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Abstract

This paper discusses a stochastic representation, the moment generating
function, and a likelihood ratio test for a distribution family that extends
the skew normal model by embodying a distortion parameter. An
application of the new test in interpreting the distribution of microarray
gene expression data on blood stem cells is included for illustration

purpose.
1. Introduction

Let ¢() and ®() be the pdf and cdf of the standard normal
distribution. For any A € R, the skew normal model SN(A) refers to the

random variable following the density function (Azzalini [2]):

f(x) = 2%¢[x - uj(l)(k = “), xeR 1)
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Notice that the normal model X ~ N(u, o) uses p and ¢ to measure the
mean and scale of the variability of the data, and SN(A) extends the
N(u, o) model by introducing a new parameter A. This A elegantly allows

the model to catch the asymmetric property of the data, and measures
the skewness for the underlying distribution of the data. When A = 0, (1)

becomes the normal model.

For the extension of the skew normal model into multivariate
scenario, Azzalini and Dalla Valle [4] discussed a multivariate version of
the skew normal distribution, which was refined by another version of
multivariate skew normal model that has coherency property (Gupta and
Chen [11]). Branco and Dey [5] proposed a multivariate skew elliptical
distribution. For a skew normal random sample, Chen et al. [7] derived

the distribution of the sample mean.

The skew normal model has applications in many disciplines. For
example, Azzalini and Capitanio [3] discussed the application of the
multivariate skew normal model; Gupta and Chen [9] analyzed goodness-
of-fit methods for fitting epidemiology data into the skew normal model;
Chen et al. [8] applied the skew normal model to stock market data for
the investigation of sell prices in a bull or (bear) market; and Kim and
Mallick [12] discussed a method of Bayesian prediction using the skew

normal model, among many others.

One of the remaining problems with the skew normal distribution in
modeling is that the skew factor A, in some cases may not be able to
completely reflect the skewness conveyed by the variability of the data.
Notice that in (1), when A varies, ®(Ax) is not sensitive to the change of

x, especially when x is large enough. In other words, A cannot reflect the
shape of the tail for the distribution of the data. Under this scenario, it is
natural to consider another parameter that can sensitively model the tail
of the distribution of the data. This leads to the following model:

flx) = c¢(%) d)(k % + bj, (2)

where the parameter b contained in model (2) serves as another

dimension to model the data. In Section 2, we review the plausibility of
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model (2). We then provide a probability interpretation or stochastic
representation of the model in Section 3, which is then followed by
Section 4 describing properties of the new model. Section 5 especially
addresses a likelihood ratio test, which is applied to modeling microarray
gene expression data on blood stem cell studies in Section 6.

2. Distorted Normal Model

In this section, we discuss a definition of the distorted normal family.

In the sequel we denote ¢(x, o) and ®(x, o) the pdf and cdf of a normal

random variable with mean 0 and variance 02, respectively.
Definition. If a continuous random variable X has the density
f(x) = c"o(x, 0)®(hx + b, o) 3)
for any 6>0,be R,Ae R and c¢* >0, then X is called a distorted

normal random variable with skew factor A and distortion factor b.

The following observation shows that the function f(x) specified in
the definition is eligible for being a density function when the constant,

¢*, takes certain value.
Proposition 1. Let f(x) be the density of a distorted normal random

variable defined in (3), when c¢* =[®(b, oV1+32)]}. Then

'[jo fx)dx = 1. (4)

The skew parameter A and the distortion factor b in the model (3)
measure the skewness of the shape of the density, and the quantity c

models the population variability.

Proposition 2. When the distortion factor is set to zero (b = 0), the

distorted normal distribution becomes the skew normal distribution:

(&) = 22 (/o) D(1x/c).
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The proof of Proposition 2 is self-evident by the fact that ®(0) = %

Specifically, when the parameter b is 0, for any o > 0 the distorted
normal distribution defined by (1) becomes the general skew normal
distribution with pdf f(x; A, o) = 2¢(x, )®(Ax, ). When b is 0 and c is
1, the distorted normal distribution becomes the skew normal
distribution with pdf f(x; &) = 2¢(x)®(Ax), which has been extensively
studied by Azzalini [2], Gupta and Chen [9, 10], among others. When
both b and A are set to 0, the distorted normal distribution defined in (1)
becomes the normal distribution with mean 0 and variance o2. It is

therefore evident that the distorted normal distribution family embraces

the normal distribution family and the skew normal distribution family.

For convenience, we will denote the family of distorted normal
distributions defined by (1) as DSN(b, A, 5), and denote the skew
normal distribution with pdf f(x; 1) = 2¢(x)®(rx) as SN(L).

3. Probability Interpretation

In this section, we provide a probability interpretation for the model
discussed in Section 2. Recall that the stochastic representation of the
skew normal model is the following. If X and Y are two independent

random variables following the standard normal distribution, then for

A 1
V1 o+ A2

any real number A, the random variable Z = | X |+ ——=Y
follows a skew normal distribution SN(). In the following discussion,

V1 + 2%

we start with two independent normal random variables to generate a

distorted normal model.

Theorem 1. Let U and V be two independent random variables,
U ~ N(0, 62) and V ~ N(0, 63). Denote Y = U -V, then the density of

Y when U > ¢ reads

f(y) = kd(y; Voi + o3 )CD(E—;y -

c 2 2 | 2 2
0] +09);,4y01 + O
6109 ( 1 2)7 1 2)’
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where ¢ is the threshold of truncation for the random variable U, the

coefficient k = [@(—L, 1)}1.

61

To prove Theorem 1, we need the following two results. First, notice
that for constants ¢ > 0, 5 € R and ¢ > 0,

© 1 1 1 1
L mgexp{—g(ax—b)g}dx:ECD(b/G—%). (5)

Next, we shall prove a lemma that will play a key role in the proof of
Theorem 1.

Lemma 1. For positive constants ¢ and o,
® 1 (y - x)? 1 x?
exp exp dx
J.c v2no { 262 v2no, 259%

= §(y; o2 + 6326 )<D(6?xy - Gccj (62 + c,zc); Vol + 0325), (6)

X

where §(y; o2 +o2) and d)(%y —é(csz +62);4/0% + sz are the
X

pdf and cdf of the normal distribution with mean 0 and variance o + c,zc

at the points y and Ox y- < (6% + 0326), respectively.
c SEN

Proof. The left hand side of (6) reads
O | (y - x)? 1 x2
A = j ex ex dx
¢ V2nc p{ 262 v2no, P 209%

:Jw( 1 )2 1 exp{ 1 (y2—2xy+(c§x2+02x2)/c?c)}dx
¢ \V2m/ OOy 262

2
= exp 6" +0y)x/oy —2xy+0yy /(6 +0
&) = {202 (7 + o)/ 23%/(0% + o2)

1 1
exp{——2 yQ} exp{—2 G§y2/(02 + 0326 )} dx. (7
26 2c
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(7) can be written as

1 2 2 2, 2 2
A = exp{ Yy —0,Y - +0 }

© 1 1 1
I T —exp{——2 (Wo? + o2 x/o, —o,y/\o? + o2 )Z}dx. ®
c 21 O 20

By (5),

e R A A L P
- (S g ) o

G~ + Oy

Thus putting (9) into (8) yields

A =

1 1 { 1. 92,92 9
AL exp[-L0%e? + o))
2 2 2
q)(c?xy/\/ci2 + o2 —%\/02 + ng
X
(e}
= o(y; Vo + Gi)q{?’“y -

which is the right hand side of (6).

o2 + 0,26 ), (10)

With the above lemma, we are able to derive Theorem 1 as follows.

Proof of Theorem 1. Notice that

PY<y)=PU-V <y|U=c)

j J x{ 222}fX(x)dtdx
G2

2
J. J. 62 { ;—2} d)(x, Gl)dtdx, (11)
—o A2 o

2

where k = [P(U > o) = [q{—éﬂ_l _ H‘é’ 1)}_1.




STATISTICAL PROPERTIES AND A LIKELIHOOD RATIO TEST ...151

From (11), the density of Y reads

f(y) = kJ. \/_ o —eX p{ (y262) }(b(x Gl)dx
ity of +oB)o( 2Ly - (o} + o) Jof +F |

by Lemma 1.

4. Properties of the Distorted Normal Distribution

We discuss various properties of DSN (b, A, 6) in this section. To
derive the moment generating function of DSN (b, A, 6), we need the

following result as in Zacks [15, pp. 53-54].

Lemma 2. Let random variable Z ~ N(0,1). Then

E[0(hZ + k)] = d(kN1 + h2),

forany h, k € R and ®(-) is the CDF of N(0, 1).

We can now state the second theorem.

Theorem 2. Let random variable X ~ DSN(b, A, ). Then the
moment generating function of X is given by

My () = et 12al0st + b/c)V1 + 22 (12)

forany t € R with ¢* as given in Proposition 1.

Proof. With pdf given by (1), for any ¢ € R the moment generating

function of X is

My (t) = j " et (x, 6) Dk + b, o)dx

20

2.9 2,2
= et /2.[ 1 - exp{ ( G2t) }Cb(kx +0b, 0)dx
2nc

2
y
2 2
=ce Gt/ZJ- \/;_e 2 d(\y + Aot + b/c)dy
—0 T

e 20 (ot + /o)1 + 12 ),

in view of Lemma 2.
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Using the moment generating function (12) of DSN(b, A, o), after

some algebra, we obtain the first four non central moments of the
distorted normal random variable X as follows:

E[X] = ¢"do,
E[X?] = 6% - bc"nd20¢,
E[X?] = 3¢ 86 + b%c*nd’c — ¢ d’s3,
E[X*] = 36* — 8bc™8%6°¢E — 3¢™ ndc® — b3c*ns*o?b3e
+ b ndtee + 2bc™dtsle, (13)

where

n = §(b/[c V1 +22]),

1
¢ = ;

V1422
8 = A& (14)

Also, the variance of the distorted random variable X is obtained as:
Var[X] = 62(1 - ¢*?n?82) — ¢*nd2e.

Next we summarize some statistical properties of the distorted

normal distribution DSN(b, A, ) in this section. As introduced in
Section 2, the DSN (b, A, 6) contains the skew normal distribution and

normal distribution.

Theorem 3. If X ~ DSN (b, A, 6), then the following holds:
(i) When b =0, 6 =1, then X ~ SN(A) and X2 ~ y2.

(i) When b =0, A = 0, then X ~ N(0, c2).

(iil) As A — o, DSN(b, A, ) = 2¢(x, c), x > 0.

(iv) X ~ DSN(b, A, ©), then —X ~ DSN (b, -7, o).
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The proof of Theorem 3 is self-evident.

Theorem 4. If X ~ DSN(b, A, ), and Z ~ N(0, 02), X and Z are
independent, then (X + Z)/N2 ~ DSN (b, 1*, 6), where X' = §//2.

Proof. Using the moment generating functions of DSN(b, §, 5) and

N(0, 62), the moment generating function of (X + Z)/v2 is

My, zyva(®) = Mx(t/32)- Mz (t/52)
= C*eGZtZM‘D{(XGt/\@ +b/c)N1 +22})- o 1[4

— TR (ot + N2b/o) 21 + 12)),

which is the MGF of DSN (b, 1*, o), with A" = §/v/2.

5. Likelihood Ratio Test

Assume that X7, X, ..., X,, constitute a random sample. To test the

hypothesis that the data is from a distorted normal with specific

parameters b, A, and o1, we have
Hy : Xy, Xy, ..., X, ~ iid N(0, 6%),

versus the alternative hypothesis

Hy : Xy, Xy, ..., X,, ~ iid DSN (b, Ay, o).

Using (ii) of Theorem 3, testing the above null hypothesis H( versus the
alternative hypothesis H; is equivalent to testing the null hypothesis

ol

versus the alternative hypothesis

where b; and A, are specified.
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A test statistic for testing H, versus H; can be constructed using

the likelihood ratio approach.

As the ratio of the likelihood functions under H; and Hj) is

n *
f(Xl, XQ, ceey Xn, bl’ )\‘1, G) _ Hi:lc (I)(Xi’ G)(D(lei + bl’ G)
f(Xl, XQ, veey Xn, bo, )\‘0, G) a n '
[ o0

n
« [ [etX; + b1, o).
i=1

The test statistic is based on H?zl ®(MX; + by, ) when o is known. If &

is unknown, then we may use the sample standard deviation, which is a

consistent estimator of ¢ in the test statistic. The rejection area is the set
where H:Z: 1 ®(M X; + by, o) is greater than a constant, y. Denote the order
statistics of X;, X, ..., X;, as X(;) < X(g) <+- < X(,). For convenience,
we consider the following two cases, separately.

Case (i). A; > 0.

In this case, we have
n n
[[etX; + b1, 0) < [ [ 904Xm) + b1, 0)
=1 =1

= " (M X(y) + by, 0.

We therefore construct an at most a-level test using ®" (A X(y) + by, ).

When it is greater than some constant, then a decision of rejection of the

null hypothesis Hy can be made according a significance level a.

Specifically, we reject H, if

(M X(n) + by, 0) > 7,
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or reject Hy, if

q{wj - (15)

(¢

where y is chosen such that
MXp) +
P{@(%)bl] > yHO} - a

Observe that (15) is equivalent to

@ '(y) - b
Xn) > —

where y is such that
o®(y) by
P X > T'Ho = q.
Using the CDF of the order statistics X(,) under H, and after some
algebra ®71(y) is found to be

20071 - )]+ by '

7(y)
Therefore, we obtain the following decision rule:
Reject Ho, if X(,) > o0 (1 - o)"/"], (16)

at the significance level up to a.
Case (ii). 1, < 0.

In this case, we first have
n n
H q)(}\.le + bl, G) < H CD(le(l) + bl’ G)
i=1 i=1

= (I)n(le(l) + bl’ G).
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Similar to the development of case (1), we reject H, if
cD(?\.]_X(l) + b].’ G) > T,
where 7 is such that
c® () - b
Pl X < T|HO =q.
Using the CDF of the order statistics X(;) under H, and after some

algebra ®!(y) is found to be

?»10(1371 (otl/n) + b
= .

o7l(y) =
Therefore, we obtain the following rule:
Reject Ho, if X(j) < o0 !(a!/), 17)

at the significance level up to a.

In summary, (16) specifies the rejection rule for the case of the given

A1 > 0 at the significance level up to a; and (17) gives the rejection rule
for the case of A; < 0 at the significance level up to a. In all cases, if ¢ is

unknown, it is replaced by the sample standard deviation S for large
sample size. In what follows, we will provide an example in accessing the

distorted normal feature of a gene expression data set.
6. Application: Modeling an Affymetrix Data Set

Recent advances in biomedical technology result in one of the
predominant devices — the microarray gene chip. Using a microarray
chip, biologists can simultaneously obtain thousands or tens of thousands
of numerical readings (gene expressions) for genes under investigation.
These gene expressions are obtained by hybridizing target experimental
units (containing abundant mRNA’s) with the probe sets pre-specified on
the microarray chip. The hybridization intensity at each gene location is
then read through a special software after normalization, giving the
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numerical expression for each gene. Using the expressions of the
thousands of genes in a living cell, biologist can grasp the numerical
aspects of the genes through gene profiling. One of the commercially
available arrays is the affymetrix microarray gene chip. The affymetrix
gene chip probe array provides an average difference (an expression
index) for each gene. That is, the average difference serves as an
indicator for the level of gene expression. It is then applied to determine
the change in the hybridization intensity of a given probe set. For
affymetrix gene chips, the reading (average difference in gene expression)
is calculated using the sum of the “perfect match-mismatch” for each
probe pair in
a probe set divided by the number of probe pairs used in the probe set.
That is

. 1
AvDiff = 4] Z(PMj - MM;),
jeA

where A is the subset of probes for which the ranges of PM; — MM are
within 3 SDs away from the average of PM ) - MMy, ..., PM(j_y)
- MMy with o/ being the number of probe sets used in the array, | A |
is the cardinality of set A, and PM(j) - MM(j) is the j-th smallest

difference. The average difference is given when processing the
hybridized experimental sample on the microarray chip via the software
of affymetrix gene chip data mode. It is observed that the affymetrix gene
expression (average difference) data for an experiment is usually not
symmetric. Could it be distorted normal?

To seek a legitimate assumption for the truncated model, we start
with the general assumption in Li and Wang [13] that the background
adjusted and normalized gene expression data follow a normal model.
Under the assumption that observations of a perfect match reading U
and a mismatch reading V follow two independent normal distributions,
we can apply the probability model discussed in Section 3 into this
scenario. Since the reading of PM is discarded or replaced by certain
threshold value when the reading is too low (for example, Akashi et al.
[1]), we consider the distribution of Y = U — V|U > ¢ for a pre-specified

constant c.
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Now, according to Theorem 1 (with U and V being the perfect-match
and mismatch readings, respectively), the density of average differences
in the affymetrix gene expression data Y =U -V |U > ¢ is a distorted

normal distribution defined in (1) with mean 0, variance ¢ = c% + 0%,

C

skew factor A = =L and distortion parameter b =— (6% + G%), where

G G102

®(b, V1 +22) = @(—L).

61

Therefore, when the data of perfect match probe pairs are truncated
according to certain value, the underlying distribution of the truncated
data turns out to be a distorted normal distribution rather than being a
normal or log normal distribution. This conclusion can be further verified
by using the inference procedure proposed in Section 5 when a

microarray data set is available.

A microarray gene expression data on hematopoietic stem cell (HSC)
was obtained in Akashi et al. [1] for studying the development of blood
stem cells. There are 5253 gene expressions passed through initial
screening for further biological study. A histogram of the 5253 gene
expression data in HSC shows a clear skew trend. To investigate whether
the distribution of the gene expressions in HSC is normal or distorted

normal, as an example, we test the null hypothesis

)

versus the alternative hypothesis

o )21

where the value of b =208 and A =5 are pre-specified (see [1]).

Calculation shows that for the sample size n = 5253 and significance

level o = 5%, ® 1[(1 - a)/"] = 4.2702. Also the sample standard deviation
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is obtained as 6 = 1158.9. Then the right hand side of (16) is

Gq)fl[(l _ OL)l/n] _ Sq)—l[(l _ oc)l/n]
=1158.9(4.2702)

= 4948.7347.

Since the test statistic value of X,) 1s 19434.9, that is, X,) > ot

[(1 — @)/"], we then conclude that H, should be rejected according to

(16) at significance level a = 5%.
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