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Abstract

Let kW  be a k-Warsaw circle and f be a continuous map from kW  into

itself. It is shown that if ( ) ,∅=fF  then f is equicontinuous if and only if

( ) ,k
n WfF k =  where kn  denotes the minimal common multiple of

....,,3,2 k  And that if ( ) ,∅≠fF  then f is equicontinuous if and only if

one of the two conditions holds:

(1) ( ) ( )∩
∞

=
=

1

2 .
n

k
n fFWf

(2) ( ) .kWfF =
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1. Introduction

Let X be a compact metric space and XXf →:  be a continuous

selfmap on X. The set { ( ) },...,2,1,0: =nxf n  written by ( )xOf  or ( ),xO

is called the orbit (trajectory) of a point Xx ∈  under f, where ,0
Xidf =

,1 ff =  ( ),21 ≥= − nfff nn  the n-fold composition of f with itself. We

say that Xx ∈  is a periodic point of period ( )Nnn ∈  if ( ) xxf n =

( )xf i≠  for ≤1  .1−≤ ni  If ,1=n  then x is called a fixed point of f.

Denote ( )fP  and ( )fF  the sets of periodic points and of fixed points of f,

respectively.

A set P is said to be a topological semi-line if P is homeomorphism to

[ ).,0 ∞+  Let P be a topological semi-line and [ )∞+→ ,0: Ph  be a

homeomorphism. Denote ( ){ }0: =∈= xhPxOP  and ( ) { :PxaP ∈=

( ) ( )}ahxh ≥  for .Pa ∈  Define ( ) ( )∩
Pa

aPPL
∈

= .  It is obvious that =P

( )PLP ∪  and ( ) .∅=PLP ∩  If ( )PL  is nonsingular, then P  is locally

connected at point x if and only if .Px ∈  A set P is said to be a

topological line if P is homeomorphic to ( )., ∞+−∞

kW  is said to be a k-Warsaw circle ( )2≥k  if kW  is homeomorphic to

a circle inserted with 
x

k 1sin -curves where each path component B of kW

is homeomorphic to a closed connected subset of the real line. Denote by

kBBB ...,,, 21  the k path components of .kW  A k-Warsaw circle is said to

have same directional 
x
1sin -curves if ∪

k

i
ik AW

1
,

=
=  where s is a

topological semi-line which satisfies the following three conditions:

  (i) ∅=ji AA ∩  and ( ) ( ) ∅=ji ALAL ∩  for each ;ji ≠

 (ii) ( )iAL  is arc;

(iii) ( ) { } ( ) .1,mod
11 kikOALA

iAii ≤≤=
++ ∩
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It is obvious that iB  is a topological semi-line for each i if kW  is

same directional. A k-Warsaw circle is said to have mixing directional

x
1sin -curves if it does not have same directional 

x
1sin -curves. There is

some 
0iB  being an arc and some 

1iB  being homeomorphic to the real line

if kW  has mixing directional 
x
1sin -curves.

On the k-Warsaw circle having same directional 
x
1sin -curves, Zhou

and Zhou [12] proved the following two theorems:

Theorem A. Let kk WWf →:  be a continuous map. If ( ) ,∅≠fF

then one of the following two conditions holds:

(1) there exists some { },...,,2,10 ki ∈   such that ( ) ;
0ik BWf ⊂

(2) ( ) ii BBf ⊂   for each ....,,2,1 ki =

Theorem B. Let kk WWf →:  be a continuous map. If ( ) ,∅=fF

then f is surjection; and ( ) ( )∪∪
k

i
i

k

i
i ALALf

11

,
==

=









 where 

( )∪
k

i
iAL

f

1=

|  is a

permutation of ( ) ( ) ( )....,,, 21 kALALAL

Let X be a compact metric space and XXf →:  be a continuous

map. Then f is said to be equicontinuous if for any ,0>ε  there exists

some 0>δ  such that ( ) δ<yxd ,  implies ( ) ., ε<yfxfd nn

Bruckner and Hu (see [7]) discussed the equicontinuity of the
continuous map on intervals and proved:

Theorem C. Let I be an interval and ( ),0 ICf ∈  ( )∩
∞

=

=
0

.
n

n IfX  Then

f is equicontinuous if and only if .2 idf X =|

Gu [15] showed that if W is a Warsaw circle and WWf →:  is a
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continuous map, then f is equicontinuous if and only if one of the

following two conditions holds:

(1) ( )fF  consists of a single point and ( ) ( )∩
∞

=

=
1

2 ;
n

n WffF

(2) ( ) ( )∩
∞

=

=
1

.
n

n WffF

Recently, Mai proved the following theorem in [11]:

Theorem D. Let G be a graph, ( )GCf 0∈  and ( ) .∅≠fP  Then f is

equicontinuous if and only if there exists some Nn ∈0  such that

( ) ( )∩
∞

=

=
0

.0

n

nn fFGf

In this paper, we discuss the equicontinuity of map f on .kW  More

precisely, we prove the following two theorems:

Theorem 2.5. Let kW  be a k-Warsaw circle having same directional

x
1sin -curves and f be a continuous map from kW  into itself. If ( ) ,∅=fF

then f is equicontinuous if and only if ( ) ,k
n WfF k =  where kn  denotes the

minimal common multiple of ....,,3,2 k  If ( ) ,∅≠fF  then f is

equicontinuous if and only if one of the two conditions holds:

(1) ( )fF  consists of a single point and ( ) ( )∩
∞

=

=
1

2 .
n

k
n fFWf

(2) ( ) .kWfF =

Theorem 3.7. Let kW  be a k-Warsaw circle having mixing directional

x
1sin -curves and f be a continuous map from kW  into itself. If ( ) ,∅=fF

then f is equicontinuous if and only if ( ) ,k
n WfF k =  where kn  denotes the

minimal common multiple of ....,,3,2 k  If ( ) ,∅≠fF  then f is

equicontinuous if and only if ( ) ( ).
1

2∩
∞

=

=
n

k
n fFWf
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2. The k-Warsaw Circle having same Directional 
x
1sin -curves

In this section, kW  denotes a k-Warsaw circle having same

directional 
x
1sin -curves. We discuss the equicontinuity of selfmaps on

.kW

Firstly, given iBx ∈  for some i, denote ( ) ( ) { }.0 xxBxB ii −=  If ∈y

( ),0 xBi  then denote ( ) ( ) ( )., 0 yBxByx ii −=

Theorem 2.1. Let kk WWf →:  be a continuous map and ( ) .∅≠fF

If there exists some { },...,,2,10 ki ∈  such that ( ) ,
0ik BWf ⊂  then f is

equicontinuous if and only if ( ) ( )∩
∞

=

=
1

2 .
n

k
n fFWf

Proof. First, we prove the sufficiency.

Since ( ) ,
0ik BWf ⊂  ( )kWf  is an interval in 

0iB  by the connexity and

compactness. Then, by Theorem D, ( ) ( )∩
∞

=

=
1

2

n
k

n fFWf  implies ( )kWff |  is

equicontinuous. That is, for any ,0>ε  there exists some 0>γ  with

ε<γ  such that ( ) γ<yxd ,  and ( )kWfyx ∈,  implies ( ) ε<yfxfd nn ,  for

every .Nn ∈  Next, there exists some 0>δ  such that ( ) δ<yxd ,

implies ( ) ( )( ) ., γ<yfxfd  It follows that ( ) δ<yxd ,  implies ( ) ε<yfxfd nn ,

for every ,Nn ∈  and that f is equicontinuous.

Now suppose that f is equicontinuous and let ( )∩
∞

=

=
1

.
n

k
n WfX  First,

by the connexity and compactness of X, X is an interval in .
0iB  Thus, by

Theorem C, ,2 idf X =|  and it follows that ( ) ( )∩
∞

=

=
1

2 ,
n

k
n fFWf  which

implies ( )fF  consists of a single point.
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Theorem 2.2. Let kk WWf →:  be a continuous map and ( ) .∅≠fF

If ( ) ii BBf ⊂  for each ,...,,2,1 ki =  then f is equicontinuous if and only

if ( ) .kWfF =

Proof. The sufficiency is obvious.

Now suppose that f is equicontinuous.

Let [ )∞+→ ,0: ii Bh  be the homeomorphism for each i. Then =ig

1−| iBi hfh
i

 is continuous.

First, we claim that ( ) ∅≠iBfF ∩  for each i.

Without loss of generality, we suppose that ( ) ∅=1BfF ∩  and

( ) .1 ∅=gF  Thus, ( ) xxg >1  for each [ ).,0 ∞+∈x  Therefore, ( ) ( )aBaf 0
1∈

for each .1Ba ∈  It follows that ( ) ( ).
11

0
1 AA OBOf ∈  Then, by the

continuity of f, there exists kk BAb ⊂∈  such that ( ) ( ),
11 AOBbf ∈

which is a contradiction to the fact that ( ) .kk BBf ⊂

Next, we claim that ( ) iBfF ∩  is connected for each i.

Suppose that there are ( )fFBba i ∩∈,  with ( )aBb i
0∈  and

( ) ( ) ., ∅=fFba ∩  Then either ( ) ( )xBxf i
0∈  for each ( )bax ,∈  or ∈x

( )( )xfBi
0  for each ( )., bax ∈  Without loss of generality, we suppose that

( ) ( )xBxf i
0∈  for each ( ),, bax ∈  then there exist points ...,...,,, 10 nxxx

with ( ) ( )1
0

1, −− ∈= ninnn xBxxxf  for each 1≥n  and ,lim axnn
=

∞→
 which

contradicts with the equicontinuity of f.

Finally, we claim that ( )fFAi ⊂  for each i.

Suppose that there exists some point ( )fFBa i ∩∈  for some i with

( ) ( ) .0 ∅=fFaBi ∩  Then either ( ) ( )xBxf i
0∈  for each ( )aBx i

0∈  or ∈x

( )( )xfBi
0  for each ( ).0 aBx i∈  If ( ) ( )xBxf i

0∈  for each ( ),0 aBx i∈  then
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there exist points ...,...,,, 10 nxxx  with ( ) ( )ninnn xBxxxf 0
11, ∈= −−  for

each 1≥n  and ,lim axnn
=

∞→
 which contradicts with the equicontinuity

of f. If ( )( )xfBx i
0∈  for each ( ),0 aBx i∈  then there exist points

...,,, 10 xx  ...,nx  with ( ) ,1−= nn xxf  ( )1
0

−∈ nin xBx  for each 1≥n  and

( )( ) ,0,lim =
∞→

in
n

ALxd  which also contradicts with the equicontinuity of f

since ( )( ) .1+⊂ ii BALf

Thus, we have ( ) ( )fFAL i ⊂  for each i by the continuity of f.

Before proving Theorem 2.4, we state a simple lemma.

Lemma 2.3. Let X be a compact metric space and XXf →:  be a

continuous map. Then f is equicontinuous implies that nf  is

equicontinuous for each .Nn ∈

Theorem 2.4. Let kk WWf →:  be a continuous map and ( ) .∅=fF

Then f is equicontinuous if and only if ( ) ,k
n WfF k =  where kn  denotes

the minimal common multiple of ....,,3,2 k

Proof. The sufficiency is obvious.

Now suppose that f is equicontinuous. Therefore, by Lemma 2.3, knf

is equicontinuous.

First, by Theorem B, we have that f is surjection; and ( ) =










=
∪
k

i
iALf

1

( )∪
k

i
iAL

1

,
=

 where 
( )∪

k

i
iAL

f

1=

|  is a permutation of ( ) ( ) ( )....,,, 21 kALALAL

Therefore, f is a permutation of ....,,, 21 kBBB  Thus, there exists some

kki ≤  such that ( ) ii
k BBf i =  for each i. It follows that ( ) ii

n BBf k =  for

each i.

Next, by the first step of the proof of Theorem 2.2, we have

( ) .∅≠knfF  It follows that, by Theorem 2.2, ( ) .k
n WfF k =
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Theorem 2.5. Let kW  be a k-Warsaw circle being same directional

and f be a continuous map from kW  into itself. If ( ) ,∅=fF  then f is

equicontinuous if and only if ( ) ,k
n WfF k =  where kn  denotes the

minimal common multiple of ....,,3,2 k  If ( ) ,∅≠fF  then f is

equicontinuous if and only if one of the two conditions holds:

(1) ( )fF  consists of a single point and ( ) ( )∩
∞

=

=
1

2 .
n

k
n fFWf

(2) ( ) .kWfF =

Proof. Follows from Theorems A, B, 2.1, 2.2 and 2.4.

3. The k-Warsaw Circle being Mixing Directional 
x
1sin -curves

In Section 2, we discussed the equicontinuity of maps on k-Warsaw

circle where kW  has same directional 
x
1sin -curves. Thus, there is a

natural question: Do the conclusion change when the space is a circle

inserted with 
x

k 1sin -curves with different directions? In this section, we

discuss the equicontinuity of maps on k-Warsaw circle where kW  has

mixing directional 
x
1sin -curves. We have a similar conclusion to the

Theorem 2.5 when the k-Warsaw circle kW  has mixing directional 
x
1sin -

curves. In the sequel, all the spaces kW  denote k-Warsaw circle having

mixing directional 
x
1sin -curves.

For simplicity, in this section, first we discuss the case when the

k-Warsaw circle kW  is mixing directional when .2=k

Let ,321 AAAY ∪∪=  where YAi ⊂  is topological semi-line. Then

3A  is an arc which satisfies the following three conditions:

  (i) { } { }
2121 AA OOAA ==∩  and ( ) ( ) ;21 ∅=ALAL ∩
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 (ii) ( )iAL  is arc for ;2,1=i

(iii) ( ) ( ) 321 AALAL ∪∪  is an arc.

It is obvious that the two path components of Y are 211 AAB ∪=

and ( ) ( ) .3212 AALALB ∪∪=

Lemma 3.1. Let Y be a compact metric space defined as above, and let

YYf →:  be a continuous map. Then one of the following conditions

holds:

(1) ( )
0iBYf ⊂  for some { };2,10 ∈i

(2) ( ) ii BBf ⊂  for .2,1=i

Proof. It is not difficult to see that if ( ) ∅≠ji BBf ∩  for some i, j,

then ( ) .ji BBf ⊂

Suppose that the conclusion does not hold. Then, ( ) 21 BBf ⊂  and

( ) .12 BBf ⊂  It is obvious that ( ) 12 BBf ⊂  and ( ) .22 ∅=BBf ∩  Thus,

( )( ) ,0, 22 >BBfd  where ( ) ( ){ }.and:,inf, BbAabadBAd ∈∈=  And

then, by the continuity of f, there exists some point 1Bx ∈  with

( ) ,1Bxf ∈  which contradicts the fact that ( ) .21 BBf ⊂

Theorem 3.2. Let Y be a compact metric space defined as above, and

let YYf →:  be a continuous map. Then f is equicontinuous if and only if

one of the following two conditions holds:

(a) ( )fF  consists of a single point and ( ) ( )∩
∞

=

=
1

2 ;
n

n fFYf

(2) ( ) .YfF =

Proof. By Lemma 3.1, we prove it in the following two cases:

Case 1. ( )
0iBYf ⊂  for some { }.2,10 ∈i

The proof is similar to the proof of Theorem 2.1.

Case 2. ( ) ii BBf ⊂   for .2,1=i
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The proof is similar to the proof of Theorem 2.2.

Now we consider the k-Warsaw circle being mixing directional while

.2>k

Lemma 3.3. Let kk WWf →:  be a continuous map and ( ) .∅=fF

Then f is surjective and f is a permutation of ....,,, 21 kBBB

Proof. First, we claim that f is surjective. Suppose that f is not

surjective, then ( ) .kk WWf ≠  Thus ( )kWf  is a continuum having fixed

point property since ( )kWf  is an arc-like continuum, which contradicts

( ) .∅=fF

Next, we prove that f is a permutation of ....,,, 21 kBBB  Suppose

that f is a permutation of ,...,,, 21 kBBB  then there exist 210 ,, iii  such

that ( )
01 ii BBf ⊂  and ( ) .

02 ii BBf ⊂  Since for each { },...,,2,1 ki ∈  there

exists kj ≤≤1  such that ( ) .ji BBf ⊂  Then, ( )kWf  has at most 1−k

path components, which contradicts the fact that f is surjective.

Denote { } ,
0∈∧rrB  { } ,

1∈∧ttB  { }
2∈∧jjB  to be the sets of all path

components which are arcs, topological semi-lines, topological lines,

respectively. Then { } { } { } { }
2101 ∈∧∈∧∈∧= = jjttrr

k
ii BBBB ∪∪  and ji ∧∧ ∩

∅=   for .ji ≠

Lemma 3.4. Let kk WWf →:  be a continuous map and surjective.

Then

  (i) ∪∪
00 ∈∧∈∧

⊂













i
i

i
i BBf  and f is a permutation of { } ;

0∈∧iiB

 (ii) ∪∪
11 ∈∧∈∧

⊂













i
i

t
i BBf  and f is a permutation of { } ;

1∈∧iiB

(iii) ∪∪
22 ∈∧∈∧

⊂













i
i

j
i BBf  and f is a permutation of { } ;

2∈∧iiB



w
w

w
.p

ph
m

j.c
om

EQUICONTINUITY OF k-WARSAW CIRCLE 47

(iv) if ( )
00 ii

s BBf ⊂  for some ,1 0 ki ≤≤  then ( ) ii
s BBf ⊂2  for each

;1 ki ≤≤

 (v) there exists 
3
km ≤  such that ( ) ii

m BBf ⊂  for each .1 ki ≤≤

Proof. The proofs of (i) and (ii) are similar to that of Lemma 3.1. (iii)
is immediate from (i), (ii) and the proof of Lemma 3.3.

We prove (iv) by the continuity of f. For (v), let m be the minimal

cardinal number of ,0∧  1∧  and .2∧  Then, by (iv), 
3
km ≤  and ( ) ⊂i

m Bf

iB  for each .1 ki ≤≤

Theorem 3.5. Let kk WWf →:  be a continuous map and ( ) .∅=fF

Then f is equicontinuous if and only if ( ) ,k
n WfF k =  where kn  denotes

the minimal common multiple of ....,,3,2 k

Proof. The sufficiency is obvious.

Now suppose that f is equicontinuous. Then, by Lemma 3.4, there

exists 
3
km ≤  such that ( ) ii

m BBf ⊂  for each .1 ki ≤≤  Thus, by

Theorem C, 
( )

idf

n
i

nm Bf

m =| ∞

=
∩

0

2  for each i. On the other hand,

( ) ii
m BBf =  for each i since f is surjective. Therefore, ( ) .2

k
m WfF =  It

follows that ( ) ,k
n WfF k =  since .2 km <

Theorem 3.6. Let kk WWf →:  be a continuous map and ( ) .∅≠fF

Then f is equicontinuous if and only if ( ) ( )∩
∞

=

=
1

2 .
n

k
n fFWf

Proof. The sufficiency is obvious.

Let ( )∩
∞

=

=
1

.
n

k
n WfX  Then X is a sub-continuum of kW  and

( ) .XXf =  Thus, by a similar argument to that of Lemma 3.4, we have
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( ) BBf ⊂2  for each path component B of X since ( ) ( ) .∅≠= fFXfF ∩

And that, by a similar argument to that of Theorem 2.2, ( ).2fFX ⊂  It

follows that ( ) ( )∩
∞

=

==
1

2

n
k

n fFWfX  since ( ) XfF ⊂2  is obvious.

Theorem 3.7. Let kW  be a k-Warsaw circle and f be a continuous

map from kW  into itself. If ( ) ,∅=fF  then f is equicontinuous if and only

if ( ) ,k
n WfF k =  where kn  denotes the minimal common multiple of

....,,3,2 k  If ( ) ,∅≠fF  then f is equicontinuous if and only if

( ) ( )∩
∞

=

=
1

2 .
n

k
n fFWf

Proof. We complete the proof immediately by Theorems 3.5 and 3.6.

References

  [1] E. Akin and E. Glasner, Residual properties and almost equicontinuity, J. Anal.

Math. 84 (2001), 243-286.

[2]  E. Akin and S. Kolyada, Li-Yorke sensitivity, Nonlinearity 16 (2003), 1421-1433.

[3] F. Blanchard, B. Host and A. Maass, Topological complexity, Ergodic Theory Dynam.

Systems 20 (2000), 641-662.

[4] L. Block and W. A. Coppel, Dynamics in one dimension, Lecture Notes in Math. 1513,

Springer, Berlin, 1991.

[5] A. M. Blokh, The set of all iterates is nowhere dense in C([0, 1], [0,1]), Trans. Amer.

Math. Soc. 333 (1992), 787-798.

[6] W. Boyce, Γ-compact maps on an interval and fixed points, Trans. Amer. Math. Soc.

160 (1971), 87-102.

[7] A. M. Bruckner and T. Hu, Equicontinuity of iterates of an interval map, Tamkang J.

Math. 21 (1990), 287-294.

[8] J. Cano, Common fixed points for a class of commuting mappings on an interval,

Trans. Amer. Math. Soc. 86 (1982), 336-338.

[9] R. Ellis, Equicontinuity and almost periodic functions, Proc. Amer. Math. Soc. 10

(1959), 637-643.

[10] E. Glasner and B. Weiss, Locally equicontinuous dynamical systems, Colloq. Math.

84/85 (2000), 345-361.



w
w

w
.p

ph
m

j.c
om

EQUICONTINUITY OF k-WARSAW CIRCLE 49

[11] Mai Jiehua, The structure of equicontinuous maps, Trans. Amer. Math. Soc. 355

(2003), 4125-4136.

[12] Zhou Lizhen and Zhou Youcheng, Some dynamical properties of continuous self-maps

on the k-Warsaw circle, J. Zhejiang Univ. Sci. Ed. 29 (2002), 12-16 (in Chinese).

[13] S. B. Nadler, Continuum Theory: An Introduction, Marcel Dekker, Inc., New York,

1992.

[14] Gu Rongbao, Equicontinuity of maps on figure-eight space, Southeast Asian Bull.

Math. 25 (2001), 413-419.

[15] Gu Rongbao, Equicontinuity of maps on Warsaw circle, J. Math. Stud. 35 (2002), 249-

256.

[16] A. Valaristos, Equicontinuity of iterates of circle maps, J. Math. Math. Sci. 3 (1998),

453-458.

g


