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Abstract

We recall some properties of relaxation integral functional in the sense

of the xityquasiconve-A  and prove by epiconvergence techniques that

the sequence of the relaxation functionals epiconverges to an integral

functional which depends on the operator .A

1. Introduction

In our opinion the study of homogenization and the xityquasiconve-A

notion of the lower semicontinuity of the integral functional defined for

every ( ) ( ) ( ( ) )Aker;;, ∩dqmP LLvu RR Ω×Ω∈  by

( )( ) ( ) ( )( )∫Ω=Ω ,,,;, dxxvxuxfvuF (1.1)

where Ω is a bounded open subset of ;NR  ;1 ∞+<≤ p  ,1 ∞+<< q

[ [∞+→××Ω ,0: dmf RR  is a Carathéodory integrand and A  is the
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first order linear partial differential operator defined from ( )dqL R;Ω  into

( )lqW R;,1 Ω−  by ∑
= ∂

∂=
N

i i

i
x
vAv

1
A  with linear transformations diA R:

,lR→  ,...,,1 Ni =  is motivated by the two following assertions: the first

one is that, the lower semicontinuity over a compact space is the

sufficient condition for the existence of the minimum, the second one is

that, the limepi  when it exists, it is lsc (lower semicontinuous) and if x

is the cluster point of the minimizing sequence of the minimizing problem

associated to the sequence ,nF  which epiconverges to F, then x  is the

solution of the minimizing problem associated to F (see Proposition 1).

Recall that, the study of the lsc of the integral functional (1.1), in the

sense of the 1-quasiconvexity; the k-quasiconvexity, ∗∈ Nk  and in the

sense of the xityquasiconve-A  has been done by Acerbi and Fusco [1];

Braides et al. [4] and Fonseca and Mûller [7]. The goal of this paper is to

study by epiconvergence techniques, the asymptotic behavior when

0→ε  of the sequence of the integral functionals εF  defined for every

OD ∈  (O denotes the family of the open subset of Ω) and for every

( ( ) )Aker; ∩dq DLv R∈  by

( ) ( )∫ 





ε

=ε
D

dxxvxfDv ,,;F (1.2)

where [ [∞+→×∞+<< ,0:;1 dNfq RR  is the Carathéodory integrand

which is Q-periodic, Q denotes the unit cube in NR  centered at the origin,

and there exist 0>C  and ,0>L  such that for every ( ) ×∈ mzyx R,,

,dd RR ×

)( 1H  ( ) ( );1,1 qq
dd yCyxfCy

C RR
+≤≤−

)( 2H  ( ) ( ) ( ) ,1,, 11
dzyzyLzxfyxf qq

R−++≤− −−

)( 3H  A  has the constant-rank.
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A  has the constant-rank, means that, there exists ,∗∈ Nr  such that, for

every ( ) 1
1 ...,, −∈= N

N Swww  (the unit sphere in ),NR

.rank
1

rwA
N

i
i

i =












∑
=

We will prove that εF  epiconverges towards homF  for the weak

topology of ( ),; dqL RΩ  where homF  is defined, for every OD ∈  and for

every ( ( ) )Aker; ∩dq DLv R∈  by

( ) ( )∫=
D

dxvfDvF ., homhom (1.3)

For ,dz R∈

( ) ( )( )


 += ∫∗∈ kQNk

dxxwzxf
k

zf ,,inf1infhom

N

 ( ) ( ) ,0and,ker;


=∈ ∫− kQ

dNq
perk dxxwLw A∩RR

( )dNq
perkLw RR ;−∈  means that, ( )dNp

locLw RR ;∈  and ( ),.kw  ∗∈ Nk

is Q-periodic. The paper is organized as follows: In Section 2, we give the

definition and the variational properties of epiconvergence. In Section 3,

we recall the definition and some properties of the relaxation function of

(1.1) in the sense of the xity.quasiconve-A  In Section 4, we prove our

main result.

2. Variational Properties of Epiconvergence

Let ( )τ,X  be a Banach space, and let { }N∈nFFn ,,  be a family of

functionals mapping X into { }.∞+∪R  Let us recall the following notion

of convergence, which is called epiconvergence or in its general setting

Γ-convergence. For overview about epiconvergence, we refer the reader to

[2] and [5].



w
w

w
.p

ph
m

j.c
om

MESSAOUDI KHELIFA and ZAHI OUNASSA70

Definition 1. We say that the sequence ( ) τ∈NnnF -epiconvergences

to F at x in X if and only if the following hold:

 (i) There exists a sequence ( ) N∈nnx  of X, τ-converging to x such that

( ) ( ).suplim nn
n

xFxF
+∞→

≥

(ii) For every sequence ( ) ,N∈nnx  τ-converging to x in X,

( ) ( ).inflim nnn
xFxF

+∞→
≤

When this property holds for every x in X, nF  is said to be τ-convergent to

F in X, and we write .lim nFepiF −τ=

We state now the variational properties of epiconvergence, see, for

instance [2].

Proposition 1. Assume that ( )τnF -epiconverges to F, and let H be a

τ-continuous functional from X into .R  Then

 (i) F is lsc and ( ) .lim- HFHFepi n +=+τ

(ii) If now, ( ) N∈nnx  is a sequence in ( )τ,X  such that ( ) ( )xFxF nnn ≤

,nε+  where ,0>εn  and if furthermore ( ) N∈nnx  is τ-relatively compact,

then any cluster point x  of ( ) N∈nnx  is a minimizer of F and

( ){ } ( ){ } ( ).;min;inflim xFXxxFXxxFnn
=∈=∈

+∞→

3. The lsc of the xquasiconve-A  Integral Functionals

In order to prove that the xityquasiconve-A  is the necessary and

sufficient condition of the lsc of the integral functional (1.1). We will

assume in addition that there exists ,0>K  such that for every

( ) ,, dmzy RR ×∈
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( ) ( ) ,;1,,0 Ω∈⋅⋅++≤≤ pxpmzyKzyxf N
qp

dm RR
(3.1)

f  is x,quasiconve-A (3.2)

A  is the constant-rank, (3.3)

f is x,quasiconve-A  i.e., for every ( ) Aker;1 ∩dN
perCw RR∞

−∈  with

( )∫ =
Q

dyyw ,0  we have

( ) ( )( ) ( ) ( ) ( )( )∫ ∫ ∫ +≤
D D Q

dydxywxvxuxfdxxvxuxf .,,,,

Following Braides et al. [4], the relaxation formula of the integral

functional (1.1) in the sense of the xityquasiconve-A  is given for every

OD ∈  and for every ( ) ( ) ( ( ) );ker;;, A∩dqmP DLDLvu RR ×∈

( )( ) { ( )( );;,infliminf;, DvuFDvu nn=F

( ) ( ) ( );;;, dqmP
nn DLDLvu RR ×∈

uun →  in ( ) vvDL n
mP ,; R  in ( )dq DL R;  and

0→nvA  in ( )}.;,1 lq DW R−

Or, in its equivalent form:

( )( )Dvu ;,F

( )( ) ( ) ( )


 ⊂= ∫+∞→ D

dq
nnn

DLvdxxvxg ,ker;;,infliminf A∩R

( )nv  is q-equiintegrable, vvn  in ( )dq DL R;  and ,


=∫ ∫D D

n vdxdxv

where g is the Carathéodory function defined by ( ) ( )( ).,,, vxuxfvxg =

Also, ( )( )⋅;, vuF  is the trace of a Radon measure absolutely continuous
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with respect to Nm  over Ω and its Radon-Nikodym derivative is given by

( )( ) ( ) ( ) ( )( ) N
N

mxvxuxfx
dm

vud
;,,

;,
0000 AQ

F
=

⋅
 a.e. ,0 Ω∈x

where for each fixed ( ) ,, mRyx ×Ω∈  the function ( )⋅,, yxfAQ  is the

xificationquasiconve-A  of ( ),,, ⋅yxf  defined, for every dz R∈  by

( ) ( )( )


 += ∫Q

dttwzyxfzyxf ;,,inf,,AQ

( ) ( ) .0,ker;1


=∈ ∫∞

−
Q

dN
per dttwCw A∩RR

Hence ( )( )Dvu ;,F  admits the following integral representation: for every

OD ∈  and for every ( ) ( ) ( ( ) );ker;;, A∩dqmP DLDLvu RR ×∈

( )( ) ( ) ( )( )∫=
D

dxxvxuxfDvu .,,;, AQF

Theorem 1. Under the assumptions (3.1)-(3.3); the functional (1.1) is

( ) (( ( ) ) )weakDLDL dqmP -ker;; A∩RR ×  lsc.

Proof. Let ( )nn vu ,  be a sequence in ( ) ( ( ) )Aker;; ∩dqmP DLDL RR ×

such that uun →  in ( ),; mP DL R  vvn  in ( ),; dq DL R  and 0→nvA

in ( ).;,1 lq DW R−  Using the definition of ( )( ),;, ⋅vuF  we have

( )( ) ( )( ).;,;,inflim DvuDvuF nnn
F≥

+∞→

Since f is x,quasiconve-A

( )( ) ( )( ).;,;, DvuFDvu ≥F

Therefore

( )( ) ( )( ).;,;,inflim DvuFDvuF nnn
≥

+∞→
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4. The Main Result

Theorem 2. Under the hypotheses ),(-)( 31 HH  εF  epiconverges

towards homF  for the weak topology of ( ).; dqL RΩ

Proof. It remains to verify by steps the assertions (i) and (ii) in

Definition 1 of the epiconvergence.

Verification of (i)

Step 1. Let OD ∈  and ( ) ADLu dq ker; ∩R∈  be an affine functional.

Setting

( ) ( ) ,





ε

+=ε
xwxuxu z

where zw  is the solution of the local minimizing problem (1.3), i.e.,

( ) ( )( )∫ +=
kQ

zN
dxxwzxf

k
zf ;,1hom

with

( ) Aker; ∩dNq
perkz Lw RR−∈  and ( )∫ =

kQ
z dxxw .0

Then

uuε  in ( ),; dq DL R  and 0→εuA  in ( ).;,1 dq DW R−

So

( ) ( ).;; hom
0

DuFDu
→εεε →F

Step 2. Let u be a piecewise affine and continuous function. Then we

define

( )

( )





ϕ+ϕ−

ϕ+ϕ−
=

δεδ

δεδδ
ε

.in1

,in1

2
2

1
1

Duu

Duu
u
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Here 2,1; =ε ju j  has the same form as εu  in Step 1 and [ ]( )1,0;DD∈ϕδ

is such that









<ϕ<

∑=ϕ

∑=ϕ

δ

δδ

δδ

.notif10

,\in,0

,in,1

2D

Hence, there exists a sequence ( )εδ
εε = uu :ˆ  satisfying

uuεˆ  in ( )dq DL R;  and 0ˆ →εuA  in ( ).;,1 lq DW R−

Therefore, there exists ( ) ( ) Aker; ∩dq DLu R∈ε  which is q-equiintegrable

uuε  in ( ),; dq DL R

and

( ) ( ).;;suplim hom

0
DuFDu ≤εε

→ε
F

Step 3. For any ( ) ,ker; A∩dq DLu R∈  there exists a sequence of

piecewise affine and continuous functions ( ) ,ker; A∩dq DLu R∈δ  such

that

uuδ  in ( ).; dq DL R

Setting

( ) ( ) ., 





ε

+= δδε
xwxuxu z

Using the classical diagonalization argument, there exists =εû

( )εδε,u  such that

uuεˆ  in ( )dq DL R;  and 0ˆ →εuA  in ( ),;,1 lq DW R−

hence, there exists ( ) ( ) Aker; ∩dq DLu R∈ε  which is q-equiintegrable

uuε  in ( ),; dq DL R
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and

( ) ( )∫ ∫ 





ε

≤





ε ε→εε

→ε D D
dxxuxfdxxuxf .ˆ,inflim,suplim

00

Since by Step 2,

( ) ( )∫ ≤





ε ε

→ε D
DuFdxxuxf ,;ˆ,suplim hom

0

( ) ( ).;;suplim hom

0
DuFDu ≤εε

→ε
F

Verification of (ii)

The idea is to minor ( )Du ;εεF  by ( )Du ;ˆεεF  whenever =εû

,ˆ uuv −+ εε  here εv̂  is a sequence of piecewise affine and continuous

functions.

Step 1. Let u be a piecewise affine and continuous function. Consider

( )

( )





ϕ+ϕ−

ϕ+ϕ−
=

δεδ

δεδ
δε

.in1

;in1

2
2

1
1

,
Dvv

Dvv
v

Then we have

( ) ( ),;inflim; ,0
hom DvDvF δεε→ε

≤ F

and

( ) ( ).;infliminflim; ,00
hom DvDvF δεε→ε→δ

≤ F

Using again the diagonalization argument, there exists an application

( )εδε  such that ( ) 0lim
0

=εδ
→ε

 and

( ) ( ),;ˆinflim;infliminflim
0,00

DvDv εε→εδεε→ε→δ
≤ FF

whenever

( ),ˆ , εδεε = vv
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then

( ) ( ).;ˆinflim;
0

hom DvDvF εε→ε
≤ F

Step 2. For ( ) Aker; ∩dq DLu R∈  and ( ) ,ker; A∩dq DLu R∈ε

uuε  in ( ).; dq DL R

There exists ( )dq DLv R;∈δ  a sequence of piecewise affine and

continuous functions such that

uvδ  in ( ).; dq DL R

Letting

,uuvu −+= εδ
δ
ε

using the lsc of the function homF  and the diagonalization argument we

get a sequence ( )εδ
εε = uû  satisfying

( ) ( ).;ˆinflim;
0

hom DuDuF εε→ε
≤ F

By ),( 2H  we have

( ) ( ) ( ) ,ˆˆ1;;ˆ 11
εε

−
ε

−
εεεεε −+++≤ uuuuLDuDu qqFF

then

( ) ( ).inflim;
0

hom
εε→ε

≤ uDuF F
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