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Abstract

We establish a new fixed point theorem for multimaps having KKM

property on G-convex uniform spaces, not necessarily on locally

G-convex uniform spaces. This result is parallel to our previous one for

topological vector spaces in [6].

1. Introduction

Many problems in nonlinear analysis can be formulated as the fixed
point problems for multimaps on topological spaces without linear
structure. In this direction, there have appeared a few kinds of abstract
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convexity notions. For example, the hyperconvex metric spaces due to
Aronszajn and Panitchpakdi [1], the convex spaces due to Lassonde [9],

the c-spaces due to Horvath [5] which are called the H-spaces by Bardaro

and Ceppitelli [2]. These different kinds of concepts can be unified as

G-convex spaces introduced by Park and Kim [13]. Since then, many

results about fixed point theory and KKM theory on topological vector

spaces were extended to G-convex spaces, cf. [10, 12, 15, 16, 17]. However,

the underlying spaces for their fixed point results are locally G-convex

uniform spaces. This paper intends to establish a fixed point theorem for

multimaps having KKM property on G-convex uniform spaces, not

necessarily on locally G-convex uniform spaces. This result is parallel to

that for topological vector spaces in [6] which in turn revises and extends
the Kim’s fixed point theorem for lower semicontinuous multimaps in
Hausdorff topological vector spaces as well as that of Park in [11].

We now recall some basic definitions and facts. Throughout this

paper, Y  denotes the class of all nonempty finite subsets of a nonempty

set Y. The notation YXT D−:  stands for a multimap from a set X into

{ }.\2 ∅Y  For a multimap ,2: YXT →  the following notations are used:

(a) ( ) ( )∪ Ax
xTAT

∈
=  for ;XA ⊆

(b) ( ) ( ){ }xTyXxyT ∈∈=− :  for ;Yy ∈

(c) ( ) ( ){ }∅≠∈=− BxTXxBT ∩:  for ;YB ⊆

(d) ( ) ( )xTYxT c \=  for .Xx ∈

All topological spaces are supposed to be Hausdorff. Let X and Y be

two topological spaces. Then a multimap YXT 2: →  is said to be

(a) upper semicontinuous (u.s.c.) if ( )BT −  is closed in X for each

closed subset B of Y;

(b) lower semicontinuous (l.s.c.) if ( )BT −  is open in X for each open

subset B of Y;
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(c) compact if ( )XT  is contained in a compact subset of Y;

(d) closed if its graph ( ) ( ) ( ){ }XxxTyyxT ∈∈= ,:,Gr  is a closed

subset of .YX ×

It is well known that if Y is a regular space and T is a closed-valued
u.s.c. multimap, then T is closed. The converse is true if Y is compact,
cf. [9, Lemma 1].

YXT 2: →  is defined to be ( ) ( )xTxT =  for each .Xx ∈

The unit coordinate vectors in 1+nR  are denoted by ,...,, n0 ee  and

n∆  stands for the standard n-simplex of ,1+nR  that is,

( ) .1andallfor0:...,,
0

0












=λ≥λλλ=∆ ∑
=

n

i
iinn i

Later on, if { } ,...,,1,0 nJ ∈  then { }Jii ∈:co e  will be denoted by .J∆

Park and Kim [13] unified many different kinds of abstract convexity
in the following way.

Definition 1.1. A generalized convex space or a G-convex space

( )Γ;, DX  consists of a topological space X, a nonempty subset D of X and

a map XD D−Γ :  such that for each { } DaaA n ∈= ...,,0  with =A

,1+n  there exists a continuous function ( )AnA Γ→∆ϕ :  such that if

,0 10 niii k ≤<<<≤ "  then ( { }) ({ })....,,...,,co
00 kk iiiiA aaΓ⊆ϕ ee  When

,XD =  ( )Γ;, DX  is abbreviated to ( ).; ΓX  In this paper, we assume that

a G-convex space ( )Γ;X  always satisfies the extra condition: { }( )xx Γ∈

for any .Xx ∈

A subset K of a G-convex space ( )Γ,X  is said to be Γ-convex if for any

,KA ∈  ( ) .KA ⊆Γ

For convenience, we also express ( )AΓ  by .AΓ

A uniformity for a set X is a nonempty family U  of subsets of XX ×
such that

(a) each member of U  contains the diagonal ∆;
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(b) if ,U∈U  then ;1 U∈−U

(c) if ,U∈U  then UVV ⊆D  for some V in ;U

(d) if U and V are members of ,U  then ;U∈VU ∩  and

(e) if U∈U  and ,XXVU ×⊆⊆  then .U∈V

Every member V in U  is called an entourage. An entourage V is said
to be symmetric if ( ) Vyx ∈,  whenever ( ) ., Vxy ∈

If ( )U,X  is a uniform space, then the topology T  induced by U  is

the family of all subsets W of X such that for each x in W, there is a U in
U  such that [ ] ,WxU ⊆  where [ ]xU  is defined as ( ){ }.,: UyxXy ∈∈

For details on uniform spaces we refer to [7].

Definition 1.2. A G-convex uniform space ( )U,; ΓE  is a G-convex

space so that its topology is induced by a uniformity .U

A G-convex uniform space ( )U,; ΓE  is said to be a locally G-convex

uniform space if it satisfies the following conditions:

(a) { } { }xx =Γ  for any ;Ex ∈

(b) The uniformity U  has a base B  consisting of open symmetric

entourages such that for each ,B∈V  [ ] { ( ) VyxXyKV ∈∈= ,::  for

some }Kx ∈  is Γ-convex whenever K is Γ-convex.

By the definition of G-convex uniform space ( ),,; UΓE  it is easy to

check that AA Γ⊆  for any .EA ∈

For a G-convex space ( ),; ΓE  a multimap EEF D−:  is called a

KKM map if ( )AFA ⊆Γ  for each .EA ∈  The following result is well

known.

Theorem 1.3 (The KKM Principle). Let D be the set of vertices of n∆

and nDF ∆−D:  be a KKM map ( ( ) ( )AFAthat is ⊆co ,  for each ).DA ∈

Then ( )∩ Da
aF

∈
∅≠ .

The following known results in the literature will be quoted in the
sequel.
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Lemma 1.4 [14]. Suppose X is a compact topological space and ( )Γ;Y

is a G-convex space. If YXT D−:  satisfies

(a) ( )xT  is Γ-convex for each ,Xx ∈

(b) ( )yT −  is open in X for each ,Yy ∈

then T has a continuous selection.

Lemma 1.5 [16]. Let ( )Γ;X  be a compact locally G-convex uniform

space. If nXp ∆→:  is continuous and XQ n D−∆:  is u.s.c. with compact

and Γ-convex values, then nnQp ∆−∆ DD :  has a fixed point.

Lemma 1.6 [5]. Let X and Y be two topological spaces. If YXT D−:

is l.s.c. and YXg →:  is continuous and YYV D−:  has open graph,

then ( ) ( )( )xgVxTx ∩→  is l.s.c.

2. The Main Results

In this section, we shall establish a new fixed point theorem for

multimaps having KKM property in G-convex uniform spaces. To begin

with, recall that

Definition 2.1. Suppose ( )Γ;X  is a G-convex space and Y is a

topological space. If F, YXT D−:  are two multimaps satisfying that

( ) ( )AFT A ⊆Γ

for each ,XA ∈  then F is called a KKM map with respect to T. If the

multimap T satisfies the requirement that for any KKM map F with

respect to T the family { ( ) }XxxF ∈:  has the finite intersection property,

then T is said to have the KKM property. The collection of all multimaps

from X to Y that have the KKM property is denoted by ( ).,KKM YX

In what follows, [ ]( )yVΓ  is defined as [ ]( ) [ ]∪ yVA AyV
∈

Γ=Γ .

Lemma 2.2. Let X be a nonempty Γ-convex subset of a G-convex

uniform space ( )U,; ΓE  which has a uniformity U  with a base B  of open
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symmetric entourages. Suppose that for any ,B∈V  [ ]( )yVx Γ∈  if and

only if [ ]( ).xVy Γ∈  If XXT D−:  is compact and has the KKM property,

then for any ,B∈V  there is an XxV ∈  such that [ ]( ) ( ) .∅≠Γ VV xTxV ∩

Proof. On the contrary, assume there is a B∈V  such that for any

,Xx ∈  [ ]( ) ( ) .∅=Γ xTxV ∩  Let ( ).XTK =  Then K is compact in X.

Define XXF 2: →  by ( ) [ ].\ xVKxF =  Clearly, for each ,Xx ∈  ( )xF

is closed. Using the fact that { }xx Γ∈  it is easy to check that ( )xF  is

nonempty. We now show that F is a KKM map with respect to T. If not,

there is an { } XxxA n ∈= ...,,1  such that ( ) ( ).AFT A ⊆/Γ  Choose

( )ATz Γ∈  such that ( ).AFz ∉  Then there is a Ay Γ∈  such that ( )yTz ∈

but ( ).AFz ∉  Since

( ) ( )∪n

i ixFAFz
1=

=∉

[ ]( )∪n

i ixVK
1

\
=

=

[ ]∩n

i ixVK
1

,\
=

=

we conclude that [ ]ixVz ∈  for all ,...,,1 ni =  that is, ( ) Vzxi ∈,  for all

....,,1 ni =  By symmetry, ( ) Vxz i ∈,  for all ....,,1 ni =  So, [ ]zVxi ∈

for all ....,,1 ni =  Consequently, [ ],zVA ⊆  and hence [ ]( ).zVA Γ⊆Γ  In

particular, [ ]( ).zVy Γ∈  By hypothesis, [ ]( ).yVz Γ∈  Therefore, we reach

the conclusion that ( ) [ ]( ),yVyTz Γ∈ ∩  a contradiction. So, F is a KKM

map with respect to T. Since T has the KKM property, ( ){ }XxxF ∈:

has the finite intersection property. Now, noting that for each ,Xx ∈

( ) KxF ⊆  and K is compact, we infer that ( )∩ Xx
xF

∈
∅≠ .  Choose

( )∩ Xx
xF

∈
∈ξ .  Then ( ) [ ],\ ξ=ξ∈ξ VKF  which implies that [ ],ξ∉ξ V  a

contradiction. This completes the proof.

Corollary 2.3. Suppose ( )U,; ΓE  is a locally G-convex uniform space

with a base B  of symmetric open entourages and X is a Γ-convex subset of
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E. If XXT D−:  is compact and has the KKM property, then for any

,B∈V  there is XxV ∈  such that [ ] ( ) .∅≠VV xTxV ∩

Proof. Since [ ]( ) [ ]xVxV =Γ  in a locally G-convex uniform space, the

result follows immediately.

Theorem 2.4. Suppose X is a nonempty compact Γ-convex subset of a

G-convex uniform space ( )U,; ΓE  with a base B  of symmetric open

entourages such that for any ,B∈V  [ ]( )yVx Γ∈  if and only if [ ]( ).xVy Γ∈

If ( )XXT ,KKM∈  is closed-valued and satisfies the following condition

( ):∗

( )∗  If Xy ∈  satisfies that ( )[ ]yTUy ∉  for some open entourage U, then

( )[ ]( ){ }xTVxXxy Γ∈∈∉ :cl  for some ,B∈V

then T has a fixed point.

Proof. For each ,B∈U  put ( )[ ]( ){ }xTUxXxFU Γ∈∈= :  and UG

( )[ ]{ }.: xTUxXx ∈∈=  By Lemma 2.2, there is an XxU ∈  such

that [ ]( ) ( ) .∅≠Γ UU xTxU ∩  Choose a [ ]( ) ( ).UU xTxUy ∩Γ∈  It follows

from the assumption that [ ]( ),yUxU Γ∈  and hence ( )[ ]( ).UU xTUx Γ∈

Consequently, for each ,B∈U  .∅≠UF  Since { }B∈UFU :  has the

finite intersection property and since X is compact, we conclude that

∩ B∈
∅≠

U UF .  Also, it is obvious that ∩ ∩B B∈ ∈
⊆

U U UU FG  by noting

that UU FG ⊆  for each .B∈U  For the reverse inclusion, if there is a

∩ B∈
∈

U UFy  such that ∩ B∈
∉

U UGy ,  then ( )[ ]yTUy ∉  for some ,B∈U

hence by ( )∗  we can choose a B∈V  such that ,VFy ∉  a contradiction.

Therefore, ∩ B∈
=

U UG  ∩ B∈
∅≠

U UF .  Letting ∩ B∈
∈ξ

U UG ,  we see

( )[ ] ( )∩ B∈
ξ=ξ∈ξ

U
TTU ,

where the equality holds is due to the fact that ( )ξT  is closed. This

completes the proof.
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When X is a topological vector space, this is our previous result

[6, Theorem 2.2].

In a locally G-convex uniform space, we have [ ]( ) [ ],xVxV =Γ  and so

[ ]xVy ∈  if and only if [ ]yVx ∈  for any symmetric open entourage V.

Proposition 2.5. Suppose X is a nonempty compact Γ-convex subset of

a locally G-convex uniform space ( )U,; ΓE  and XXT D−:  is closed and

has Γ-convex values, then the condition ( )∗  holds:

( )∗  If Xy ∈  satisfies that ( )[ ]yTUy ∉  for some open entourage U,

then ( )[ ]( ){ }xTVxXxy Γ∈∈∉ :cl  for some .B∈V

Proof. Choose a B∈V  such that .UVV ⊆⊆  Then the set =:A

{ ( )[ ]}xTVxXx ∈∈ :  is closed. Indeed, for any ,Ax ∈  choose a net { }αx

in A such that .xx →α  Since ,Ax ∈α  we can choose ( )αα ∈ xTz  such

that ( ) ., Vzx ∈αα  By the compactness of X, we may assume that zz →α

for some .Xz ∈  So ( ) ( ),,, zxzx →αα  and hence ( ) Vzx ∈,  by noting

that ( ){ } Vzx ⊂αα ,  and V  is closed. Meanwhile, since T is closed, we

have that ( ),xTz ∈  so ( )[ ] ,XxTVx ∩∈  which shows that A is closed.

Now, if ( )[ ] ,XyTUy ∩∉  then ( )[ ] ,XyTVy ∩∉  and so .AAy =∉

Hence ( )[ ]{ }.:cl xTVxXxy ∈∈∉  Moreover, since ( )[ ]xTV  is Γ-convex,

( )[ ]( ) ( )[ ].xTVxTV =Γ  Therefore,

( )[ ]{ } ( )[ ]( ){ }.:cl:cl xTVxXxxTVxXxy Γ∈∈=∈∈∉

Corollary 2.6. Suppose X is a nonempty compact Γ-convex subset of a

locally G-convex uniform space ( ).,; UΓE  If ( )XXT ,KKM∈  is closed

and has Γ-convex values, then T has a fixed point.

Proof. This follows from Theorem 2.4 and Proposition 2.5.

Here we like to mention that the condition that T has Γ-convex

values can be dropped by means of Corollary 2.3 and the technique in

[4, Theorem 3.2].
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3. The KKM Class

In this section, we further study the KKM class.

Proposition 3.1. If YXf →:  is a continuous function from a

G-convex space ( )Γ,X  to a topological space Y, then ( ).,KKM YXf ∈

Proof. Let YXF D−:  be any closed-valued KKM map with respect

to f and { }naaA ...,,0=  be any member in .X  Since X is a G-convex

space, there is a continuous function AnA Γ→∆φ :  such that, for any

,0 0 nii k ≤<<≤ "

( ( )) { } ( ),...,,co ...,,00 nAaaiiA kiik
ee ∆φΓ⊆φ ∩

so

( ) ( { } ( ))....,,co ...,,00 nAaaAii kiik
ee ∆φΓφ⊆ − ∩ (1)

Also, since F is a KKM map with respect to f, we have

( { }) ({ }),...,,
00 ...,, kkii iiaa aaFf ⊆Γ

that is,

{ } ( ({ }))....,,
00 ...,, kkii iiaa aaFf −⊆Γ (2)

It follows from (1) and (2) that

( ) ( ( ({ })) ( ))....,,...,,co
00 nAiiAii kk

aaFfee ∆φφ⊆ −− ∩

Noting that ( ( )( ) ( ))nAiAi aFfe ∆φφ− −− ∩D  is a KKM map, we infer from

the KKM principle that

( ( )( ) ( ))∩ ∩
n

i
nAiA aFf

0

,
=

−− ∅≠∆φφ

which implies that ( )∩n
i iaF

0
.

=
∅≠  Hence ( ).,KKM YXf ∈

Lemma 3.2. Let X be a compact topological space and ( )U,; ΓY  be a

locally G-convex uniform space. If YXT D−:  is a l.s.c. multimap with

Γ-convex values, then for any symmetric entourage V of the uniformity of

Y, there exists a continuous function YXf →:  such that, for any ,Xx ∈

( ) ( )[ ] .∅≠xfVxT ∩
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Proof. We may assume that V is open in .YY ×  For each ,Xx ∈

taking ( ),xTy ∈  we see that ( ) [ ].yVxTy ∩∈  Define YXF D−:  by

( ) ( ) [ ]{ }.: ∅≠∈= yVxTYyxF ∩  Since ( )[ ] { ( ) VyzYyxTV ∈∈= ,:  for

some ( )},xTz ∈  we have ( ) ( )[ ]xTVxF =  for each .Xx ∈  Due to ( )xT  is

Γ-convex, we infer that ( )[ ]xTV  is Γ-convex, so ( )xF  is Γ-convex. Also, for

any ,Yy ∈  since

( ) ( ){ }xFyXxyF ∈∈=− :

( ) [ ]{ }∅≠∈= yVxTXx ∩:

[ ]( )yVT −=

and since [ ]yV  is open in Y, it follows from the lower semi-continuity of T

that ( )yF −  is open in X. By Lemma 1.4, F has a continuous selection

,: YXf →  so ( ) ( ),xFxf ∈  which implies that ( ) ( )[ ] .∅≠xfVxT ∩

Definition 3.3. Let ( )Γ;Y  be a G-convex space. We call it a locally

G-convex metric space if ( )dY ,  is a metric space such that for any ,0>ε

( ){ }ε<∈ EydYy ,:

is a Γ-convex set whenever YE ⊆  is a Γ-convex set, and all open balls

are Γ-convex.

Proposition 3.4. Let X be a compact topological space and ( )Γ;Y  be

a complete locally G-convex metric space. If YXT D−:  is a l.s.c.

multimap with closed Γ-convex values, then T has a continuous selection.

Proof. For each { },0∪N∈n  let [ ] ( ) .
2

1,:






 <∈=

nn zydYzyV  By

Lemma 3.2, there exists a continuous function YXf →:0  such that

( ) ( )[ ] .00 ∅≠xfVxT ∩  Define YXT D−:1  by ( ) ( ) ( )[ ].001 xfVxTxT ∩=  By

Lemma 1.6, 1T  is l.s.c. Obviously, for each ,Xx ∈  ( )xT1  is Γ-convex. So,

it follows from Lemma 3.2 that there exists a continuous function
YXf →:1  such that ( ) ( )[ ] .111 ∅≠xfVxT ∩  Continuing in this manner,
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we obtain a sequence of multimaps YXTn D−:  and a sequence of

continuous functions YXfn →:  such that for each { }0∪N∈n  and for

each ,Xx ∈  ( ) ( )[ ] .∅≠xfVxT nnn ∩  Since ( ) ( )( )
nnnn xfxfd

2

1

2

1,
11 +≤
++

for all ,Xx ∈  the sequence { }nf  is uniformly Cauchy, its limit function f

is continuous and it is clear that ( ) ( )xTxf ∈  for each .Xx ∈

Proposition 3.5. Let ( )Γ;X  be a compact locally G-convex metric

space. If XXT D−:  is a l.s.c. multimap with closed Γ-convex values, then

( ).,KKM XXT ∈

Proof. By Proposition 3.4, T has a continuous selection .: XXf →

Since every KKM map F with respect to T is also a KKM map with

respect to f and since ( ),,KKM XXf ∈  it follows immediately that

( ).,KKM XXT ∈

Corollary 3.6. Let X be a nonempty compact Γ-convex subset of a

locally G-convex uniform space ( ).,; UΓE  If XXT D−:  is a l.s.c. multimap

with closed Γ-convex values, then T has a fixed point.

Proof. By Proposition 3.4, T has a continuous selection t which has a

fixed point by Park [12, Theorem 3]. Therefore T has a fixed point.

Proposition 3.7. Let ( )Γ;X  be a compact locally G-convex uniform

space. If XXT D−:  is a u.s.c. closed-valued multimap with Γ-convex

values, then ( ).,KKM XXT ∈

Proof. If ( ),,KKM XXT ∉  then there exist a closed-valued KKM map

XXF D−:  with respect to T and a nonempty finite subset { }nxxA ...,,0=

of X such that ( )∩n
i ixF

0
.

=
∅=  Since ( )Γ,X  is a G-convex space, there

exists a continuous function XnA →∆φ :  satisfying that

 (i) ( ) ,AnA Γ⊆∆φ  and

(ii) ( ) { },: JixJA i ∈Γ⊆∆φ  for any { } ....,,1,0 nJ ∈
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Moreover, since ( )∪n
i i

c xFX
0

,
=

=  it has a partition of unity { }n
i 0α

subordinated to the open covering { ( )}n
i

c xF 0  of X. Define nXf ∆→:  by

( ) ( )∑ =
α= n

i ii exxf
0

.  Obviously, f is continuous, and so XT nA DD −∆φ :

is u.s.c. with compact and Γ-convex values. By Watson [16] :ATf φDD

nn ∆−∆ D  has a fixed point .x̂  Choose ( )xTy A ˆˆ φ∈ D  such that ( ).ˆˆ yfx =

Denote by J the set of indices i such that ( ) .0ˆ >α yi  Then ( )i
c xFy ∈ˆ  for

all ,Ji ∈  ( ) Jyfx ∆∈= ˆˆ  and ( ) ( ) { }.ˆ : JixJAA i
x ∈Γ⊆∆φ∈φ  So ( { }),ˆ : Jixi

Ty ∈Γ∈

and hence ( { }) ( )∪ Ji iJix xFT
i ∈∈ ⊆/Γ .:  This is a contradiction. Therefore,

( ).,KKM XXT ∈

Corollary 3.8. Suppose X is a nonempty compact Γ-convex subset of a

locally G-convex uniform space ( ).,; UΓE  If XXT D−:  is u.s.c. with

closed and Γ-convex values, then T has a fixed point.

Proof. Since T is u.s.c. and closed-valued, it is closed, and so the

result follows from Proposition 3.7 and Corollary 2.6.

This corollary is due to Watson [16, Theorem 4.1].
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