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Abstract

The limit analysis, by epiconvergence techniques, of the sequence of
nonperiodic convex integral functionals, with time dependent case, is
studied by a new approach. This approach allows to treat some cases
more general than the ones considered in the previous literature. Our
main result generalizes the one obtained by Mascarenhas [Trans. Amer.
Math. Soc. 281(1) (1984), 179-195], in the time independent case. An
example of such sequence is presented.

1. Introduction

In order to treat the periodic homogenization, the notion of two scale
convergence is developed in [1] and [2]. As remarked by [11], the two
scale limit represents in fact the barycenter of a Young measure. More
recently, [6] introduced the scale convergence, which generalizes the
multiscale convergence introduced by [1] and [2]. This new concept,
seems to be a powerful tool to study by epiconvergence, the nonperiodic
case. In this paper, we deal with the sequence of the nonperiodic integral
functionals, of the form



w
w

w
.p

ph
m

j.c
om

MESSAOUDI KHELIFA and BENHADID AYACHE26

( ) ( ) ( ) ( )( )∫ ∫Ω ′α=
T

nn dxdtxtvxtvxxtfvF
0

,,,,,,,

where, ([ ] ( ))Ω∈ 21 ;,0 LTHv  and ( ) ( )ζξλ→ζξλ ,,,,,,,,: xtfxtf  is a

function from [ ] 2,0 R×∏×Ω×T  into ,+R  which satisfies the following

conditions:

• f is ( )ζξ, -convex;

• there exists ,0>C  such that for every ( ) 2, R∈ζξ

( ) ( ) ( ),1,,,,1 2222 ζ+ξ+≤ζξλ≤ζ+ξ Cxtf
C

a.e. ( ) [ ] ;,0,, ∏×Ω×∈λ Txt ( )∗

• 
ξ∂
∂f

f ,  and 
ζ∂
∂f  are ( )xt, -measurable, ( )ζξλ ,, -continuous.

By using, the theory of epiconvergence, the fundamental theorem for
Young measures and the scale convergence, we will prove that the
following integral functional

( ) ( ) ( )( )




µλ′λλ= ∫ ∫ ∫Ω ∏

T
dtdxtwxtwxtfvF

0

hom ;,,,,,,,,inf

( ) ( )


µλ=∈ ∫∏ xdxtwxtvw ,,,,H

is the epilimit of the sequence ( ),nF  with ([ ] ( )).;,0 21 ∏×Ω= µLTHH  The

paper is organized as follows. Section 2 contains some useful results
concerning Young measures, while Section 3 is devoted to introduce the
so called scale convergence and related results. In Section 4, we prove our
main result and in Section 5, we give an example.

2. Young Measures and the Measurable Functions

Let O be an open bounded subset of nR  and let S be a metrizable

space. We denote by: dx the Lebesgue measure on ;nR  ( )OF  the family
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of all Lebesgue measurable subsets of O and ( )SB  the Borel σ-field of S;

( )SO ×+M  the set of the positive Radon measures.

Definition 2.1. The Young measure on ,SO ×  is an any ∈µ

( ),SO ×+M  whose projection on O is dx, i.e., ( ) ( ),AdxSA =×µ  for all

( ).OA F∈

We denote by ( ),SO ×Y  the set of all Young measures on ,SO ×  and

we say that, the sequence nµ  narrow converges to µ in ( )SO ×Y  and we

write ,µ→µ
nar

n  if for each Ψ in ( )SOCthb ×  (the set of the Carathéodory

bounded integrands), we have .,, µΨ→µΨ n

Theorem 2.1 (disintegration [10]). Let ( ).SO ×∈µ Y  Then for a.e. x

in O, there exists a probability measures xµ  from S, such that for all

,: +→×Ψ RSO  µ-measurable

( ) ( )∫ ∫ ∫×
µλΨ=µλΨ

SO O S
xdxdxdx .,,

Thus we write .dxx ⊗µ=µ

Let ,: SO →α  be a measurable function and ( )( )xxxG α→ ,:  from

O into ,SO ×  the graph map of α. Denoting by ,1−
α =µ Gdx o  the

image measure of dx on O by G. Then ( ),SO ×∈µα Y  and for every

( )OA F∈  and every ( )SB B∈  ( ) ( ( )).: 1 BAdxBA −
α α=×µ I  So, for

each αµ -measurable function ,: +→×Ψ RSO  we have

( ) ( )( )∫ ∫×
α αΨ=µλΨ

SO O
dxxxdx .,,

By using Theorem 2.1, we obtain ,dx⊗δ=µ αα  here αδ  denotes the

Dirac measure of α. αµ  is said the Young measure associated to α. For a

measurable sequence ,: SOn →α  we say that

(i) µ in ( )SO ×Y  is generated by ,nα  if the sequence of the Young

measures associated to ,nα  narrow converges to µ or equivalently for all



w
w

w
.p

ph
m

j.c
om

MESSAOUDI KHELIFA and BENHADID AYACHE28

φ in ( )SOCthb ×

( )( ) ( )∫ ∫ ×
µλφ→αφ

O SO
n dxdxxx .,,

(ii) The sequence nµ  in ( )SO ×Y  is tight if, for every ,0>η  there

exists a compact space ,SK ⊂η  such that { ( )} ,\sup η<×µ ηKSOn
n

 or

{ ( ) ( )} ,\;sup η<∈α∈ ηKSxOxdx n
n

 if nµ  is associated to .nα

Theorem 2.2 (Prokhorov’s theorem, see [10]). Every tight sequence

nµ  in ( ),SO ×Y  admits a subsequence 
knµ  which narrow converges in

( ).SO ×Y

Note that, if ,dS R=  and nα  is a bounded sequence in ( ),;1 dOL R
then the sequence of their associated Young measure is tight. If now, S is

a compact space, then the sequence nµ  of the Young measure associated

to nα  is tight.

Proposition 2.1. If the sequence ( )nµ  is relatively compact in

( )1SO ×Y  and if the sequence ( )nν  is relatively compact in ( ),2SO ×Y

then the sequence ( )nn νµ ,  is relatively compact in ( ).21 SSO ××Y

Theorem 2.3 (Fundamental theorem [10]). Let SOn →α :  be a

sequence of measurable functions, such that the sequence of their

associated Young measures narrow converges to µ.

(a) If R→×ψ SO:  is a normal integrand such that, the sequence of

the negative parts { ( )( ) }−αψ xx n,  is uniformly integrable in O, then

( ) ( )( )∫ ∫×
αψ≤µλψ

SO O
nn

dxxxdx .,inflim,

(b) If R→×ψ SO:  is a Carathéodory integrand such that, the

sequence ( )( ){ }xx nαψ ,  is uniformly integrable in O, then

( ) ( )( )∫ ∫×
αψ=µλψ

SO O
nn

dxxxdx .,lim,
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3. The Scale Convergence

In [6], the concept of the scale convergence, or nα -convergence is

given in ( ( ) ( )),, 22 ∏×ΩΩ µLL  where ∏ is a metrizable compact space. In

this section, we will extend this notion to ( ([ ] ( )) ([ ];,0,;,0 121 THLTH Ω

( )))∏×Ωµ
2L  and we will demonstrate some related results, which used in

the section below. In the sequel, ( )∏C  denotes the space of continuous

functions from ∏ into .R

Definition 3.1. The sequence ( )nv  in ([ ] ( )),;,0 21 ΩLTH  nα -

converges to ([ ] ( ))∏×Ω∈ µ
21 ;,0 LTHv  if for all [ ] ( )( );;,02 ∏Ω×∈φ CTL

( ) ( )( ) ( ) ( )∫ ∫ ∫ ∫Ω ∏×Ω
µλφλ→αφ

T T

nn dtdxtxtvdxdtxxtxtv
0 0

;,,,,,,,

and

( ) ( )( ) ( ) ( )∫ ∫ ∫ ∫Ω ∏×Ω
µλφλ′→αφ′

T T

nn dtdxtxtvdxdtxxtxtv
0 0

.,,,,,,,

We will say that v is the nα -limit of the sequence .nv

Definition 3.1 is justified in view of the following compactness

theorem:

Theorem 3.1. From each bounded sequence ( )nv  in ([ ];,01 TH

( )),2 ΩL  there exists a subsequence ( ),
knv  which 

knα -converges to

([ ] ( )).;,0 21 ∏×Ω∈ µLTHw  In particular, for a.e. x in Ω

( )∫∏ µλ xn dxtwv
k

,,  weakly in ([ ] ( )).;,0 21 ΩLTH

Consequently, for every ϕ in ( )( )∏Ω CL ;2

( ) ( ( )) ( ) ( )∫ ∫ ∫Ω Ω ∏
µλϕλ→αϕ .,,,,, dxdxxTwdxxxxTv xnn kk
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Proof. Let nλ  be the Young measure on [ ] 2,0 R×Ω×T  associated to

( ) ( ) ( )( )xtvxtvxt nnn ,,,,: ′→ϕ  from [ ] Ω×T,0  into .2R  From Proposition

2.1, nλ  is relatively compact in ([ ] );,0 2R×Ω×TY  the sequences of

Young measures associated to ∏→Ωα :n  is relatively compact in

( ).∏×ΩY  Hence the sequence of Young measures associated to

( )nnn vv α′ ,,  denoted ( )nθ  is relatively compact in ([ ] ×∏×Ω×T,0Y

).2R  Then, there exists a subsequence still denoted ( )nθ  which narrow

converges to some ([ ] ).,0 2R×∏×Ω×∈θ TY

Applying Theorem 2.3 (b) with ( ) ,,0 Ω×= TO  ∏×= 2RS  and

( ) ( ),,,,,,, λξφ=λζξψ xtxt  we obtain

( ) ( )( ) ( )
[ ]∫ ∫ ∫Ω ∏××Ω×

θλξφ→αφ
T

T
nn dxtdxdtxxtxtv

0 ,0 2
.,,,,,

R

By Theorem 2.1 there exists the family of the probability measures

( ( ) )( ) [ ] ∏×Ω×∈λλθ Txtxt ,0,,,,  such that

( ) ( ) ( )( )
( )∫ ∫ ∫ ∫ ∫∏××Ω× Ω ∏

λ µζξθξλφ=θλξφ
2 2,0 0

,, ;,,,,,
R RT

T

xt dtddxtdxt

therefore

( ) ( )( ) ( ) ( )∫ ∫∫ ∫ ∏×ΩΩ
µλφλ→αφ

TT

nn dtdxtxtwdxdtxxtxtv
00

,,,,,,,,

where ( ) ( )∫ λθξ=λ 2 .:,, ,,R xtdxtw

It remains to prove that (( ) ( )).;,0 21 ∏×Ω∈ µLTHw  Applying Jensen’s

inequality to the probability measures ( ( ) )( ) [ ] ,,0,,,, ∏×Ω×∈λλθ Txtxt  we have

(( ) ( )) ( )( )∫ ∫ ∫ ∫Ω ∏
λ∏×Ω

µζξθξ=
µ

T

xtLTL
dtddw

0

2

,,
2

;,0 222 ,
R

( )( )∫ ∫ ∫ ∫Ω ∏
λ µζξθξ≤

T

xt dtdd
0

,,
2

2
.,

R
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From Theorem 2.3 (a), with ( ) ,,0 Ω×= TO  ∏×= 2RS  and

( ) ,,,,, 2ξ=λζξψ xt

( )
( )∫ ∫ ∫∏××Ω× Ω+∞→

+∞<≤θξ
2,0 0

22 ,,inflim
RT

T

n
n

dxdtxtvd

therefore (( ) ( )).;,0 22 ∏×Ω∈ µLTLw

Using the same argument for the sequence ( )nv′  and taking

( ) ( ).,,,,,, λζφ=λζξψ xtxt  We obtain

( ) ( )( ) ( ) ( )∫ ∫ ∫ ∫Ω ∏×Ω
µλφλ→αφ′

T T

nn dtdxtxtwdxdtxxtxtv
0 0

,,,,,,,,

where ( ) ( )( )∫ ζξθζ=λ λ2 ,,, ,,R xtdxtw  and (( ) ( )).;,0 22 ∏×Ω∈ µLTLw  In

order to complete the proof we will show that w  is the time derivative of

w. Let (( ) ( )),;,0 ∏×Ω∈φ CTD  we have

( ) ( )( ) ( ) ( )( )∫ ∫ ∫ ∫Ω Ω
αφ′−=αφ′

T T

nnnn dxdtxxtxtvdxdtxxtxtv
0 0

,,,,,,,

when +∞→n

( ) ( ) ( ) ( )∫ ∫ ∫ ∫∏×Ω ∏×Ω
µλφ′λ−=µλφλ

T T
dtdxtxtwdtdxtxtw

0 0
.,,,,,,,,

For ( )T,01 D∈ϕ  and ( ),2 ∏×Ω∈ϕ C  setting ( ) ( ) ( ),,,, 21 λϕϕ=λφ xtxt

then

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫ ∫∏×Ω ∏×Ω
µλϕϕ′λ−=µλϕϕλ

T T
dtdxtxtwdtdxtxtw

0 0
2121 ;,,,,,,

or

( ) ( ) ( ) ( )[ ] ( )∫ ∫∏×Ω
=µλϕϕ′λ+ϕλ

T
dtdxtxtwtxtw

0
211 .0,,,,,

Therefore

( ) ( ) ( ) ( )∫ =ϕ′λ+ϕλ
T

dttxtwtxtw
0

11 0,,,,  µ a.e. in ,∏×Ω
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hence

( ) ( )∫ ∫ ϕ′−=ϕ
T T

dttwdttw
0 0

11 ,

and

( ) ( )λ′=λ ,,,, xtwxtw  in ( ),,0 TD′

which implies that ww ′=  for all ( ) [ ] ,,0,, ∏×Ω×∈λ Txt  so

(( ) ( )).;,0 21 ∏×Ω∈ µLTHw

Proposition 3.1. Let w be in ([ ] ( )( ))∏Ω CLTH ;;,0 21  and ( ) =xtwn ,

( )( ).,, xxtw nα  Then, for all Carathéodory integrand [ ] ×∏×Ω×φ T,0:

RR →2  such that, there exist a positive constant C and

( )( )Ω×∈ TLp ,01  satisfying, for all ( ) 2,, R×∏∈ζξλ

( ) ( ( ) ),,,,,, 22 ζ+ξ+≤ζξλφ xtpCxt  a.e. ( ) [ ] .,0, Ω×∈ Txt

We have

( ) ( ) ( )( )∫ ∫Ω ′αφ
T

nnn dxdtxtwxtwxxt
0

,,,,,,

( ) ( )( )∫ ∫ ∏×Ω
µλ′λλφ→

T
dtdxtwxtwxt

0
.,,,,,,,,

In particular ( ),nw  nα -converges to w.

Proof. It sufficient to remark that

( )( ) ( ( ) ( ) )22,,,,, nnnnn wwxtpCwwxxt ′++≤′αφ

( ( ) [ ( ) ]),sup, 22 wwxtpC ′++≤
∏∈λ

and using Theorem 2.3 (b).

Proposition 3.2 (see for instance [11]). ([ ] ( )( ))∏Ω CLTH ;;,0 21  is

dense in ([ ] ( )).;,0 21 ∏×Ω= µLTHH
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4. The Main Result

Let ( )τ,X  be a Banach space, and let { }N∈nFFn ,,  be a family of

functions mapping X into { }.+∞UR  Let us recall the following notion of

convergence, which is called epiconvergence or in its general setting

Γ-convergence. For overview about epiconvergence, we refer the reader to

[3] and [7].

Definition 4.1. We say that the sequence ( ) N∈nnF  τ-epiconvergences

to F at x in X iff the two following sentences hold:

  (i) For every sequence ( ) ,N∈nnx  τ-converging to x in X,

( ) ( ).inflim nn
n

xFxF
+∞→

≤

(ii) There exists a sequence ( ) N∈nnx  of X, τ-converging to x such that,

( ) ( ).suplim nn
n

xFxF
+∞→

≥

If (i) and (ii) are satisfies for every x in X, then we say that ( ) N∈nnF

τ-epiconvergences to F in X, and we write .- nFepilimitF τ=

Proposition 4.1 (variational properties of epiconvergence). Assume

that, ( )nF  τ-epiconverges to F, and let H be a τ-continuous functional from

X into .R  Then

 (i) F is lsc and τ-epilimit ( ) .HFHFn +=+

(ii) If now, ( ) N∈nnx  is a sequence in ( )τ,X  such that, ( ) ≤nn xF

( ) ,nn xF ε+  where ,0>εn  and if furthermore ( ) N∈nnx  is τ-relatively

compact. Then any cluster point x  of ( ) N∈nnx  is a minimiser of F and

( ){ } ( ){ } ( ).;min;inflim xFXxxFXxxFn
n

=∈=∈
+∞→

We are now in a position to state the main result of this paper. Let

{ }hom; FFn  be the family of the integral functionals defined in the

introduction. Then we have:
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Theorem 4.1. nF  epiconverges weakly to homF  in ([ ] ( )).;,0 21 ΩLTH

Proof. It remains to prove the assertions (i) and (ii), in Definition 4.1,
of the epiconvergence.

(i) Let nvv,  be a sequence in ([ ] ( )),;,0 21 ΩLTH  such that vvn

weakly. From ( )∗  and Theorem 3.1, there exists a subsequence ( )
knv  of

( ),nv  still denoted ( ),nv  which 
knα -converges to ,H∈w  with ( ) =xtv ,

( )∫∏ µλ ,,, xdxtw  a.e. ( ) [ ] Ω×∈ Txt ,0,  and ( ) ( );liminflim
kk nnknnn

vFvF
+∞→+∞→

=

hence from Proposition 3.2, there exists a sequence ( )kw  in ([ ];,01 TH

( )( ))∏Ω CL ;2  such that <− Hwwk  .1
k

 By ( ),∗  and the fact that f is

( )ζξ, -convex, we have, ( ( ) )′α
ξ∂
∂ k

n
k
nn wwxtf ,,,,  and ( ,,,, k

nn wxtf α
ζ∂
∂

( ) )′k
nw  belong to ( ) ( )( ),;,02 ∏Ω× CTL  here ( ) ( )( ),,,:, xxtwxtw n

kk
n α=

therefore

( ) ( ) ( ( ) )∫ ∫Ω
′α

ξ∂
∂+≥

T

n
k
n

k
nn

k
nnnn dxdtvwwxtfwFvF

0
,,,,

( ( ) )∫ ∫Ω
′α

ξ∂
∂−

T
k
n

k
n

k
nn dxdtwwwxtf

0
,,,,

( ( ) )∫ ∫Ω ′′α
ζ∂
∂+

T

n
k
n

k
nn dxdtvwwxtf

0
,,,,

( ( ) ) ( )∫ ∫Ω
′′α

ξ∂
∂−

T
k
n

k
n

k
nn dxdtwwwxtf

0
,,,,

by Definition 3.1, we obtain

( ( ) )∫ ∫Ω
′α

ξ∂
∂T

n
k
n

k
nn dxdtvwwxtf

0
,,,,

( ( ) )∫ ∫ ∏×Ω
µ′λ

ξ∂
∂→

T
kk dtwdwwxtf

0
;,,,,
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and

( ( ) )∫ ∫Ω ′′α
ζ∂
∂T

n
k
n

k
nn dxdtvwwxtf

0
,,,,

( ( ) )∫ ∫ ∏×Ω
µ′′λ

ξ∂
∂→

T
kk dtdwwwxtf

0
.,,,,

Taking respectively in Proposition 3.1, ( ) ( );,,,,,,,, ζξλ
ξ∂
∂ξ=ζξλφ xtfxt

( ) ( )ζξλ
ζ∂
∂ζ=ζξλφ ,,,,,,,, xtfxt  and f=φ  we have respectively when

+∞→n

( ( ) )∫ ∫Ω
′α

ξ∂
∂T

k
n

k
n

k
nn dxdtwwwxtf

0
,,,,

( ( ) ) ( )∫ ∫ ∏×Ω
µλ′λ

ξ∂
∂→

T
kkk dtdxtwwwxtf

0
;,,,,,,

( ( ) ) ( )∫ ∫Ω
′′α

ξ∂
∂T

k
n

k
n

k
nn dxdtwwwxtf

0
,,,,

( ( ) ) ( ) ( )∫ ∫ ∏×Ω
µλ′′λ

ξ∂
∂→

T
kkk dtdxtwwwxtf

0
,,,,,,

and

( ) ( ( ) ( ) ( ))∫ ∫ ∏×Ω+∞→
µλ′λλ=

T
kkk

nnn
dtdxtwxtwxtfwF

0
.,,,,,,,,lim

Therefore

( )nnn
vF

+∞→
inflim

( ( ) ( ) ( ))∫ ∫ ∏×Ω
µλ′λλ≥

T
kk dtdxtwxtwxtf

0
,,,,,,,,

( ( ) ( ) ( )) ( )∫ ∫ ∏×Ω
µ−λ′λλ

ξ∂
∂+

T
kkk dtdwwxtwxtwxtf

0
,,,,,,,,

( ( ) ( ) ( )) ( ( ) )∫ ∫ ∏×Ω
µ′−′λ′λλ

ζ∂
∂+

T
kkk dtdwwxtwxtwxtf

0
.,,,,,,,,
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Since there exists 0>C  such that

( ( ) ) ( ) ;1,,,,
0 k

CwwwwxtfT
kkk ≤−′λ

ξ∂
∂∫ ∫ ∏×Ω

( ( ) ) ( ( ) ) ,1,,,,
0 k

CwwwwxtfT
kkk ≤′−′′λ

ζ∂
∂∫ ∫ ∏×Ω

( ( ) ) ( )∫ ∫ ∫ ∫∏×Ω ∏×Ω+∞→
µ′λ=µ′λ

T T
kk

k
dtdwwxtfdtdwwxtf

0 0
.,,,,,,,,lim

Finally,

( ) ( ) ( )( ) ( )∫ ∫ ∏×Ω+∞→
≥µλ′λλ≥

T

nnn
vFdtdxtwxtwxtfvF

0

hom .,,,,,,,,inflim

(ii) Let v be an element of ([ ] ( )).;,0 21 ΩLTH  We prove that, there

exists a sequence ( )nv  in ([ ] ( ))Ω21 ;,0 LTH  such that

([ ] ( ))
( ) ( )





=

Ω

.lim

;weakly;,0in
hom

21

vFvF

LTHvv

nnn

n

Let ( )kw  be a minimizing sequence of the following minimizing problem

( ) ( )( )




µλ′λλ∫ ∫ ∫Ω ∏

T
dtdxtwxtwxtf

0
;,,,,,,,,inf

( ) ( ) .,,,,


µλ=∈ ∫∏ xdxtwxtvw H

By Proposition 3.2, there exists ( )kw  in ( ( )( ))∏Ω CLTH ;;,0 21  such that

.1
k

ww kk <− H  Then, for all ([ ] ( ))Ω∈ϕ 21 ;,0 LTH

  [ ( ) ( )] ( )∫ ∫ ∏×Ω
µϕλ−λ

T
kk dtdxtxtwxtw

0
,,,,,

([ ] ( )),
1

21 ;,0 Ωϕ≤ LTHk
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therefore

∫ ∫ ∫ ∫∏×Ω ∏×Ω+∞→+∞→
µϕ=µϕ

T T
k

k
k

k
dtdwdtdw

0 0
limlim

( ) ( ) ( )∫ ∫ ∫ ∫Ω Ω
∏+∞→

ϕ=λµϕ∫=
T T

x
k

k
dxdtxtvxtdxdtdw

0 0
.,,lim

Since, kw  is bounded in H  (see ( ∗ )), we have

( ( ) ) ( ( ) )∫ ∫ ∏×Ω
µ′λ−′λ

T
kkkk dtdwwxtfwwxtf

0
,,,,,,,,

( )∫ ∫ ∏×Ω
≤µ−++≤

T
kkkk

k
CdtdwwwwC

0
;1

and

( ( ) ) ( ( ) )∫ ∫ ∏×Ω
µ′λ−′λ

T
kkkk dtdwwxtfwwxtf

0
,,,,,,,,

( ( ) ( ) ) ( ) ( )∫ ∫ ∏×Ω
≤µ′−′′+′+≤

T
kkkk

k
CdtdwwwwC

0
.1

Thus

( ( ) )∫ ∫ ∏×Ω+∞→
µ′λ

T
kk

k
dtdwwxtf

0
,,,,lim

( ( ) ) ( )∫ ∫ ∏×Ω+∞→
=µ′λ=

T
kk

k
vFdtdwwxtf

0

hom .,,,,lim

Setting ( ) ( )( )xxtwxtw n
kk

n α= ,,:,  and let ( )jϕ  be a countable dense

family in ([ ] ( )),;,0 21 ΩLTH  from Proposition 3.1, we have, when +∞→n

( ( ) ( ) ( ) ( ))∫ ∫Ω
′α

T
k
n

k
nn dxdtxtwxtwxxtf

0
,,,,,,

( ( ) )∫ ∫ ∏×Ω
µ′λ→

T
kk dtdwwxtf

0
,,,,
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and

( ) ( ) ( ) ( )∫ ∫ ∫ ∫Ω ∏×Ω
µϕλ→ϕ

T T

j
k

j
k
n dtdxtxtwdxdtxtxtw

0 0
.,,,,,

Therefore, for all ( ) 2, N∈kj  and for all ,0>δ  there exists

( )δ= ,,00 kjnn  N∈  such that

( ( ) ( ) ( ) ( ))∫ ∫Ω
′α

T
k
n

k
nn dxdtxtwxtwxxtf

0
,,,,,,

( ( ) ) δ<µ′λ− ∫ ∫ ∏×Ω

T
k

k dtdwwxtf
0

,,,,

and

( ) ( ) ( ) ( ) .,,,,,
0 0

δ<µϕλ−ϕ∫ ∫ ∫ ∫Ω ∏×Ω

T T

j
k

j
k
n dtdxtxtwdxdtxtxtw

Taking ,1
k

=δ  kj =  and defining an increasing sequence ( )kn  such that

,1,,0 




>

k
kknnk  we have for all ki ≤

( ( ) ( ) ( )) ( )∫ ∫Ω+∞→
=′α

T
k
n

k
nnk

vFdxdtxtwxtwxtf
kkk0

hom ,,,,,,,lim

and, for all N∈i

( ) ( ) ( )∫ ∫ ∫ ∫Ω Ω+∞→
ϕ=ϕ

T T

ii
k
nk

dxdtxtxtvdxdtxtw
k0 0

.,,,lim

Since ( )kw  is bounded in ,H  ( )k
nk

w  is bounded in the separable space

([ ] ( )),;,0 21 ΩLTH  we obtain the last convergence for all ∈ϕ

([ ] ( )).;,0 21 ΩLTH  Finally setting: k
nn k

wv =:  if ,knn =  vvn =:  if

,knn ≠  the sequence nv  satisfies

([ ] ( ))

( ) ( )





=

Ω

+∞→
.lim

weakly;,0in

hom

21

vFvF

LTHvv

nn
n

n
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5. Example

We shall us the same notations as in the previous sections, and we
consider the two following problems:

( ) ( ) ( )( ) ( ) ( )

( )





Ω=

Ω×=+

,on0,0

;,0in,,,,

xu

Txthxtugxtaxtu

n

nnn&
( )nE

and

( )vJnKv∈
min ( )nP

{ ( ( )) ( ) }.ina.e.0,0;,0 21 Ω=Ω∈= dxxvLTHvK  ( )vJn  is the energy

functional associated to ( ),nE  which takes the form, for every ,Kv ∈

( ) ( ) ( )∫ ∫ ∫ ∫Ω Ω

∗ −+












α
−Ψ+Ψ=

T T

n
nnn dxdthvvvdxdtvhavavJ

0 0
;&

&

where nu&  is the time derivative of ( );, xtun  ( )( ),,0 Ω×∈ ∞ TLan  ≤α

( ) ( );0,, β≤α<∈∀β≤ ∗Nnxtan  ( ) ;
dy
dyg Ψ=  with ( ),1 RC∈Ψ  which is

strictly convex, ( ) δ+ρ≤Ψ≤γ−θ 22 yyy  ( ),0,and0, ≥δγ>ρθ  and

( )( ).,02 Ω×∈ TLh

Note that, under consideration, the above minimization problem has

a unique solution, and a close relationship between ( )nE  and ( )nP  is

given by the following variational principal, that is: “ nu  is the solution of

( )nE  iff nu  is the solution of ( )nP ” see for instance [4].

We shall show in the sense of Theorem 4.1 and Proposition 4.1 (ii),

that the limit problem of ( )nP  is

( ),min hom vJ
hKv∈

( )homP

where

{ ( ) } (( ) ( ))∏×Ω=∏×Ωµ=λ∈= µ
21 ;,0;ina.e.-,0,,0; LTHxwwK h HH
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and

( ) ( )




µ



 −







λ
−Ψλ+Ψλ= ∫ ∫ ∫Ω ∏

∗
T

xdxdtdhwwhwvJ
0

hom min
&

( ) .,,
2
1 2

2




µ=∈+ ∫∏µ
x

h
L

wdvKwTw

∗Ψ  denotes the Fenchel conjugate of Ψ.

For the sake of the simplicity, we assume that, ( ) ;
2
1 2yy =Ψ  then

( ) ;
2
1; 2zzz =Ψ∈∀ ∗R  and

( ) ∫ ∫ ∫ ∫ ∫ ∫Ω Ω Ω
−−++=

T T T

nnn
nn hvdxdtdxdtv

a
hdxdt

a
h

a
vvavJ

0 0 0

22
2

2
1 &

&

∫ ∫Ω+
T

dxdtv
0

2 .
2
1

Since, the epiconvergence is stable by the continuous perturbation, see
Proposition 4.1 (i), it sufficient to study the sequence of the integral
functionals

( ) ∫ ∫ ∫ ∫Ω Ω
−++=

T T

nnn
nn dxdtv

a
hdxdt

a
h

a
vvavF

0 0

22
2 .

2
1 &

&

Let

( ) .
2
1

2
1

2
1,,,,

22
2

λ
+

λ
ζ−

λ
ζ+λξ=ζξλ hhxtf

Then

( ) ( ) .,,,,,,,,,
λ

−
λ
ζ=ζξλ

ζ∂
∂λξ=ζξλ

ξ∂
∂ hxtfxtf

It is obvious that f, 
ξ∂
∂f  and 

ζ∂
∂f  are Carathéodory functions, f is

( )ζξ, -convex, ( )ζξλ ,, -continuous and satisfies ( )∗  with =C

( )( )
.1,1,

2
1max 2

,0 







αα
β

Ω×∞ TL
h  So, in this particular case the epilimit
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functional takes the form:

( )




µ







−







λ
−λ+λ= ∫ ∫ ∫Ω π

T

xdxdtdhwwhwvJ
0

2
2hom

22
min

&

( ) .,,
2
1 2

2




µ=∈+ ∫∏µ
x

h
L

wdvKwTw

As the consequence of Proposition 4.1 (ii), we have

( )






 µ=∈ ∫∏+∞→

x
h

n
n

wdvKwvJ ,;minlim

( ) ( );,;min homhom vJwdvKwvJ x
h =







 µ=∈= ∫∏

where v  is the cluster point of the sequence of the solution of the

minimizing problem ( ) .,;min




 µ=∈ ∫∏ x

h
n wdvKwvF
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