Far East J. Theo. Stat. 11(1) (2003), 77-83

SYSTEM RELIABILITIES IN BIVARIATE
PARETO MODEL

JANG SIK CHO, JEONG HWAN KO and SANG KIL KANG

Department of Statistical Information Science
Kyungsung University, Pusan, 608-736, Korea

e-mail: jscho@star.ks.ac.kr

Department of Information Statistics
Andong National University, Andong, 760-749, Korea

Department of Applied Statistics
Sangji University, Wonju, 220-702, Korea

Abstract

In this paper, we consider two-components system which the lifetimes
follow bivariate pareto model. We obtain the maximum likelihood
estimates and natural estimates for the reliabilities with series system
and stress-strength, respectively. Further, we construct approximated
confidence intervals for the reliabilities based on asymptotic normal
distributions. Also we present a numerical example by giving a data set
which is generated by a computer.

1. Introduction

In many the aforementioned studies of two-components system data,
the component lifetimes were assumed to be statistically independent for
the sake of simplicity of mathematical treatment. However, the

assumption of independence is unrealistic in many two-component
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systems which the component life lengths have a well-defined

dependence structure.

Lindley and Singpurwalla [5] considered the model of life lengths
measured in a laboratory environment as independent exponential
distributions proved that, when they work in a different environment
which may be harsher, the same or gentler than the original, the
resulting density of life lengths has a bivariate pareto (BVP) model.
Bandyapadhyay and Basu [1], and Veenus and Nair [6] introduced the
BVP models corresponding to some well-known bivariate exponential
models. Jeevanand [3] obtained Bayes estimation of the reliability of
stress-strength in BVP model. Hanagal [2] introduced a new multivariate

pareto model including interesting properties.

In this paper, we obtain the maximum likelihood estimates (MLE)
and natural estimates for the reliability with series system and
stress-strength, respectively. Further, we construct approximated
confidence intervals for the reliabilities based on asymptotic normal
distributions. Also we present a numerical example by giving a data set

which is generated by a computer.
2. Preliminaries

Let (X, Y) be lifetimes of two-components that follow a BVP model
with parameters (01, 09, 03, B). Then the joint survival function of

(X, Y) is given by

— 01 02 03
F(x,y)=P(X >xY > :(1) (l) -max(f,l) , 1
(x, y) = P( D=3 5 5D @)
where B < min(x, y) < 0. We assume B =1 in BVP model, the joint

survival function of (X, Y) is given by

F(x, y) =« % . y7% . (max(x, y)) ™. @)

We call the survival function (2) as BVP type 2 and the survival
function (1) as BVP type 1.

We note that the above BVP model is not absolutely continuous with
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respect to Lebesgue measure on R?. That 1s, there 1is provision

for simultaneous failure of the both components P[X =Y]= 03/6,
0 = 0; + 0 + 03. And the random variables X and Y are independent if

and only if 65 = 0.

Now, the reliability of series system for mission time xy > B is given
by
R, = P[min(X, Y) > xg] = F(xo, x) = [xo/B] . 3)

Let & be the number of observations with min(x;, ;) > xo in the

sample. Then the distribution of % is binomial (n, R;).
Now, the reliability for stress-strength is given by
Ry, = P[X <Y]=9;/6. 4)

Let ny, ny and ng be the number of observations with x; < y;,
y; <x; and x; = y; in the sample, respectively. Then (n;, ng, ng) is

multinomial distributed with parameters (n, 6;/6, 65/6, 65/6).
The likelihood function of the sample of size n is given by

n _(91+1)
L = 0" 052 - 033 - (0 +03)"2 - (0 + 03)™ - B [sz]
i=1

n ~(62+1) -03 -1
[H yl} . [H max(x;, y; )] . [ H xl} . 5)
1=1 i=1

{ifox;=y;}
In this paper, we focus only on BVP type 2 model.

To obtain the MLE’s of (6;, 09, 03), the likelihood equations are

given by
n
Ll ng
— + - log(x;) = 0, 6
ot o vo 21] g(x;) )
ng

n
n1
+— log(y;) = 0, 7
0, 0y + 0 ;:1 g(yi) (7
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n
n3 no n
— + + - E log(max(x;, v;)) = 0. 8
63 91 + 93 62 + 93 = g( ( ! yl)) ( )

The likelihood equations (6)-(8) are not easy to solve. But we can
obtain MLE’s (él, 62, 63) by either Newton-Raphson procedure or

Fisher’s method of scoring.

The Fisher information matrix is given by

0% log L .
1(61, 09, 05) = E| —2=| = n((I;); i,j=1,2, 3, C)
( 1> V2 3) {aelaej } (( l]))
where
111 0 1 0 1|11 0
Li=q|g+—2— | hz=5—2—F Ip=5—+—>—|
6(61 (91+93)2j O (0, +05) 0(% (8, +05)

123219—12,13321 0, _ 0y 2+L,]12:0.
9 (05 +03) Ol(0g +05)* (8, +05)% 93

Thus x/ﬁ@ - 0) has asymptotic trivariate normal distribution with
mean vector zero and covariance matrix I71(0) = %((Iij)); i,j=1,23.

Here, 0 = (0;, 0y, 03) and 0 = (0;, 03, 03).
3. Estimations of System Reliability

In this section, we obtain MLE’s and approximate confidence
intervals for the reliabilities with series system and stress-strength,

respectively. The exact distribution of (6;, 65, 6) is difficult to obtain
but their asymptotic normal distribution can be obtained by using the
results in Section 2.
3.1. Estimations of reliability for series system

We first estimate the reliability with series system and construct
approximated confidence interval for the reliability. For mission time x,
MLE for reliability with series system based on MLE’s of (0;, 09, 03) is
given by
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Ry = [xo/lg]_é, 0 = 0p + 0y + 03, (10)

By consistency of MLE and delta method, we can see that the

distribution of }A?l M 1s asymptotic normal distribution with mean R; and

variance A -[I"1(6y, 05, 03)/n]- A’ (see Lehmann [4, Chapter 5]), where
A = (= (xo/B) " - log(xo /B). — (x/B)™" - log(xo/B), — (x0/B) ° - log(xo/B).

Therefore, 100(1 — a)% approximated confidence interval for R;

based on MLE is as follows:

(RIM ~2a/2 '\/A ) I(éb é2, é3)~f\’/n, RIM +2¢/2 ‘\/A ) I(éb é2, és)'f\'/nj,
11)
where }A?l M 1s given by (10).

We next estimate the reliability and construct approximate
confidence interval based on %k which follows binomial distributed. The
natural estimate of R; based on k is given by RlN = k/n, which is
asymptotic normal distribution with mean R; and variance
R, (1 — Ry)/n. Therefore, 100(1 — a)% approximated confidence interval

for R; based on £ is as follows:

(élN - Zq/2 VR - - Riy)/n, Ryy + Za/2 VR (- RlN)/n], (12)

where R,y = k/n.

3.2. Estimations of reliability for stress-strength

We first estimate the reliability and construct approximated
confidence interval for the stress-strength. The MLE for R, based on

D>

MLE’s of (01, 0, 03) is given by Ryy = él . By consistency of MLE

and delta method, we can see that the asymptotic distribution of

Rops  is normal distribution with mean R, and variance

_ , 0, + 60 0 0
A-[I71(0y, 09, 03)/n] - A', where A = (%, —e—é, —e—éj
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Therefore, 100(1 — a)% approximated confidence interval for R,

based on MLE is as follows:

(R2M — 2q/2 JA-1(8y, By, 03)- A'/n, Rypy + Zq/2 VA - 1(8y, b, és)'&/n)
(13)

We next estimate the reliability and construct approximate

confidence interval based on n; which follows binomial (n, 6,/0)

distribution. The natural estimate of Ry based on n; is given by

1}2 N = ni/n, which is asymptotic normal distribution with mean R, and
variance Ry(1 — Ry)/n. Therefore, 100(1 — )% approximated confidence

interval for Ry based on ny is as follows:

(RzN — Zg/2 '\/ﬁZN (1= Ryn)/n, Ry + Za/2 '\/ﬁZN - ﬁzN)/”), (14)
where Ryyn = ny/n.

4. Numerical Example

In this section, we present a numerical example by giving a data set
which is generated by a computer. We generate a random sample of size
30 from BVP with parameter (0, = 1.4, 6, = 0.6, 03 = 0.2, B = 1). And we

set mission time x5 = 1.2. Then the true reliabilities of series system
and stress-strength are R; = 0.6695 and Ry = 0.6363, respectively. The

data are given as follows:

(3.2946, 1.9663), (2.0935, 1.0679), (1.0866, 18.2951), (1.2529, 10.1412),
(7.3244, 5.6512), (1.1159, 1.7049), (1.6651, 5.4383), (3.0187, 23.5519),
(1.2134, 80.6110), (1.7894, 1.3099), (1.1019, 2.0201), (1.1952, 5.8022),
(1.0508, 5.2783), (1.4367, 6.7937), (1.0938, 1.3425), (2.2276, 1.0205),
(1.3196, 2.5240), (1.0523, 5.6466), (1.2287, 2.0773), (1.3461, 1.2146),
(1.5342, 1.5342), (72.0404, 17.4496), (3.7302, 1.2885), (4.3051, 11.6524),
(1.0745, 1.0745), (1.6401, 8.0620), (1.8943, 11.4142), (2.2326, 2.2252),
(1.8509, 1.7941), (2.4463, 4.7970).
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From above data set, MLE’s of the parameters in BVP model are
given by él =1.3456, é2 = 0.6001 and é3 = 0.1328, respectively. And

ny, N9, ng and k are given by 18, 10, 2 and 20, respectively.

Then estimates of R; are given by }ABIM = 0.6845 and

RlN = 0.6667 from subsection 3.1, respectively. Also approximated
confidence intervals for R; are given by (0.6144, 0.7547) and (0.4979,
0.8353) by (11) and (12), respectively.

On the other hand, the estimates of Ry are given by RZM = 0.6473

and Rz N = 0.6001 from subsection 3.2, respectively. Also the
approximate confidence intervals for Ry are given by (0.5244, 0.7703)
and (0.4246, 0.7753) by (13) and (14), respectively.

Therefore, we can see that the estimates and the approximated
confidence intervals of R; and Ry based on MLE’s perform better than

those of natural estimates based on % and n;.

In our discussions, we have concentrated on the bivariate pareto
model case. For censored samples or a more general model than above
model, we can apply our results.
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