The polynomials

( ) { } { },...,,1,...,,1,, tjrkxp jkn
j ∈∈

for which ,0, >jkn  are called the infinite elementary divisors of ( )xA  in

F [3].

It is known [3] that if ( ) [ ] ,21
nmxFAxAxA ×∈+=  then ( )xA  has

( ) 1rankrank AxA −

infinite elementary divisors.

Let .mmFA ×∈  Then the polynomial matrix AxIm −  is called the

characteristic matrix of A and its determinant is called the characteristic
polynomial of A [3].

The invariant factors of AxIm −  are called the invariant polynomials

of A [3].
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Note that the matrix AxIm −  has rank m, since its determinant is

different from zero. Consequently A has m invariant polynomials,

( ) ( ).1 xfxf m

It is also known [3] that the characteristic polynomial of a matrix
mmFA ×∈  it is equal to the product of its invariant polynomials.

It is known from systems theory [4] that a pair ( ),, BA  where

,ppFA ×∈  qpFB ×∈  is completely controllable if and only if all the

invariant factors of the matrix pencil

[ ]BAxI p −−

are equal to 1.

3. Main Result

Throughout this section, F denotes an arbitrary field.

Theorem 3. Let n, ,1p  ,2p  3p  be positive integers such that 1pn =

.32 pp ++  Let ,11
1,1

ppFC ×∈  22
2,2

ppFC ×∈  and .32
3,2

ppFC ×∈  Let

( ) [ ]xFxf ∈  be a monic polynomial of degree n. Then apart from the

exception listed below, there exist ,21
2,1

ppFC ×∈  ,31
3,1

ppFC ×∈  ∈1,2C

,12 ppF ×  ,13
1,3

ppFC ×∈  23
2,3

ppFC ×∈  and 33
3,3

ppFC ×∈  such that the

matrix of the form (2), has characteristic polynomial ( ).xf  The exception

is the following:

(E) There exist prescribed submatrices of (2) of type ,21 qq ×  with at

least one prescribed principal block, such that .21 qqn +<

Theorem 4 [8, 13]. Let ( ) ( ) [ ]xFxlxl s ∈...,,1  be monic polynomials

such that ( ) ( ).1 xlxl s  Let ( ) [ ] qpxFxA ×∈  and let ( ) ( )xixi r...,,1  be the

invariant factors of ( ).xA  Then, there exist ( ) [ ] ( ),qnpxFxB −×∈  ( ) ∈xC
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[ ]( ) ,qpmxF ×−  ( ) [ ]( ) ( )qnpmxFxD −×−∈  such that

( ) ( )

( ) ( )
[ ] nmxF

xDxC

xBxA
×∈













has invariant factors ( ) ( )xlxl s...,,1  if and only if the following conditions

are satisfied:

(a) ( ) ( );qnpmrsr −+−+≤≤

(b) { };,min nms ≤

(c) ,kk il |  for every { };...,,1 rk ∈

(d) ( ) ( ),qnpmkk li −+−+|  for every { }rk ...,,1∈  such that ( ) +−+ pmk

( ) .sqn ≤−

Theorem 5 [14]. Let n, p, q be positive integers such that .qpn +=

Let ,1,1
ppFA ×∈  qpFA ×∈2,1  and let ( ) [ ]xFxf ∈  be a monic polynomial

of degree n. Let ( ) ( )xfxf p1  be the invariant factors of

[ ].2,11,1 AAxI p −−

There exist ,1,2
pqFA ×∈  qqFA ×∈2,2  such that the matrix of the form

(1) has characteristic polynomial ( )xf  if and only if

( ) ( ) ( ).1 xfxfxf p | (3)

Lemma 6 [12]. Suppose that ,,
ji pp

ji FC
×∈  { },2,1∈i  { }.3,2,1∈j

The following conditions are equivalent:

(a) There exists a 12
1,2

ppFC ×∈  such that







































3,2

3,1

2,21,2

2,11,1
,

C

C

CC

CC
(4)

is completely controllable.
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(b) The following conditions are satisfied:

 (i) The pair

( [ ])3,12,11,1 , CCC (5)

is completely controllable.

(ii) The matrix pencil

( )












−−

−−
=

3,22,2

3,12,1

2
CCxI

CC
xA

p
(6)

has, at least, one infinite elementary divisor and the number of its infinite

elementary divisors is greater than or equal to the number of its invariant

factors different from (1).

Lemma 7. If the exception condition (E) holds, then there exists no

matrix of the form (2) with arbitrary characteristic polynomial ( ).xf

Proof. Suppose that the condition (E) holds and assume that there

exist ,21
2,1

ppFC ×∈  ,31
3,1

ppFC ×∈  ,12
1,2

ppFC ×∈  ,13
1,3

ppFC ×∈

23
2,3

ppFC ×∈  and 33
3,3

ppFC ×∈  such that the matrix of the form (2)

has characteristic polynomial ( ).xf  Since the prescribed submatrices of

(2) with principal prescribed blocks are ,1,1C  2,2C  and [ ],3,22,2 CC  at

least one of the following conditions must occur: ,2 1 np >  np >22  or

.2 32 npp >+  Clearly, if ,2 2 np >  then necessarily .2 32 npp >+

Let 
11 pαα  be the invariant polynomials of ,1,1C  

21 pββ  be the

invariant polynomials of ,2,2C  
21 pγγ  be the invariant factors of

[ ]3,22,22
CCxI p −−

and nµµ1  be the invariant polynomials of (2).

Case 1. Suppose that .2 1 np >  Then, .321 ppp +>  According to

Theorem 4, it follows that

., 32122 32
pppippii −−≤µ|α ++
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Hence,

( ).12211 32321
xfnnppppp =µµ|µµ|αα ++−−

Consequently, the roots of 
321

...,,1 ppp −−αα  must be roots of ( ),xf  so the

prescription of ( )xf  is not arbitrary.

Case 2. Suppose that .2 2 np >  Then, .312 ppp +>  By Theorem 4, it

follows that

., 31222 31
pppippii −−≤µ|β ++

Therefore,

( ).12211 31312
xfnnppppp =µµ|µµ|ββ ++−−

Consequently, the roots of 
312

...,,1 ppp −−ββ  must be roots of ( ).xf  Again

the prescription of ( )xf  is not arbitrary.

Case 3. Suppose that .2 32 npp >+  Then, .12 pp >  According to

Theorem 4, it follows that

., 122 31
ppippii −≤µ|γ ++

Then,

( ).1211 3112
xfnnpppp =µµ|µµ|γγ ++−

Consequently, the roots of 
12

...,,1 pp −γγ  must be roots of ( ).xf  Once

again the prescription of ( )xf  is not arbitrary.

Proof of Theorem 3. Suppose that the exception (E) is not satisfied.
According to the hypothesis, it follows that ,2 1 np ≤  np ≤22  and

.2 32 npp ≤+  Consequently, ,321 ppp +≤  312 ppp +≤  and .12 pp ≤

Case 1. Suppose that .12 pp <  Let

212

0
2,1

ppp
F

I
C ×∈












=  and .

0
00

31

21
3,1

pp

pp
F

I
C ×

−
∈








=

The pair of the form (5) is completely controllable. Let ( )xA  be the matrix

pencil of the form (6). Clearly, ( )xA  has rank greater than or equal to .1p

Hence ( )xA  has, at least, 021 >− pp  infinite elementary divisors. It is
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clear that the matrix pencil ( )xA  has all its invariant factors equal to 1.

Then according to Lemma 6, there exists a 12
1,2

ppFC ×∈  such that the

pair of the form (4) is completely controllable. By Theorem 5, we can state

that there exist ,13
1,3

ppFC ×∈  23
2,3

ppFC ×∈  and 33
3,3

ppFC ×∈  such

that the matrix of the form (2) has characteristic polynomial ( ).xf  Clearly,

the matrix C has the prescribed form.

Case 2. Suppose that .21 pp =  Let

111

00

01
2,1

ppp
F

I
C ×−

∈











=  and .

001
000

000

31
3,1

ppFC ×∈



















=

Then the pair of the form (5) is completely controllable. Consider again
the matrix pencil ( )xA  of the form (6). Clearly, ( )xA  has rank greater

than or equal to .11 +p  Then ( )xA  has, at least, one infinite elementary

divisor. On the other hand, the number of nonconstant invariant factors
of ( )xA  is less than or equal to 1. Hence, according to Lemma 6 there

exists a 12
1,2

ppFC ×∈  such that the pair of the form (4) is completely

controllable. Now applying Theorem 5, there exist ,13
1,3

ppFC ×∈  ∈2,3C

23 ppF ×  and 33
3,3

ppFC ×∈  such that the matrix of the form (2) has

characteristic polynomial ( ).xf  Clearly, the matrix C has the prescribed

form.

Corollary 8. Let n, ,1p  ,2p  3p  be positive integers such that 1pn =

.32 pp ++  Let ,11
1,1

ppFC ×∈  22
2,2

ppFC ×∈  and .32
3,2

ppFC ×∈  Let

....,,1 Fcc n ∈  Then apart from the exception (E), there exist ∈2,1C

,21 ppF ×  ,31
3,1

ppFC ×∈  ,12
1,2

ppFC ×∈  ,13
1,3

ppFC ×∈  23
2,3

ppFC ×∈

and 33
3,3

ppFC ×∈  such that the matrix of the form (2), has eigenvalues

....,,1 ncc

Proof. Straightforward.
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