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Abstract

The classification methods of n-permutational property are defined for
the group G on the lower central series and elements. In this paper we
study the relationship between them and the direct product in these

properties.
1. Introduction

The classification methods of n-permutational property are defined
for the group G on the lower central series as follows: For a given group G
and an integer n > 2 we say that G satisfies the C,, -property if for every

(%1, ..., x,,) € G" there exists a permutation 1 # ¢ € S,, such that

[x1, %9, ... %] = [¥165 X265 -oos Xno ),
and this will be written as G € C,,.
MacDonald [6] investigated the class Cy and proved that for every G
in Cy, [y3(G), v2(G)] =1 and the exponent of G is at most 4. Also
Longobardi studied the class C3 and showed that a finite group of odd

order in Cjs is nilpotent of class at most 3, actually, of class < 2 if 3 not
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divide | G|. But it is not true for any group G in C3. For example,
S3 € C3 and is not nilpotent. Moreover, any finite group in Cj is

p-nilpotent for every prime p # 2, 3 (see [3]).

Let G be a group and n > 2 be an integer. Then we say that G
satisfies the P, -property if for every (x;, xg, ..., x,) € G" there exists
1 # ¢ € S,, such that

X1X9 =+ Xp = X16%26 " Xnos
this will be written as G € P,. Let P = U{P, |n > 2}.

Clearly, P, is the class of abelian groups and P, is closed with

respect to forming the subgroups and images (i.e., quotient closed). Also if
|G|=n, then G e P,. Selecting (a,b,c, d), where a =(3,4),

b=(23), c=(1,2) and d = (2, 3, 4), one may show that S, ¢ P, and
then S, ¢ Py; n > 4.

Now, we consider a class of finitely presented groups as follows:

G = (@, b]a™ = b" =1, [a, b]* = [a, b], [a, bP = [a, b)), m, n>1.
Also, we recall the following lemma in [1].

Theorem 1.1. Let G = G,,,, and G, = G,,,. Then G is metabelian,
|G'| = d and | G, | = n®, where d = g.c.d(m, n).

In Section 2 we study the relation between C,, -property and

P, -property. Section 3 is devoted to study of direct product on

n-permutational property. First we need the following results. We start
with:

Theorem 1.2 [2]. Let G be a group. Then G € P3 if and only if
|G'| < 2.

The class P, was studied in [4, 5] and proved that

Theorem 1.3 [4]. If a group G belongs to Py, then G is metabelian.
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Theorem 1.4 [5]. Let G be a finite group of odd order and G € Py.

Then every commutator of G has order 1, 3 or 5.

2. The Relation between C,, -property and P, -property

In this section we prove that if G is metabelian, then G € Cy.
Lemma 2.1. Let G be metabelian group and x, y, t, z € G. Then
[x, v, 2, t] = [x, ¥, t, 2].
Proof. By the Jacobi’s identity, we get
([, 5] 2, tllz, ¢, [x, 2111 [x, 9] 2] = 1.
Since G is metabelian,

[27 t [x’ y]] = [[27 t]’ [xv y]] =1
So, we get

[x, 3 2 8] = [t, [x, 3} 217 = [[[x, 5], 6], 2]V
= [z, [[x, v} 179] = [[[x, 3}, ], 2l
= [[xa y]’ , Z][[xa y]’ t, z, [t’ a]] = [x: ¥, t, Z]'
This also shows that G € Cy .

The following theorem asserts a relationship between the
P, -property and C,, -property, for every n e {2, 3, 4}.

Proposition 2.2. For n e {2, 3, 4}, we have P, < C,,.

Proof. The case n = 2 is obvious. Now let n = 3 and G € P;. Then
|G'| < 2 orfor every [x, y] € G',
[x, y] =[x, 917" = [y, 2]
And for every x, vy, z € G, we get

[, 3. 2] = [[x, 3], 2] = [[3, x} 2] = [, x, 2].
This shows that G € Cs.
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Let n =4 and G € P,. Then G is metabelian and by Lemma 2.1 we
get G € Cy.

The following example shows that the inclusion in Proposition 2.2 is
proper.

Example 2.3. Consider the group G = S3. Then |[G', G]| <3 and
G € C3 (see [3]) however, |G'|=3 and by Theorem 1.2 we get G ¢ P.
Also, by Theorem 1.1 and Lemma 2.1 we get that G,,,, € C4, but Gy; ¢ P,

(for, by Theorem 1.1 we have |Gy | =113, |G{; | =11 and the result

follows from Theorem 1.4).
3. The Direct Product on n-permutational Property

The following theorem shows that the class C5 is closed under the

direct product.
Proposition 3.1. Let A and B be two groups in Cy. Then A x B e Cs.
Proof. Suppose that g;, g9 € G. Then we show that [g;, g9] =

[g9, g1]. Also assume that g; = a;b; and g9 = asby, where a;,ay € A
and by, by € B. Then

g1, 82] = lanby, agby] = [[ar, byllar, ax ]2 1 [by, b][br, ap ],
and
b1, az] =1, [a1, byl =1, [ar, as]® =[ay, ag].
Since A, B € Cy,

[81, 82] = [a1, ag][by1, bs] = [ag, a1][bs, By ] o
In a similar way one may show that
(g2, &1] = [ag, a1][ba, by ]. 2)

And by the relations (1) and (2) we get G € Cs.

Which we are interested in to consider is the class P = U{P, |n > 2}.

We recall the fundamental theorem of [6]:
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Theorem 3.2. Let G be a group. Then G € P if and only if G is finite-
by-abelian-by-finite, i.e., G has a normal subgroup N such that N' and
|G : N | are finite.

And as a result of this theorem, we get

Proposition 3.3. The class P is closed under the direct product.

Proof. Let H, K € P and G = H x K. Then H and K are finite-by-
abelian-by-finite, that is, there are I < K and J < H such that K/I, I,
H/J and J' are finite. First we prove that H x K/J x I =~ H/J x K/I.

Consider the function
0: HxK — H/J xK/I,
where 0(h, k) = (Jh, IK). Then

ker 0 = {(h, k)| (Jh, Ik) = (J, I)} =~ I x J

and

HxK/J xI ~ H|J x K/I

So, | H x K/J x I| is finite. Also
(T xI) =[JxI,JxI]=[J, J)x[I, I]= J' x I

That is, (J x I )’ is finite. Then G x H is finite-by-abelian-by-finite, so
G e P.

The previous corollary dose not hold for P, but it is true for Cy

(see 3.1).

Proposition 3.4. The class Py is not closed under the direct product.

Proof. By Theorem 1.3, G € P; if and only if | G’ | < 2. Suppose that
Ax B e Py, where A, Be P;. Then |A'| <2, | B'| <2 and

|G'|=|(AxB)|=|A'xB'|=|A"|| B'| <2

holds if and only if | A'| =1 or | B'| = 1. This shows that G = Ax B is

in the class P; if and only if A or B is an abelian.
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Finally, in the next example we obtain a group G that does not belong

to the class P.

Example 3.5. Let S be the symmetric group on N and

F = {a|a € S, where; a(i) # i for finitely many; i € N}.

Suppose that A, 1is the subgroup of F generated by 3-cycles on X. Then

A, is infinite and simple (see [7]). So A, ¢ P.

For another example, let X be a set with at least two elements.

Suppose F'is the free group generated by X. Then F ¢ P (for, there is no

non-trivial relation in F').
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