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Abstract

We define the shift-invariant subsets for hyperbolic iterated functions

systems on metric spaces, and discuss the shadowing property for the

dynamical systems that corresponds to subshifts on symbol spaces.

1. Introduction

The purpose of this paper is to investigate the dynamics of hyperbolic
iterated function systems (see Definition 1.1). In [5], Hutchinson proves
that a hyperbolic iterated function system on a complete metric space has
the attractor. Also, it is known that the attractor is a factor of symbolic
dynamics (Theorem 1.4). Therefore, we can consider the dynamical
system which corresponds to subshifts. In Section 2, we shall give the
definition of a shift-invariant subset for a hyperbolic iterated function
system on a metric space (Definition 2.1), and show the existence of the
subshift which is corresponded to the shift-invariant set (Theorem 2.3).
In Section 3 we shall discuss the shadowing property of the dynamical
system on a shift-invariant subset (Theorem 3.4).
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In this section we review the notion of attractors for iterated function

systems.

Definition 1.1. Let ( )dX ,  be a metric space, and let XXfi →:  be

continuous maps ( )....,,2,1 mi =  Then we call ( )mfffX ...,,,; 21  an

iterated function system (abbrev. IFS). This system is said to be

hyperbolic if there is a constant 10 <≤ r  such that for ,...,,1 mi =

( ) ( )( ) ( ) .,,,, Xyxyxrdyfxfd ii ∈≤

Such a constant r is called a contractivity factor for ( )....,,,; 21 mfffX

Definition 1.2 [4]. Let ( )mfffX ...,,,; 21  be an IFS on a metric space

( )., dX  A subset A of X is called an attractor for ( )mfffX ...,,,; 21

provided that

  (i) A is nonempty and compact;

 (ii) ( ) AAfi ⊂  for ;...,,1 mi =

(iii) A is minimal with respect to (i) and (ii).

An attractor A satisfies

( ) ( ).1 AfAfA m∪"∪= (1)

We can easily prove the following lemma (see [4, 6]).

Lemma 1.3. Let ( )mfffX ...,,,; 21  be a hyperbolic IFS on a metric

space ( )., dX  Let B be a nonempty compact subset of X which satisfies

( ) ( ).1 BfBfB m∪"∪⊂

Then for each Bb ∈0  there are a sequence { }∞=1nnb  of points in B and a

sequence { }∞=1nni  with { }min ...,,1∈  so that ( )11 ++
= nin bfb

n
 for all 0≥n

and ( )xffb
niin D"D

1
lim0 ∞→=  for all .Xx ∈

In case that ( )mfffX ...,,,; 21  is hyperbolic, by making use of Lemma

1.3 we can show that as long as an attractor exists, it is unique, and that
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a nonempty compact subset A of X is the attractor if and only if it

satisfies (1). In case that X is compact, from a standard Zorn’s argument

it follows that an IFS on X has an attractor.

Let m∑  denote the symbol space on symbols ....,,2,1 m  That is, m∑

consists of all one-sided infinite sequences of symbols chosen from

{ }:...,,2,1 m

( ) { }{ }.1allfor ...,,2,1:...,, 21 ≥∈=∑ nmiii nm

We define a metric d on m∑  as follows: Let ( ) ( )...,,,...,, 2121 jjtiis ==

.m∑∈  In case ( ) .0,, == tsdts  In case ( ) ,2,, ktsdts −=≠  where 1+k

{ }.:inf nn jin ≠=  The symbol space ( )dm ,∑  is a compact metric space.

The shift map mm ∑→∑σ :  is defined by

( ) ( )...,,...,, 3221 iiii =σ

for ( ) ....,, 21 mii ∑∈  Also, for each mi ≤≤1  we define a map mi ∑τ :

m∑→  by

( ) ( )....,,,...,, 2121 iiiiii =τ

We can easily check that ( ) ( )( ) ( ) ( ) ( )( ) ( )tsdtsdtsdtsd ii ,2,,,2, 1−=ττ≤σσ

for all ., mts ∑∈  Therefore, ( )mm ττ∑ ...,,; 1  is a hyperbolic IFS and its

attractor is .m∑

Under notations above we have the following theorem (cf. [3, 4, 6]).

Theorem 1.4. Let ( )mfffX ...,,,; 21  be a hyperbolic IFS on a metric

space ( )., dX  Suppose that it has the attractor, A. Then, there is a unique

map Ah m →∑:  such that for mi ...,,1=  the following diagrams are

commutative:

mm

f

i

i

hh

AA

∑∑
τ
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Moreover, h is continuous and onto, and satisfies

( ) ( )xffsh
nii

n
D"D

1
lim

∞→
= (2)

for all ( ) miis ∑∈= ...,, 21  and .Xx ∈

The map Ah m →∑:  defined by (2) is called the code map.

2. Shift-invariant Subsets

Let E be a nonempty compact subset of m∑  satisfying ( ) .EE =σ  Then

we call the dynamical system ( )σ,E  a subshift.

For a subset E of a symbol space ( ) EEm ⊂σ∑ ,  if and only if (∗) ⊂E

( ) ( ) ( ) EEEE m ⊃σττ ;1 ∪"∪  if and only if (∗∗) ( ) ( ).11
1 EEE m

−− ττ⊂ ∪"∪

Here we define a shift-invariant subset for an IFS as follows:

Definition 2.1. Let ( )mfffX ...,,,; 21  be an IFS on a metric space

( )., dX  A nonempty compact subset B of X is said to be shift-invariant if

(∗) ( ) ( )BfBfB m∪"∪1⊂  and (∗∗) ( ) ( ).11
1 BfBfB m

−−⊂ ∪"∪

Note that if a subset A of X satisfies ( ) ( ),1 AfAfA m∪"∪=  then (∗)

and (∗∗) hold for .AB =

Theorem 2.2 [1]. Let ( )mfffX ...,,,; 21  be a hyperbolic IFS on a

complete metric space ( )dX ,  with attractor A, and let Ah m →∑:

denote the code map. Let E be a compact subset of X.

(a) There is a compact subset E of m∑  with ( ) EE ⊂σ  and ( )EhB =

if and only if (∗) ( ) ( ).1 BfBfB m∪"∪⊂

(b) The set ( )BhE 1−=  satisfies ( ) EE ⊃σ  if and only if (∗∗) ⊂B

( ) ( ).11
1 BfBf m

−− ∪"∪

(c) B is the image set of a subshift of m∑  under the code map if and

only if B satisfies (∗) and (∗∗).
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We can generalize Theorems 1.4 and 2.2 as follows:

Theorem 2.3. Let ( )mfffX ...,,,; 21  be an IFS on a metric space

( ),, dX  and let a shift-invariant subset B of X be given. We put

( ) { }
( )

.
.0

:...,,
1

0
21

1 











≥=
∑∈=

+

∞
=

+
nallfor bfbthat such

Bin points ofbsequence a is There
iiE

nin

nn
mB

n

Then we have the following:

(1) BE  is shift-invariant.

(2) Moreover, if ( )mfffX ...,,,; 21  is hyperbolic, then there is a unique

continuous onto map BEh B →:  such that ( ) ( )xffsh
niin D"D

1
lim ∞→=

for all ( ) BEiis ∈= ...,, 21  and .Xx ∈  Also, for mi ...,,1=  the following

diagrams are commutative:

BB

f

EE

hh

BB

i

i

τ

Proof. (1) By definition we can easily check that BE  is nonempty and

( ) .BB EE =σ  We shall prove that BE  is closed. Let ( ) ,...,, 21 BEiis ∈=

where BE  denotes the closure of .BE  Then, for each 0≥n  we can take

a finite sequence { ( ) ( )}n
n

n bb ...,,0  of points in B such that ( ) ( ( ) )n
ki

n
k bfb

k 11 ++
=

for .1...,,0 −= nk  Here we may assume that for each 0≥k  the sequence

{ ( )}∞=kn
n

kb  converges: ( )( ).lim Bbb n
knk ∈= ∞→  While, ( ) ( ( ) )n

ki
n

k bfb
k 11 ++

=  for

all .0 nk <≤  Letting ∞→n  we have ( )11 ++
= kik bfb

k
 for all .0≥k  So

( ) ....,, 21 BEiis ∈=

(2) Suppose that ( )mfffX ...,,,; 21  is a hyperbolic IFS with

contractivity factor r. We shall define the code map .: BEh B →  Take

( ) BEiis ∈= ...,, 21  and .Xx ∈  By definition of BE  there is a sequence
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{ }∞=0nnb  of points in B such that ( )11 ++
= nin bfb

n
 for all .0≥n  Since B is

compact, we can take a constant 0≥K  so that ( ) Kxbd ≤,  for all .Bb ∈

Then we have ( ( )) ( ( ) ( ))xffbffdxffbd
nnn iiniiii D"DD"DD"D

111
,,0 =

.Krn≤  So ( ).lim
10 xffb

niin D"D∞→=  Therefore, we define

( ) ( ) ( ).lim
1

Bxffsh
nii

n
∈=

∞→
D"D

From Lemma 1.3 we see that h is onto. Also, from definition it follows

that ( ) ( )( ) ,diam, Brthshd n≤  where ( ) ( ) BEjjtiis ∈== ...,,,...,, 2121

and ,...,,11 nn jiji ==  and ( ){ }.,:,supdiam ByxyxdB ∈=

Remark 2.4. Let ( ) ....,, 21 BEiis ∈=  We put ( ( ))shb n
n σ=  for .0≥n

Then { }nb  is a sequence of points in B with ( )11 ++
= nin bfb

n
 for all .0≥n

Conversely, let { }∞=0nnb  be a sequence of points in B, and ( )...,, 21 iis =

m∑∈  satisfies ( )11 ++
= nin bfb

n
 for all .0≥n  Then, BEs ∈  and =nb

( ( ))sh nσ  for all .0≥n

Remark 2.5. The code map BEh B →:  is one-to-one if and only if

the ( )BfB i∩  is pairwise disjoint and each ( ) BBBff ii →− ∩1:  is one-

to-one.

Remark 2.6. If ( )mfffX ...,,,; 21  be a hyperbolic IFS with attractor

A, then .mAE ∑=

3. The Shadowing Property

Definition 3.1. Let f be a continuous map from a metric space ( )dX ,

into itself. For ,0>δ  a sequence { }∞=0nnx  of points in X is called a

δ-pseudo-orbit for f provided that ( )( ) δ<+1, nn xxfd  for all .0≥n  Given

,0>ε  a sequence { }∞=0nnx  is said to be ε-traced by a point Xx ∈

provided that ( ( )) ε<xfxd n
n ,  for all .0≥n  We say that f has the
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shadowing property if for any 0>ε  there is 0>δ  such that every

δ-pseudo-orbit for f can be ε-traced by some point in X.

Definition 3.2. For a nonempty subset W of { } ( )1...,,1 ≥km k  we put

( ) ( ){ }....,1,0,...,,:...,, 121 =∈∑∈=∑ ++ nWiiii knnmW

Let E be a shift-invariant subset of .m∑  The dynamical system ( )σ,E  is

called a subshift of finite type provided that WE ∑=  for some nonempty

subset W of { } ....,,1 km

Let ( )ijMM =  be an mm ×  matrix with entries 0 and 1. We put

{( ) }....,2,1,1:...,,
121 ==∑∈=∑

+
nMii

nniimM

If M∑  is shift-invariant, then ( )σ∑ ,M  is a subshift of finite type. We

call M the structure matrix.

It is well-known that a subshift ( )σ,E  has the shadowing property if

and only if it is of finite type ([7]).

Definition 3.3. Let ( )mfffX ...,,,; 21  be an IFS on a metric space

( ),, dX  and let a shift-invariant subset B be given. A sequence { }∞=0nnx

of points in B is called an orbit if there is ( ) BEii ∈...,, 21  such that =nx

( )11 ++ ni xf
n

 for all .0≥n  For ,0>δ  a sequence { }∞=0
~

nnx  of points in B is

called a δ-pseudo-orbit if there are ( ) BEii ∈...,, 21  and a sequence

{ }∞=′ 1nnx  of points in B such that ( ) δ<′ ++ 11,~
nn xxd  and ( )11

~
+′=

+ nin xfx
n

for all .0≥n

Let ( )mfffX ...,,,; 21  be a hyperbolic IFS with attractor A. In the

case that the code map Ah m →∑:  is one-to-one, we can consider a

continuous onto map .:1 AAhhS →σ= −DD  The system ( )SA,  is

called the associated shift dynamical system. Since ( )SA,  is topologically

conjugate to ( ) ( )SAm ,,, σ∑  has the shadowing property. Barnsley directly
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shows that the dynamical system ( )SA,  has the shadowing property

([2, Theorem 7.1]). We shall generalize his result as follows:

Theorem 3.4. Let ( )mfffX ...,,,; 21  be a hyperbolic IFS on a metric

space ( )dX ,  with contractivity factor r, and let B be a shift-invariant

subset of X. Then, for 0>δ  and a δ-pseudo-orbit { }∞=0
~

nnx  there is an orbit

{ }∞=0nnx  such that ( ) ( ) 11~, −−δ≤ rrxxd nn  for all .0≥n

Proof. Let a δ-pseudo-orbit { }∞=0
~

nnx  be given. From definition there

are ( ) BEiis ∈= ...,, 21  and a sequence { }∞=′ 1nnx  of points in B such that

( ) δ<′ ++ 11,~
nn xxd  and ( )11

~
+′=

+ nin xfx
n

 for all .0≥n  We define a sequence

{ }∞=0nnx  by ( ( )),shx n
n σ=  where BEh B →:  denotes the code map. Then,

by Remark 2.4, ( )11 ++
= nin xfx

n
 for all ,0≥n  and so { }∞=0nnx  it is an orbit.

Now we shall prove that for ,1 Nk ≤≤

( ) ,~, 1 Krrrxxd kk
kNkN +δ++δ≤ −

−− " (3)

where .diam BK =  We fix N and prove (3) by induction on k. For ,1=k

( ) ( ( ) ( )) .,~, 11 rKxfxfdxxd NiNiNN NN
≤′=−−  Thus (3) holds for .1=k

Suppose that (3) holds for a given value of k ( ),1 Nk <≤  and consider

.1+k  Then, we have

( ( ) ( ) ) ( )kNkNkNkN xxrdxxd −−+−+− ′≤ ,~, 11

( ) ( )( )kNkNkNkN xxdxxdr −−−− ′+≤ ,~~,

( )δ++δ++δ≤ − Krrrr kk 1"

which shows that (3) holds for .1+k  This completes the induction.

Let 0≥n  be given. By (3), ( ) ( ) Krrrxxd nN
nn

−− +−δ≤ 11~,  for all

.nN >  Let ∞→N  to obtain ( ) ( ) .1~, 1−−δ≤ rrxxd nn
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Proposition 3.5. In Theorem 3.4 assume that ( )σ,BE  is a subshift of

finite type. Then, for any 0>δ  there is 0>η  such that if { ( )}∞=0n
ns  is an

η-pseudo-orbit for the dynamical system ( ),, σBE  then { ( ( ) )}∞=0n
nsh  is a

δ-pseudo-orbit.

Proof. Let 0>δ  be given. Take 0>k  with δ<Brkdiam  and put

.2 k−=η  Now, let an η-pseudo-orbit { ( )}∞=0n
ns  for ( )σ,BE  be given. Here

we put ( ( ) ) ( ) ( ( ) ( ) )...,,,~
21
nnnn

n iisshx ==  and ( ( ( ) )) ( ).1 Bshx n
n ∈σ=′ +  Since

( ( ) ( ( ) )) ,2,1 knn ssd −+ =η<σ  ( ) ( ( ( ) ) ( ( ( ) ))) ≤σ=′ +
++

nn
nn shshdxxd ,,~ 1

11

.diam δ<Brk  Also, ( ) ( ( ( ( ) ))) ( ) ( ).~
1

11
+′=σ= ni

n
in xfshfx nn  While, since the

subshift ( )σ,BE  is of finite type, ( ( ) ( ) ) B
n Eii ∈...,...,, 1

0
1  (if 0>η  is

sufficiently small). Thus, { }∞=0
~

nnx  is a δ-pseudo-orbit.

4. An Example

Let X denote the closed interval [ ].1,0  We define

( ) ( ) .
2
1

2
1,

2
1

21 xxfxxf +==

Then, ( )21 ,; ffX  is a hyperbolic IFS and its attractor is X. Let

Xh →∑2:  denote the code map. We consider a structure matrix

.
10
11






=M  Then

{( ) },0:...,2,2,1...,,1 2

times

∞≤≤∑∈=∑ n
n

M 
	�

and M∑  is shift invariant. Now, we put ( ).MhB ∑=  Then, by Theorem

2.2, B is shift-invariant, and we have the following:

(1) { }.0:2 ∞≤≤= − nB n

(2) Bh M →∑:  is one-to-one.

(3) ( ) ( ) { }.2 1
21

−=BfBfB ∩∩
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(4) {( ) }.0:...,1,2,1...,,1
times

∞<≤∑= nE
n

MB 
	�∪

(5) ( )σ,BE  does not have the shadowing property.

(6) ( )σ,BE  is not of finite type.

Proof of (5). Let 120 −<ε<  be given. Take a sufficiently large

integer 0>N  and put ( ).2 2−−=δ N  Define a finite sequence { ( )}N
n

ns 0=  of

points in M∑  as follows:

( ) ( ) ( ) ( ),...,1,1,2,1...,,1,...,1,1,2
times1

10
�
�	�

−

==
N

ss

and ( ) ( ( ) )11 ss nn −σ=  for ....,,2 Nn =  Then, ( ) ( )0ss N =  and ( ( ( ) ) ( ) )10 , ssd σ

( ) .2 1 δ<= −− N  Therefore, extending this sequence periodically, we obtain

a δ-pseudo-orbit for the dynamical systems ( )., σBE  But it can not be

ε-traced by any orbit. Also, note that the sequence { ( ( ) )}nsh  is not a

pseudo-orbit on B (see Definition 3.3).
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