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Abstract

To make a prediction on the interest rate and prices we only have

imprecise data and the interaction between the economic agents and

expectations that are not only random but also subjective and vague. It

seems adequate and more realistic to consider fuzzy numbers. In this

way, one can incorporate the subjectivity inherent in the financial

process.

Triangular fuzzy numbers are very convenient kind of fuzzy numbers to

deal with that imprecision. As an illustration, we present an example in

options pricing. We use the fuzzy arithmetic to compute the levels of

confidence for an option. This is the discrete version of the classical

Black-Scholes formula. In the future we shall consider the fuzzy Black-

Scholes formula.
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I. Introduction

Finance involves several levels of uncertainty, subjectivity and

imprecision. The best and most precise description of any financial

process uses linguistic terms that are also imprecise and vague.

To deal with imprecision and uncertainty, we have at our disposal

fuzzy logic. Fuzzy logic introduces partial truth values, between true and

false. Some recent approaches consider both concepts as complementary

processes in the same continuum [9, 10]. According to Aristotelian logic,

for a given proposition or state we only have two logical values: True-

False, Black-White, 1-0. In real life and in finance, things are not either

black or white, but most of the times are grey. Thus, in many practical

situations, it is convenient to consider intermediate logical values.

Uncertainty is now considered essential to science and fuzzy logic is a

way to model and deal with it using natural language. We can say that

fuzzy logic is a qualitative computational approach. Fuzzy logic could be

a method to render precise what is imprecise in the financial world.

Fuzzy logic and systems have been used in finance by several authors

[1, 2, 3, 7, 13, 14, 15].

The paper is organized as follows. In Section II we recall some

general concepts on fuzzy sets and fuzzy real numbers, and then we

present in Section III the basic operations with fuzzy numbers.

In Section IV, we recall a simple model in option pricing, and then we

present the fuzzy version to price the option. We obtain a fuzzy price and

we have to make a decision based on the level of imprecision/risk we are

decided to support. In the extremal case that we do not allow any

imprecision nor fuzziness we, of course, obtain the price of the classical

setting.

We finally present a numerical example. It is illustrated using

Mathematica. We have also implemented it in Excel.

We note that this example brings all the flavor of the potentiality of

the fuzzy technology applied to financial engineering (FE). We are now

developing fuzzy versions and programs of most of the known methods in
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FE and in particular the fuzzy Black-Scholes formula and equation to

price different types of options. The results will appear elsewhere.

II. Fuzzy Numbers

Fuzzy sets originated with Zadeh’s 1965 paper [16]. For the general
theory of fuzzy sets and numbers see, for example, [5].

For a given set X, a subset XA ⊂  can be identified with its

membership or characteristic function { },1,0: →χ XA  ( ) 0=χ xA  if

( ) 1, =χ∉ xAx A  if .Ax ∈

A fuzzy subset is just a mapping

[ ],1,0: =→µ IX

and the value ( )xµ  gives the grade of membership of the element x of X

to the fuzzy subset µ.

A classical or crisp subset XA ⊂  can be considered as a fuzzy subset:

.AA χ≡

A fuzzy real number is a fuzzy subset of the real numbers. For a fuzzy

number u, the support is

( ) ( ){ }.0:Support >∈= xuxu R

We may consider the elements with a grade of membership greater

than or equal to a given threshold α. For a fuzzy number u and ,0>α  we

define the α-level set as

[ ] ( ){ },: α≥∈=α xuxu R

and for ,0=α

[ ] ( ){ },0:0 >∈= xuxu R

i.e., the closure of the support of u.

A very adequate class of fuzzy numbers are triangular fuzzy
numbers. They have an intuitive interpretation and very convenient from
the computational point of view.
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For example, suppose that we are informed that the price of the stock

will be around 200 with a deviation no greater than the 1%. This is very

simple qualitatively, but no so easy from the quantitative point of view.

However, it can be quantified naturally with a triangular fuzzy number:

( ).2,2;200

A triangular fuzzy number is represented as ( ),,;0 uu rluu =  where

uu rlu ,,0  are real numbers, 0u  is the center, and 0≥ul  and 0≥ur  are

the left and the right spreads, respectively. If ,0, =uu rl  then u is the

real number .0u  The membership function of u is given by

( ) ,, 00
0 uxlu

l
lux

xu u
u

u ≤<−
+−

=

( ) ,, 00
0

u
u

u ruxu
r

xru
xu +<≤

−+
=

and ( ) 0=xu  otherwise.

The level sets are

[ ] [ ]., 00 uuuu rrulluu α−+α+−=α

Note that ( ) 10 =uu  and that the support of u is the interval

.),( 00 uu rulu +−

III. Basic Fuzzy Arithmetic

The arithmetic operations for two fuzzy numbers u, v are defined

using the level sets [5]. For example, the sum:

[ ] [ ] [ ] .ααα +=+ vuvu

This is equivalent to the sum obtained using the Zadeh extension

principle:

( ) ( ) ( ) ( ){ }{ }.,minsup 21
21

xvxuxvu
xxx +=

=+
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Thus, for two triangular fuzzy numbers ( )uu rluu ,;0=  and ( ),,;0 vv rlvv =

we have

( ).,;00 vuvu rrllvuvu +++=+

For a real number λ, we define [ ] [ ] .αα λ=λ uu  For ( )uu rluu ,;0=

and ,0>λ

( ),,;0 uu rluu λλλ=λ

and for ,0<λ

( ).,;0 uu lruu λ−λ−λ=λ

We note that in finance we usually deal with positive fuzzy numbers and
positive parameters. A fuzzy number u is said to be positive if ( ) 0=xu

for every .0≤x

The multiplication vu ⋅  is also defined levelwise: [ ] [ ] [ ] .ααα ⋅=⋅ vuvu

For u, v fuzzy numbers, one could define the difference vu −  as

( ) ,1 vu −+  but this does not constitute a natural operation as shown by

the following example. Let ( ).1,1;1=u  Then, ( ) ( )1,1;11 =−+=− uuuu

( ) ( ) .02,2;01,1;1 ≠=−+

Instead we define the following difference. We say that wvu =−  if

.wvu +=  This is known as the Hukuhara difference and it need not

exist. For example, for { }0χ=u  and [ ]{ },1,0χ=v  there is no w with

{ } [ ]{ } .1,00 w+χ=χ

On the other hand, if ( )10,10;200=u  and ( ),5,5;150=v  then

( )5,5;50=− vu  since ( ) ( ) ( ).10,10;2005,5;505,5;150 =+

To define fuzzy division, assume that [ ] ,0 α∉ v  then it is possible to

define 
v
u  by

[ ]
[ ]

.
α

αα
=





v

u
v
u
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It is not a natural operation. Indeed, for [ ]12,10χ=u  and [ ]2.0,1.0χ=v  we

have

[ ] ,120,50 w
v
u ==

but we get

[ ] [ ] [ ] .24,52.0,1.0120,50 uvw ≠=⋅=⋅

For division ,vu  we proceed as follows. If there exists w such that

,wvu ⋅=  then we say that

.w
v
u =

We point out that for fuzzy numbers, subtraction is not the inverse

operation of addition nor division is the inverse function of multiplication.

In consequence, a formula such as

( )rPP += 101

given the principal 0P  after 1 unit of time with a simple interest at rate

r, is equivalent to

r
P

P
+

=
1

1
0

representing the present value of a capital 1P  after 1 unit of time at an

interest rate r, in the crisp case, but not if we are dealing with fuzzy

quantities.

Also, for 0, >µλ  if −
1S  and +

1S  are possible prices of an stock, then

,101
−−+ ⋅λ=⋅µ+⋅λ SSS

is the same as

−−+ ⋅µ−⋅λ=⋅λ 011 SSS

in the deterministic case, but they have different interpretations and

solutions in the fuzzy case.
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IV. Fuzzy Options Pricing

Consider a stock with present price 0S  per share and the following

discrete model for pricing an option to purchase a stock at a future time

at a fixed price K.

Suppose that after one time period, its price will be either ,1
+S  or .1

−S

Suppose further that at the present time 0 we can buy options to buy

a number of shares of the stock at time 1 at a cost of C per option.

Obviously we need .11
+− << SKS

If the nominal interest rate is r, then the value of C, in order that

there is no arbitrage, is given by [12]

.
1

1
0

11

1












+

−
−

−
=

−

−+

+

r
S

S
SS

KS
C (1)

Now, consider a stock with present price 0S  per share. This is known

and hence it is a crisp real number. We assume that the interest rate r is

a fuzzy number since we know its present value but its value in the

future is imprecise. We also view the future prices ,, 11
+− SS  and the price

K to buy the option at time 1 as fuzzy quantities. To obtain the fuzzy

price C as a fuzzy number, we need to perform the four basic operations:

addition, subtraction, multiplication, and division. Addition and

multiplication are easily computable using the level sets. However,

subtraction and division are subtle. To proceed, we shall recall how to

obtain the expression (1).

Suppose that we buy λ shares of the stock at time 0 at a cost of .0Sλ

Of course, for 0>λ  we buy and for 0<λ  we sell.

Each share will be worth either +
1S  or −

1S  at time 1. Also, at the

initial time we buy µ units of options at a cost (to be determined) C. Note

that the cost of this transaction is

.0 CS µ+λ (2)
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The value of our holdings at time 1 will be:

h −λ 1S  if the price at time 1 is ,1
−S  or

h ( )KSS −µ+λ ++
11  if the price at time 1 is +

1S  and hence we exercise

our option.

If we choose λ, µ so that the value is the same independently of the value

of the stock at time 1, then we impose that

( )KSSS −µ+λ=λ ++−
111

or

 .111
++− µ+λ=λ+µ SSSK (3)

In the crisp case, this gives

.
1

11

KS

SS

−

−
λ−=µ

+

−+

Hence, with this proportion we have that our gain at time 1 is ,1
−λS  and

we will have gained the following amount:

( ) ( ).101 rCSS +µ+λ−λ −

This results by noting that we have to pay off our loan if the cost in (2) is

positive or withdrawing our money from a bank if the cost (2) is negative.

The only possibility that does not result in an arbitrage is, of course,

( ) ( ) .0101 =+µ+λ−λ − rCSS

This last equality is equivalent to

( ) ( ).101 rCSS +µ+λ=λ − (4)

In the fuzzy case, we shall use equations (3) and (4). We shall obtain

the level sets [ ]αC  of fuzzy price C of the options. Each investor has to

choose his/her level of subjective confidence. If we do not allow

imprecision, or we have a total risk aversion, then we have to choose

1=α  and, as expected, [ ]1C  will coincide with the price in the crisp case.
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V. A Numerical Example in Fuzzy Options Pricing

Suppose that

1000 =S

501 =−S

2001 =+S

150=K

%,3=r

then

.1521.17=C

If we consider fuzzy quantities,

( )20,20;2001 =−S

( )5,5;501 =−S

( )15,15;150=K

( ).003.0,003.0;03.0=r

Then we have

( ).5756.1,5664.1;1521.17=C

For example, if we admit a total uncertainty, then we can choose the

price C between 15.5857 and 18.7277 since

[ ] [ ].7277.18,5857.150 =C

If we do not admit any uncertainty, i.e., ,1=α  then we have

[ ] { }1521.171 =C

and 1521.17=C  which coincides with the nonfuzzy situation.
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For an intermediate situation, for example, ,5.0=α  we have the

following range for the price:

[ ] [ ].9387.17,3677.165.0 =C

One should choose a subjective level of imprecision α ranging from 0

(total uncertainty: randomness and fuzziness) to 1 (randomness but not
uncertainty).

In the file PriceC.nb we obtain, using Mathematica, the fuzzy price

using the corresponding fuzzy calculus. There, we note that 00 SS =

,100=  ,5011 ==− SS  20021 ==+ SS  and we have the graphs of the

fuzzy quantities ,2 KS −  ,12 SS −  ( ) ( ),122 SSKS −−  ( )( ),110 rSS +−

and finally the fuzzy price C.

To obtain a level set of the price C, we have to choose a threshold

between 0 and 1. In the file LevelSetsC.nb, we obtained the level sets for

,5.0,0 =α=α  and .1=α
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PriceC.nb

[ ]r,K,2S,1S,0SClear

1000S =

2002S =

501S =

150K =

03.0r =








+
∗=

r1
1S-0S

S1-S2
K-S2Precio

10.0Tpc =

TpcS0s0 ∗=

TpcS1s1 ∗=

TpcS2s2 ∗=

TpcKk ∗=

Tpcrrf ∗=

( ) ( ){ } { }[ ,1,0,x,kx-kK-2sx-2s2S,kxk-K-2sx2s-2SPlot ∗+∗+∗+∗+

]"K-S"PlotLabel 1
+→

( ) ( ){ } { }[ ,10,x,,s1x-s1S1-s2x-s2S2,s1xs1-S1-s2xs2-S2Plot ∗+∗+∗+∗+
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]"S-S"PlotLabel -
11

+→

[{ ( )
( )

( )
( )},1sx-1s1S-2sx-2s2S

kx-kK-2sx-2s2S
,

1sx1s-1S-2sx2s-2S
kxk-K-2sx2s-2S

Plot
∗+∗+
∗+∗+

∗+∗+
∗+∗+

{ } { },1,0PlotRange,1,0,x >−

]"
S-S

K-S
"PlotLabel

11

1
−+

+
→

{[ } { },1,0,x,
rfx-rfr1
1sx-1s1S,

rfxrf-r1
1sx1s-1SPlot

∗++
∗+

∗++
∗+

]"
r1

S
"PlotLabel 1

+
→

−

{[ } { },1,0,x,
rfx-rfr1
1sx-1s1S-0sx-0s0S,

rfxrf-r1
1sx1s-1S-0sx0s-0SPlot

∗++
∗+∗+

∗++
∗+∗+

]"
r1

S
-0S"PlotLabel 1

+
→

−

{[ ( )
( ) ,

rfxrf-r1
1sx1s-1S-0sx0s-0S

1sx1s-1S-2sx2s-2S
kxk-K-2sx2s-2S

Plot 






∗++
∗+∗+∗

∗+∗+
∗+∗+

( )
( ) } { },10,x,,

rfx-rfr1
s1x-s1S1-s0x-s0S0

s1x-s1S1-s2x-s2S2
kx-kK-s2x-s2S2








∗++
∗+∗+∗

∗+∗+
∗+∗+

]C""PlotLabel →

100

200

50

150

03.0

1521.17

1.0

.10

.5

.20

.15

0.003
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LevelSetsC.nb

[ ]r,K,2S,1S,0SClear

1000S =

2002S =

501S =

150K =

03.0r =








+
∗=

r1
1S-0S

S1-S2
K-S2Precio

10.0Tpc =

00S0s ∗=

Tpc1S1s ∗=

Tpc2S2s ∗=

TpcKk ∗=
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Tpcrrf ∗=

2/1x =

( )
( ) 







∗++
∗+∗+∗

∗+∗+
∗+∗+

rfxrf-r1
1sx1s-1S-0sx0s-0S

1sx1s-1S-2sx2s-2S
kxk-K-2sx2s-2S

100

200

50

150

03.0

1521.17

1.0

0

.5

.20

.15

003.0

2
1

9387.17

( )
( ) 







∗++
∗+∗+∗

∗+∗+
∗+∗+

rfx-rfr1
1sx-1s1S-0sx-0s0S

1sx-1s1S-2sx-2s2S
kx-kK-2sx-2s2S

3677.16

3677.16-1521.17

7844.0

9387.17-1521.17

-0.7866

g


