
www.p
phm

j.c
om

Far East J. Appl. Math. 24(2) (2006), 163-175

2000 Mathematics Subject Classification: 35D05, 35J70, 35R35, 49J40.

Keywords and phrases: Jacobi elliptic function, doubly periodic solutions, Hirota-Satsuma

system, F-expansion method, uzg~Ö-Nutku  equation.

This work was supported by College of Sciences - Research Center project no. (Math/

2006/20).

Received May 15, 2006

 2006 Pushpa Publishing House

THE PERIODIC WAVE SOLUTIONS FOR THE
GENERALIZED HIROTA-SATSUMA SYSTEM AND

THE UZGÖ-NUTKU
~

 EQUATION

H. A. ABDUSALAM

Mathematics Department, Faculty of Science
Cairo University, Giza, Egypt

Current address
Mathematics Department, College of Science
King Saud University, P. O. Box 2455
Riyadh 11451, Kingdom of Saudi Arabia
e-mail: hosny@operamail.com

Abstract

The periodic wave solution for the generalized Hirota-Satsuma system

and the uzg~Ö-Nutku  equation are obtained by using the F-expansion

method which can be thought of as a generalization of the Jacobi elliptic
function method proposed recently. In the limit cases, the solitary wave
solutions are obtained.

1. Introduction

It is known that soliton, breather, compaction, etc. come from the
robust interaction of the dissipation and dispersion in physics system.
The robust interaction can be expressed by the mathematical form of
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subtle balance between the nonlinear term and the highest order partial
derivative term. So the nonlinear transform can be introduced as follows
[6]:

∑
=

=
n

J
JJGau

0

, (1)

where JG  is an arbitrary function, Ja  is a parameter to be determined,

n is determined by the subtle balance [8] of the nonlinear term and the

highest order partial derivative term [6].

Recently, Jacobi elliptic function expansion method was proposed

[1, 2, 3, 5, 9, 11, 12, 13, 14] and improved to F-expansion method [4, 10]

as the summary and generalization of the Jacobi elliptic function method.
These methods are effective to construct the periodic wave solutions of
nonlinear equations, when Jacobi elliptic functions degenerate as
hyperbolic functions or trigonometric functions, the solitary wave
solutions and singularity solutions can be obtained.

Jacobi elliptic function expansion sets

( ),ζ= J
J FG (2)

where ( )ζF  is the Jacobi elliptic function, .ctx +=ζ  ( )ζJF  is the Jth

order power of ( ).ζF

F-expansion method demands that ( )ζF  is the solution of the

following equation [10]:

( ) ( ) ( ) .242 RQFPFF +ζ+ζ=ζ′ (3)

Substituting (1) into the nonlinear equation (3) yields an equation for

( ).ζJF  For the subtle balance in nonlinear transform, the equation for

( )ζJF  can be solved easily in most cases by setting the coefficient

polynomials into zero and getting a series of algebraic equations. Solving

these algebraic equations by using Mathematica or Maple programs, we

can get the relations of undetermined parameters .Ja  Thus we get the

exact solutions of nonlinear partial differential equation (PDE).

The paper is organized as follows: in Section 2, we first search for the
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periodic wave solutions for the new generalized Hirota-Satsuma coupled
system [7] and then in Section 3, we find the periodic solutions for the

uzg~Ö-Nutku  equation [4, 10]. A conclusion is then given in the final

Section 4.

2. The Generalized Hirota-Satsuma System

The new generalized Hirota-Satsuma coupled system is given as [7]:

( ) ,33
2
1

xxxxxt wvuuuu +−=

,3 xxxxt uvvv +−=

,3 xxxxt uwww +−= (4)

which was introduced by Wu et al. recently [14].

First, we seek the travelling wave solution of equation (4) in the form

( ) ( ) ( ) ( ) ( ) ( ) .,,,,,, ctxWtxwVtxvUtxu +=ζζ=ζ=ζ= (5)

Substituting (5) into equations (4), we have the following system of
ordinary differential equations:

,33
2
1 WVVWUUUUc ′+′+′−′′′=′

,3 VUVVc ′+′′′−=′

,3 WUWWc ′+′′′−=′ (6)

where ′ means differentiation with respect to ζ.

Secondly, based on the subtle balance, ,2=n  we introduce the

following nonlinear transforms:

( ) ( ) ( ) ,0, 2
2

210 ≠ζ+ζ+=ζ aFaFaaU

( ) ( ) ( ) ,0, 2
2

210 ≠ζ+ζ+=ζ bFbFbbV

( ) ( ) ( ) ,0, 2
2

210 ≠ζ+ζ+=ζ dFdFddW (7)

where 21,0210210 ,,,,,,, dddbbbaaa  are constants to be determined.
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Considering (3) and substituting (7) into (6) and collecting all terms

with the same degree of ( )ζF  to zero respectively, we obtain a series of

algebraic equations corresponding to U, V, W respectively:

0F : ,06662 10011011 =++−+− dbdbaaQaca

1F : ,012121212846 2011022022
2
1 =+++−+−− dbdbdbaaQacaa

2F : ( )( ) ,0181836 211221 =++− dbdbaPa

3F : ( ) ,0241224 22
2
22 =+− dbaPa

0F : ,03 1011 =−+ baQbcb

1F : ,06823 202211 =−++− baQbcbba

2F : ,0636 21121 =−− dadaPd

3F : ,0636 21121 =−− babaPb

0F : ,03 1011 =−+ daQdcd

1F : ,06823 222211 =−++− daQdcdda

2F : ,0636 21121 =−− dadaPd

3F : .0624 222 =− daPd

Thirdly, solving algebraic equations above by using Mathematica or

Maple, we have the following solution:

( ) ,4,4
3
1

20 PaQca =+=

( )( )
,4,

3

234

2

2

22
2

20
0 d

Pb
d

dQcPdP
b =

++−
=

,0,0,0 111 === dba (8)

with 0,, 20 ≠ddc  being arbitrary constants.

Substituting (8) into (7), we have a general form of travelling wave
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solutions of equations (4):

( ) ( ) ( ),44
3
1 2 ζ++=ζ PFQcU

( ) ( )[ ] ( ),4

3

234 2

2

2

2
2

20 ζ







+

++−
=ζ F

d
P

d

dQcPdP
V

( ) ( ).2
20 ζ+=ζ FddW (9)

When ( ) ( )msnF ,ζ=ζ  or ( ) ( ) ( ) ( ),,,, mdnmcnmcdF ζζ=ζ=ζ  we get

,2mP =  ( )21 mQ +−=  from equation (3), where m is the modulus of

Jacobi elliptic function, .10 2 << m  The solution of (4) is obtained as:

( ) [ ( )] ( ),,412
3
1 222

1 msnmmcU ζ++−=ζ

( ) [ ( ( )) ] ( ),,4

3

1234 2

2

4

2
2

2
2

0
22

1 msn
d
m

d

dmcdmm
V ζ








+

+−+−
=ζ

( ) ( ).,2
201 msnddW ζ+=ζ (10)

It is known that ( ) ( )ξ→ζ tanh, msn  when ;1→m  thus (10) degenerates

into the following form:

( ) ( ) ( ),tanh48
3
1 2

1 ζ+−=ζ cU

( ) ( ) ( ),tanh4

3

2812 2

22
2

20
1 ζ






+

−+−
=ζ

dd

dcd
V

( ) ( ).tanh2
201 ζ+=ζ ddW (11)

For ( ) ( ) ( ) ( ),,,, mdnmcnmcdF ζζ=ζ=ζ  we have

( ) [ ( )] ( ),,414
3
1 222

2 mcdmmcU ζ++−=ζ

( ) [ ( ( )) ] ( ),,4

3

1234 2

2

4

2
2

2
2

0
22

2 mcd
d
m

d

dmcdmm
V ζ








+

+−+−
=ζ

( ) ( ).,2
202 mcdddW ζ+=ζ
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When ( ) ( ),, mcnF ζ=ζ  we get ,2mP −=  12 2 −= mQ  from equation (3).

The nondegenerative elliptic function solution is

( ) [ ( )] ( ),,4124
3
1 222

3 mcnmmcU ζ−−+=ζ

( ) [ ( ( )) ] ( ),,4

3

12234 2

2

4

2
2

2
2

0
22

3 mcn
d
m

d

dmcdmm
V ζ








+

−++−
=ζ

( ) ( ).,2
203 mcnddW ζ+=ζ (12)

Allowing 1→m  (12) reduces to the following soliton solution:

( ) ( ) ( ),sech44
3
1 2

3 ζ−+=ζ cU

( ) ( )( ) ( ),sech4

3

1234 2

2

2

2
2

20
3 ζ








+

++−
=ζ

d
m

d

dcd
V

( ) ( ).sech2
203 ζ+=ζ ddW (13)

When ( ) ( ),, mdnF ζ=ζ  we get ,1−=P  ( )22 mQ −=  from equation (3),

the nondegenerative elliptic function solution is given as:

( ) ( ( )) ( ),,424
3
1 22

4 mdnmcU ζ−−+=ζ

( ) [ ( ( )) ] ( ),,4

3

2234 2

22
2

2
2

0
4 mdn

dd

dmcd
V ζ






+

−++−
=ζ

( ) ( ).,2
204 mdnddW ζ+=ζ (14)

When ( ) ( )ζ→ζ→ sech,,1 mdnm  and we get the solution (13).

When ( ) ( ) ( )msnmnsF ,1, ζ=ζ=ζ  or ( ) ( ) ( ) ( ),,,, mcnmdnmdcF ζζ=ζ=ζ

we get ,1=P  ( )21 mQ +−=  from equation (3). The nondegenerative

elliptic function solution is obtained, which is the periodic singularity
solution:

( ) ( ( )) ( ),,414
3
1 22

5 mnsmcU ζ++−=ζ
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( ) [ ( ( )) ] ( ),,4

3

1234 2

22
2

2
0

5 mns
dd

dmcd
V ζ






+

+−+−
=ζ

( ) ( ).,2
205 mnsddW ζ+=ζ (15)

Taking ,0→m  in equation (15) we get the following singularity solution:

( ) ( ) ( ),csc44
3
1 2

5 ζ+−=ζ cU

( ) ( )[ ] ( ),csc4

3

2234 2

22
2

20
5 ζ






+

−+−
=ζ

dd

dcd
V

( ) ( ).csc2
205 ζ+=ζ ddW (16)

When ,1→m  we get the singularity solution:

( ) ( ) ( ),coth48
3
1 2

5 ζ+−=ζ cU

( ) ( )[ ] ( ),coth4

3

2234 2

22
2

0
5 ζ






+

−+−
=ζ

dd

dcd
V

( ) ( ).coth2
205 ζ+=ζ ddW (17)

For ( ) ( ) ( ) ( ),,,, mcnmdnmdcF ζζ=ζ=ζ  we have

( ) ( ( )) ( ),,414
3
1 22

6 mdcmcU ζ++−=ζ

( ) [ ( ( )) ] ( ),,4

3

1234 2

22
2

2
0

6 mdc
dd

dmcd
V ζ






+

+−+−
=ζ

( ) ( ).,2
206 mdcddW ζ+=ζ (18)

When ,0→m  we get the singularity solution:

( ) ( ) ( ),sec44
3
1 2

6 ζ+−=ζ cU

( ) ( )[ ] ( ),sec4

3

2234 2

22
2

0
6 ζ






+

−+−
=ζ

dd

dcd
V

( ) ( ).sec2
206 ζ+=ζ ddW (19)
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When ( ) ( ) ( ),,1, mcnmncF ζ=ζ=ζ  we get ( ),1 2mP −=  ( )12 2 −= mQ

from equation (3). The nondegenerative solution is

( ) ( ( )) ( ) ( ),,14124
3
1 222

7 mncmmcU ζ−+−+=ζ

( ) ( ) [ ( ) ( ( )) ]
2
2

2
0

22

7
3

1221314

d

dmcdmm
V

−++−−−
=ζ

( ) ( ),,
14 2

2

22
mnc

d
m

ζ








 −
+

( ) ( ).,22
207 mncddW ζ+=ζ (20)

Taking 0→m  we get solution (19).

When ( ) ( ) ( ),,1, mdnmndF ζ=ζ=ζ  we get ( ) ( )22 2,1 mQmP −=−=

from equation (3). The nondegenerative solution is

( ) ( ),,2
208 mndddU ζ+=ζ

( ) ( ) [ ( ) ( ( )) ]
2
2

2
2

0
22

8
3

221314

d

dmcdmm
V

−++−−−
=ζ

( ) ( ),,
14 2

2

22
mnd

d
m

ζ








 −
+

( ) ( ).,2
208 mndddW ζ+=ζ (21)

When ( ) ( ) ( ) ( ),,,, mcnmsnmscF ζζ=ζ=ζ  we get ( ),1 2mP −=  =Q

( )22 m−  from equation (3), the nondegenerative solution is

( ) ( ( )) ( ) ( ),,1424
3
1 222

9 mscmmcU ζ−+−+=ζ

( ) ( ) [ ( ) ( ( )) ]
2
2

2
0

22

9
3

221314

d

dmcdmm
V

−++−−−
=ζ

( ) ( ),,
14 2

2

22
msc

d
m

ζ








 −
+

( ) ( ).,2
209 mscddW ζ+=ζ (22)
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When ( ) ( ),tan,,0 ζ→ζ→ mscm  we get the solution:

( ) ( ) ( ),tan48
3
1 2

9 ζ++=ζ cU

( ) ( ) ( ),tan4

3

2812 2

22
2

0
9 ζ






+

++−
=ζ

dd

dcd
V

( ) ( ).tan2
209 ζ+=ζ ddW (23)

When ( ) ( ) ( ) ( ),,,, mdnmsnmsdF ζζ=ζ=ζ  we get ( ),122 −= mmP  =Q

( )12 2 −m  from equation (3). The nondegenerative solution is

( ) ( ( )) ( ) ( ),14124
3
1 2222

10 ζ−+−+=ζ sdmmmcU

( ) ( ) [ ( ) ( ( )) ]
2
2

2
0

2222

10
3

1221314

d

dmcdmmmm
V

−++−−−
=ζ

( ) ( ),14 2

2

224
ζ









 −
+ sd

d
mm

( ) ( ).2
2010 ζ+=ζ sdddW (24)

When ( ) ( ) ( ) ( ),,,, msnmcnmcsF ζζ=ζ=ζ  we get ,1=P  ( )22 mQ −=

from equation (3). The nondegenerative solution is

( ) ( ( )) ( ),,424
3
1 22

11 mcsmcU ζ+−+=ζ

( ) [ ( ( )) ] ( ),,4

3

2234 2

22
2

2
0

11 mcs
dd

dmcPd
V ζ






+

−++−
=ζ

( ) ( ).,2
2011 mcsddW ζ+=ζ (25)

When ( ) ( ),csch,,1 ζ→ζ→ mcsm  we get the following solution:

( ) ( ) ( ),csch44
3
1 2

11 ζ++=ζ cU

( ) ( )[ ] ( ),csch4

3

1234 2

22
2

20
11 ζ






+

++−
=ζ

dd

dcPd
V

( ) ( ).csch2
2011 ζ+=ζ ddW (26)
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Taking ( ) ( ),cot,,0 ζ→ζ→ mcsm  equation (25) reduces to

( ) ( ) ( ),cot48
3
1 2

11 ζ++=ζ cU

( ) ( )[ ] ( ),cot4

3

2234 2

22
2

20
11 ζ






+

++−
=ζ

dd

dcPd
V

( ) ( ).cot2
2011 ζ+=ζ ddW (27)

When ( ) ( ) ( ) ( ),,,, msnmdnmdsF ζζ=ζ=ζ  we get ,1=P  ( )12 2 −= mQ

from equation (3). The nondegenerative solution is

( ) ( ( )) ( ),4124
3
1 22

12 ζ+−+=ζ dsmcU

( ) [ ( ( )) ] ( ),4

3

12234 2

22
2

2
0

12 ζ





+

−++−
=ζ ds

dd

dmcd
V

( ) ( ).2
2012 ζ+=ζ dsddW (28)

When ,1→m  we get the solution (26) and when ,0→m  we get the

solution (17).

3. The uzgÖ-Nutku ~  Equation

The uzg~Ö-Nutku  equation [4] is written as

( ) ,2 xxxxxxt uvvvuuuu ++λ+=

( ) ,2 xxxxxxt uvuuvvvv ++µ+= (29)

where λ and µ are real constants satisfying the condition

.1=µ+λ (30)

uzg~Ö-Nutku  equation [4] pointed out that this system (29) decouples if

.21=µ=λ  It is further shown that subject to the condition (30) the

system (29) is a bi-Hamiltonian system with two local Hamiltonian
structures. Thus, one has a bi-Hamiltonian system which contains a free
parameter. In general, a bi-Hamiltonian system is supposed to be
integrable since it has infinite number of conserved quantities. However,
it is peculiar that a system is integrable with arbitrary value of
parameter. Hu and  Liu [4] showed that the parameter can be removed.
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The dispersionless version of this system with condition (30) was studied
recently by Matsuno [7]. We concentrate here to find solution of the
system (29) under the condition (30) for a certain value of parameters.

First, we seek travelling wave solution of equation (29) in the form

( ) ( ) ( ) ( ) .,,,, ctxVtxvUtxu +=ζζ=ζ= (31)

Substituting (31) into equations (29), we have the following system of
ordinary differential equations:

( ) ( ) ,02 =′+′+′−λ+′′′ VVUVUcUU

( ) ( ) .02 =′+′+′−µ+′′′ UUUVVcVV (32)

Secondly, based on the subtle balance, we introduce the following
nonlinear transforms:

( ) ( ) ( ) ,0, 2
2

210 ≠ζ+ζ+=ζ aFaFaaU

( ) ( ) ( ) ,0, 2
2

210 ≠ζ+ζ+=ζ bFbFbbV (33)

where 210210 ,,,,, bbbaaa  are constants to be determined.

Considering (3) and substituting (33) into (32) and collecting all the
terms with the same degree of ( )ζF  to zero respectively, we obtain a

series of algebraic equations corresponding to U, V, and W respectively as:

0F : ,022 1010011011 =+++λ++− bbbabaaaQaa

1F : 20
2
1112022

2
1 222822 bbbbaabQacaa +++++−λ

 ( ) ,022 220 =+λ+ baa

2F : ,033366 212112211 =+++λ+ bbababaaaPa

3F  : ,024424 2
222

2
22 =+++ bbaaPa

0F  : ,02 1010110110 =µ+++−+ bbbaQbcbbaaa

1F : 2022
2
11102

2
1 482222 bbQbcbbbabaa µ++−µ+++

 ( ) ,02 220 =++ baa

2F  : ( ) ,03636 22112211 =++µ++ baabbabPb

3F  : .044224 2
222

2
22 =µ+++ bbaaPb (34)
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Thirdly, solving the algebraic equations above by using Mathematica,

for example, when 31=λ  and 32=µ  we find that

( ) ,36,0,43 210 PaaQca ==−−=

( ) .36,0,43 210 PbbQcb −==−= (35)

The corresponding solutions are

( ) ( ) ( ),3643 2 ζ+−−=ζ PFQcU

( ) ( ) ( ).3643 2 ζ−−=ζ PFQcV (36)

Fourthly, choose P, Q and R in ODE (3) such that the corresponding
solution ( )ζF  of ODE (3) is one of Jacobi elliptic functions. By the same

method used above we can obtain twelve periodic wave solutions to

equations (27). For example, when ( ) ( ),, mcnF ζ=ζ  we get ,2mP −=

( )12 2 −= mQ  from equation (3). The nondegenerative solution is

obtained as:

( ) ( ( )) ( ),,361243 222 mcnmmcU ζ−−−−=ζ

( ) ( ( )) ( ).,361243 222 mcnmmcV ζ+−−=ζ (37)

When 1→m  we get the solution:

( ) ( ) ( ),sech3643 2 ζ−−−=ζ cU

( ) ( ) ( ).sech3643 2 ζ+−=ζ cV (38)

The other wave solutions to the system (29) with the condition (30) can be

obtained for different values of λ, µ by the same manner introduced in

Section 2, but we omit them here for simplicity.

4. Conclusions

In this paper we have applied the F-expansion method to find a series
of 12 exact solutions for the new generalized Hirota-Satsuma system. The

same method is also applied for the coupled uzg~Ö-Nutku  equation. The

limit cases are obtained for all solutions.
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