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Abstract

Let a vectorial bundle on a Lie group of matrices, so that for any two

intersecting trivializing charts, an element g of the group exists such

that the components of the transition functions are (i) right

multiplication by g, and (ii) the linear transformation defined by g. Then

a connection on the bundle exists such that on each trivializing chart,

the forms of the connection are the Maurer-Cartan forms.

In this bundle, a vector-valued form on the group whose covariant

derivative on a trivializing chart is zero, is locally “covariantly exact”.

1. Introduction

Some applications of the Maurer-Cartan connection are:

1. The definition of the Chern-Simons invariant can be extended to a

family of bundles and connections over a family of odd-dimensional

manifolds with boundary [2]. In the case of a single bundle over an

odd-dimensional manifold Y with boundary X, the Chern-Simons
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invariant of the connection must be defined relative to some “boundary

conditions”. For this, one takes a fixed manifold 0Y  with XY =∂ 0

together with a principal bundle 00 YGY →×  with the Maurer-Cartan

connection extending the background connection on X.

2. A family of flat connections over a genus g surface X can be

defined: Let Y be the corresponding handle body such that .XY =∂

Choose the Maurer-Cartan connection in the trivial bundle over Y as

boundary condition in the sense of [2]. Then these data define a line

bundle Z→L  with a canonical flat connection and an everywhere non-

zero Chern-Simons section which is parallel.

3. For a group G and a subgroup H, all non-trivial generators of the

de Rham cohomology of HG  were constructed in [1], and may be

conveniently expressed in terms of the components of the Maurer-Cartan

connection.

In this paper we consider:

• a Lie group G of matrices of n by n, and

• a vectorial bundle B of rank n over G, so that for any two

trivializing charts ( )11, ϕU  and ( )22, ϕU  such that ,21 ∅≠UU ∩  exists

Gg ∈  so that

( ) ( ) ( ).,,:, 1
1

221 grugruUUru n =ϕϕ×∈∀ − D∩ R (1)

Theorem 1. A connection on the bundle B exists so that on each

trivializing chart, the forms of the connection are the Maurer-Cartan

forms.

We call the connection of Theorem 1 the Maurer-Cartan connection.

Consider a vector-valued form on the group G, so that the covariant

derivative of the form is zero on a trivializing chart. Then the form is

locally “covariantly exact”.

We denote by ∇ the covariant differentiation.

Theorem 2. Consider a B-valued form f, so that a trivializing chart U
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of B exists so that on U,

.0=∇f (2)

Then there exist

• an open subset ,US ⊂  and

• a B-valued form f ′  on S,

such that on S,

.ff ′∇=

2. Proofs

We denote by inverse the inversion of the elements of G,

:Gg ∈∀  inverse ( ) .1−= gg

2.1. Proof of Theorem 1

This is a consequence of (1), Lemma 1 and Proposition 35.4 in [4].

Suppose that for two intersecting charts of G, an element g in G

exists so that in order to change coordinates, we multiply on the right by

g. Then the Maurer-Cartan forms transform by conjugation by g.

Lemma 1. Suppose that for two charts

( { } { })nji
i
jhU ...,,1,11, ∈  and ( { } { })nji

i
jhU ...,,1,22, ∈

of G such that ,21 ∅≠UU ∩  exists Gg ∈  so that

.21
k
j

i
k

i
j ghh =

Then

( ) (( ) ) .inverseinverse 22
1

11
m
j

l
m

k
l

i
k

k
j

i
k gdhhgdhh DD −=

2.2. Proof of Theorem 2

There exist

• n forms nff ...,,1  on the chart U, and
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• n sections { },...,,1,: niBUsi ∈→

such that on the chart U, the vector-valued form f is the sum of tensorial

products of the sections is  and the forms ,if

.i
i fsf ⊗= (3)

We denote by { },...,,1,, njihi
j ∈  the coordinates on U. Then the

covariant derivative of the form f is the sum of tensorial products

( ( ) ).inverse kj
k

i
j

i
i fdhhdfsf ∧+⊗=∇ D (4)

By (2),

{ } ( ) .0inverse:...,,1 =∧+∈∀ kj
k

i
j

i fdhhdfni D

By (6),

{ } ( ) .0:...,,1 =∈∀ ji
j fhdni

By the lemma of Poincaré (Theorem V.4.1 in [3]), there exist

• an open subset ,US ⊂  and

• n forms nff ′′ ...,,1  on S,

such that

( ) ( ( ) ),inverse lk
l

j
k

ji
j

ji
j

ji
j fdhhfdhfhdfh ′∧+′=′= D

by (6). Then the forms jf  are equal to

( ) .inverse lk
l

j
k

jj fdhhfdf ′∧+′= D (5)

Substituting (5) into (3), we obtain that the vector-valued form f is the

covariant derivative of the sum of tensorial products of the sections is

and the forms ,if ′

( ( ) ) ( ),inverse i
i

kj
k

i
j

i
i fsfdhhfdsf ′⊗∇=′∧+′⊗= D

by (4).
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Lemma 2. Consider

• a chart ( { } { })nji
i
jhU ...,,1,, ∈  of G, and

• n forms nff ...,,1  on U.

Then

{ } ( ) ( ( ) ).inverse:...,,1 lk
l

j
k

ji
j

ji
j fdhhdfhfhdni ∧+=∈∀ D (6)

References

[1] E. D’hoker, Invariant effective actions, cohomology of homogeneous spaces and

anomalies, Nuclear Phys. B 451 (1995), 725-748.

[2] J. Dupont and F. Johansen, Remarks on determinant line bundles, Chern-Simons

forms and invariants, Math. Scand. 91 (2002), 5-26.

[3] S. Lang, Fundamentals of differential geometry, Graduate Texts in Mathematics

191, Springer-Verlag, 1999.

[4] M. Postnikov, Geometry VI. Riemannian geometry, Encyclopedia of Mathematical

Sciences 91, Springer-Verlag, 2001.

g


