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Abstract

The concept of progressive credit period given by supplier for settling the
account is as follows: If the retailer settles outstanding amount by M,
then the supplier does not charge any interest. If the retailer pays after
M but before N (N > M), then the supplier charges the retailer an

unpaid balance at the rate I . If retailer settles the account after N,
then he will have to pay an interest rate of I, (IC2 > I ). Here an

attempt is made to develop mathematical model, when units in
inventory are subject to constant rate of deterioration and supplier
provides two progressive credit periods. An easy-to-use algorithm is
given to find the optimal solution to the presented mathematical

formulation.
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1. Introduction

In practice, the credit period offered by the supplier is advantageous
in two folds: viz (i) it encourages retailers to buy more and attracts new
retailers; and (i1) it is the best substitute to price discounts. Brigham [3]
denoted credit period as “net 30”, i.e., the supplier offers a retailer a delay

period of 30 days for settling the account.

Goyal [6] gave mathematical model when the supplier offers the
retailer a permissible delay period in settling the account. Shah [12, 13,
14] and Aggarwal and Jaggi [1], then extended Goyal’'s model for
exponentially deteriorating items. Jamal et al. [8] gave generalized model
to allow for shortages. Hwang and Shinn [7] developed optimal pricing
and lot-sizing for the retailer under the scheme of permissible delay in
payments. Liao et al. [10] considered an inventory model for stock
dependent demand rate when a delay in payments is permissible. Chang
and Dye [4] considered backlogging rate to be inversely proportional to
waiting time in Jamal et al. 1997’s model. Other related articles are by
Arcelus et al. [2], Chang et al. [5], Jamal et al. [9], Sarker et al. [11],
Shah [13, 14] and Teng [15].

This article deals with an EO model when units in inventory are
subject to constant rate of deterioration and supplier offers two
progressive credit periods to the retailer to settle the account. An

algorithm is given to explore computational flow.
2. Assumptions and Notations

The following assumptions are used to develop aforesaid model:
e The inventory system deals with single item.
e The demand of R-units for an item is constant during the cycle time.
e Shortages are not allowed and lead-time is zero.
e Replenishment is instantaneous. Replenishment rate is infinite.

e The units inventory deteriorate at a constant rate (say), 6, 0 < 6 < 1,

during the cycle time.
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e The deteriorated units can neither be repaired nor replaced during

the period under review.

o If the retailer pays by M, then supplier does not charge to the
retailer. If the retailer pays after M and before N (M < N), then he

can keep difference in unit sale price and unit cost in an interest

bearing account at the rate of I, per unit per year. During [M, N],

the supplier charges the retailer an interest rate of I ¢ ber unit per

year. If the retailer pays after N, then supplier charges the retailer

an interest rate of /., per unit per annum with I, > I,.

The mathematical development of the model is under following

notations:

e R
o h

*p

o C

o M

a

€2

: the demand rate per annum.

: the inventory holding cost per unit per year excluding

interest charges.

: the selling price per unit.

: the unit purchase cost, with C < p.

: the first permissible credit period in settling the account

without any extra charges.

: the second permissible delay period in settling the account

with an interest charge of I, and N > M.

: the interest charged per $ in stock per year by the supplier

when the retailer pays after M but before N.

: the interest charged per $ in stock per year by the supplier

when the retailer pays after N.

: the interest earned per $ per year.

: the ordering cost per order.
: the procurement quantity (a decision variable).

: the replenishment cycle time (a decision variable).
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e Q(t) : the on-hand inventory level at time ¢ (0 < ¢ < T).
e D(T) : the number of units deteriorated during the cycle time T.

e K(T): the total inventory cost per time unit which is sum of:
(a) ordering cost; OC, (b) inventory holding cost (excluding
interest charges); IHC, (c) purchase cost; PC, (d) interest
charges; IC, for unsold items after the allowable delay period

M or N, minus (e) interest earned from the sales revenue

during the permissible delay period [0, M].

3. Mathematical Formulation

The on-hand inventory depletes due to demand and deterioration of
units at a constant rate 0. The instantaneous state of inventory at any

time ¢ is governed by the differential equation

%}?)+Q(t)=—R,OStST Y

with the boundary condition @Q(0)= @ and Q(T) = 0. The solution of

equation (1) is given by
Q) - %(e"(T 0 _1), 0<t<T @)
and the procurement quantity is
Q=L -1 ®)

The components of total inventory cost of the system per time unit are as
follows:

(a) ordering cost;

oC =

SN

; €]
(b) inventory holding cost;

hz—l; T —oT - 1), ®)

T
IHC - %[O Q1) dt
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(c) purchase cost;
_CR o1 _
PC = 0T (e 1). (6)
The computations of interest charged and interest earned depend on
the length of cycle time 7. There are three possibilities:
Casel. T < M.

Case2. M <T < N.
Case 3. T > N.

Now, we discuss each case in detail.

Casel. T < M.

[nventory Level

o N

QY p time
0 1 M N

Figure 3.1

Here, the retailer sells @-units in cycle time T and is paying CQ to
the supplier in full at time M > T. So interest charges are zero, i.e.,

I, =0. 7

During [0, T'], the retailer sells products at price p per unit and deposits

the revenue into an interest earning account at the rate of I, per $ per

year. In the period [T, M], the retailer only deposits the total revenue

into an account that earns I, per $ per year. Hence, interest earned per

unit time is

IEl =

p;e [ j OT Rtdt + RT(M - T)j = pIeR(M - %) ®)
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Using (4)-(8), the total cost of an inventory system per time unit is
K,(T)=0C + IHC + PC + IC; - IE;. )

The optimum value of T' = T} is the solution of non-linear equation
hR(® - 6e"T) KR

dK\(T) _ pLR " 0’ 0
dT 2 T
A CR(®T - 1) L hRQ - eT)
0 02
n s =0. (10)

The obtained 7' = 7} minimizes the total cost because

d*Ky(T)  CROR®T + hRe®T

ar? T
ocptT  BRO-0eT) hR hReST
02 0 0
+
T2
0T 0T

2A+2C’R(e —1)_2hR(1—2e )

+ - 9 >0VT. (11)
T

Case2. M <T < N.

Inventory Level

I

QY p lime
0 M T N
Figure 3.2

M
Here, interest earned, IE,, during [0, M] is IE, = pIeJ0 Rtdt =

pI,RM?
.
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Buyer has to pay for @-unit at time ¢ = 0 at the rate of C $ per unit
to the supplier up to time M, the retailer sells RM-units and has pRM
plus interest earned IE; to pay the supplier. Depending on the
difference between the total purchase cost; CQ, and the revenue;
pPRM + IE,, two sub-cases may arise:

Sub-case 2.1. Let pRM + IE; > CQ.
Here, the retailer has sufficient amount in his account to pay off total
purchase cost at M. Then interest charges,
ICy, =0 (12)
and interest earned,

M 2
1By, = Ple J'O Rudt = 2L (13)

Therefore, the total cost of an inventory system per time unit is
KQ.]_(T) = OC + IHC + PC + ICZ.]. - IE2.1. (14)

The optimum value of 7' = Ty { is a solution of non-linear equation

CROT _ hRO-0e"") hR
dKs1(T) _ 6> 0
ar = T
oT oT 2
A CR(ee 1), hR(1—2e ), pIelz?M
¥ " =0 (15

and T =751 minimizes the total cost K5; of an inventory system

because

d*K51(T) _ CROR®” + hRe®”

d7? T
CROT _ hR(O e—zeeeT) h(f CRT hRgeT
B T2 " T2
Al CR(eeeT 1) hR(1—2e9T) pl,RM*
—2 = 0 S0V T
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Sub-case 2.2. Let pRM + IE; < CQ.

In this case, the retailer does not have sufficient money in his account
to do payment at given permissible credit period, M, then supplier
charges retailer on the unpaid balance, U; = CQ — [pRM + IE,] at the

interest rate . at time M, therefore interest charges; ICs o per time

unit is
UYL, 7T
ICy5 = SpRT MQ(t)dt
2
CR(T - 1) 1 9 ~(@1+0T)R
= (T - pRM - EpIeRM I, 9—2
—0(-T+M)
N (e y + Me)RJ/pRT a7
0
and interest earned,
_pl, J-M _ pI,RM?
IEy 5 = T ), Rtdt = 57 (18)

Therefore, the total cost of an inventory system per time unit is

KZ.Q(T) =0C+ IHC + PC + 102‘2 - IEQ.Q. (19)

The optimum value of 7" = Ty 5 can be obtained by solving non-linear

equation

dKy5(T) _ pleRM* - 24 .\ CReYT (T -1) L C+ hR(e%T + 70T

20, 1., (— e*T=M) — Mo +1 + T8)CRe®”
p92T

UZL,, (®T~M)(6T ~1) +1 - Mo)
+ =0

. (20)
po°T
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with suitable iterative method. The sufficiency condition is

d*Ky5(T) _ 24— pleRM? 2CReT

dr? T3 T?
.\ R (Co + h) ) 2CR(e%T - 1) . 2hR(T (1 -0T)-1)
T 073 0273
2CRe®T'1, (- *T"M) _ Mo +1 + 0T (CReT + U,6)
po:T
| 2y (4CReT —U) (" T-M)(0T — 1) + 1 - M)
p62T3
w >0V T (21)
pT '
Case 3. T > N.
Inventory Level

I N

ok 4 - time

Figure 3.3
We proceed as Case 2. Total purchase cost of Q-units is CQ, the

pI,RN?

5 The

amount of money in retailer’s account at M is pRM +

following three sub-cases arise:
Sub-case 3.1. Let pRM + IE; > CQ.

This sub-case is same as Sub-case 2.1.



10 HARDIK SONI and NITA H. SHAH
Here, interest charges,
IC3, =0 (22)

and interest earned,

_pl, IM _ pL.RM?
1E5 4 = T ), Rtdt = o (23)
Therefore, the total cost of an inventory system per time unit is
K31(T)=0C + PC + IHC + IC3 1 — IEq ;. 249

Sub-case 3.2. Let pRM + IE; < CQ and

" pI,R(N? - M?)

pR(N - M 5

> CQ - (pRM + IE,).

Here, retailer does not have enough money in his account to settle
the payment at time M but he can do it before or at N. At M, retailer
pays pRM; + IE,; and supplier charges for the unpaid balance U; =

CQ - (pRM + IE;) with interest rate I, . This situation is same as Sub-

case 2.2. The total cost K3 4(T'), of an inventory system per time unit is
K3.2(T) = 0C + PC + IHC + IC3.1 — IE3.2. (25)

Sub-case 3.3. Let pRM + IE; < CQ and

2
My - M)
2

PR(N — M) + PLE( < CQ - (pRM + IE).

Here, retailer does not have money in his account to pay off total
purchase cost at time N, he pays pRM + IE5 at M and pR(N — M)+

pl.R
2
the unpaid balance U; = CQ — (pRM + IE;) with interest rate I, during

[M, N] and unpaid balance,

(N% — M?) at N. Here, retailer will have to pay interest charges on

pl.R

U, :Ul—(pR(N—M)+ :

(v - %)



OPTIMAL ORDERING POLICIES ...

11

with interest rate I,:2 during [N, T]. Hence total interest payable per

time unit is

UL (N-M) p2 T
1y == 2o, [ Q)

and interest earned,

pI,RM*>
2T

M
IE;3 5 = p;f IO Rtdt =

Therefore the total cost of an inventory system per time unit is

K3.3 =0C+ PC + IHC + IC3.3 — IE3‘3.

The first order condition for K3 3(7") to be minimum is

dK;35(T) _ pI,RM* - 24 N CRe®T (0T -1)+ CR

(26)

@7

(28)

M)

RR(T (0T —1)+1) Uil (N-M) CRe""I, (N -
+ - +

0272 72 T

2%11,, (e *V=T) + No 1~ T)CRe®”
po>T

+

%121, (e "V -T) 0T ~1) - No +1)
" po*T? -°

2 ar2
%1 = [Ul ~ pR(N - M) - pIeR(N2 M )J

and the sufficiency condition is

d’Ks3(T) _ 24 - pl . RM” . CRe" (0T - 2)
dr? T3 T2

. 2CR(%T - 1) .\ hRe®T . 2hR(e®T (1 - 0T)-1)
073 T 0273

(29)
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2U I, (N - M) CRe"I. (N -M)(T -2)
+ T3 + Tz

21, (e *™-T) 1 No —1 - 07)((CRe"" )? + %1?)
+
p92T3

2911, (e *N-T) _1)(2CRTT — %1) %121, e *N-T)
+

+
poT? pT

| 2%, (e *N-T)oT - 1)~ No +1)CRe"T (0T - 2) Cowr
po>T? ’

where

(30)

2 a2
%1 = (Ul _ pR(N - M) PLEN" =M )J.

2

In the next section, we present computational algorithm to search for

optimal solution.
4. Computational Algorithm

e Step 1. Given parametric values of R, h, Icl, ICz’ 1, C, p, M, Nin
proper units.

e Step 2. Compute 7' = 77 from (10).
If T} < M, then find K;(7}) using (10) and go to Step 3.
Otherwise,

If M <T < N, then

2
v+ PLRM

If pR 5

> CQ

Then compute T = Ty ; from (15)

and Ky {(Ty 1) from (14). Go to Step 3.
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Otherwise
Compute T = Ty 5 from (20)
and Kq 9(T5 9) from (19). Go to Step 3.
Otherwise
2
1t pRM + PLEM” S 0o

Then compute T' = T5 1 from (15)
and K3 (T3 1) from (14). Go to Step 3.

Otherwise

2
If pRM+% < CQ and

~ pI,R(N — M)
pR(N - M) + 5

2
< CQ—[pRM +%J

Then compute T = Ty 5 from (20)
and Kj 9(T5 9) from (25). Go to Step 3.

Otherwise

Compute T = T3 3 from (29) and K3 3(T33)
from (28). Go to Step 3.
e Step 3.
K(T) = mini{K,(T1), K21(T2.1), Ko2(T52),
K31(T31), K32(T32), K33(T33)}

and corresponding optimum 7 and @.
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5. Theoretical Results

Proposition 5.1. For T < M, K;(T) is minimum.

2
Proof. dlegT) given by equation (11) is non-negative for all 7' < M.

Proposition 5.2. For T < M, K;(T) is decreasing function of

allowable credit period M.

d’Ky(T) _

Proof. —aM - -pl,R < 0.

Proposition 5.3. For M <T < N, if pRM + IEy > CQ, then

Ky 1(Ty 1) is minimum otherwise Kg o(T5.9) is minimum.

d’Ky1(T)
2

Proof. Clearly, from equation (16), > 0. Otherwise from

2
equation (21), Lé(T) > 0.
Proposition 5.4. For M < T < N, Ko 1(T) (or K5 9(T)) is decreasing
function of credit period M, for all T.

dKy(T) ~  pl,RM
Proof. ar - T <0, VT and

dKyo(T) 2011 ("™ — Mo +1+07)(- R~ RI,M) pI,RM
dM h 92T T

UZ L, (0e°7=M) _p)

3 <0, VvT.
po°T

Proposition 5.5. For T > N, Kg3o(T) is minimum if pRM + IE,
< CQ and

PI,R

pR(N - M)+T(N2 - M?)> CQ - (pRM + IE,)
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and K3 3(T) is minimum if

pl.R

5 (N%? - M?) < CQ - (pRM + IE,).

pR(N - M)+

Proof. Obvious from equations (20) and (27).
Proposition 5.6. For T > N, K34(T) and Ks33(T) are decreasing
functions of M. Also K3 5(T) is increasing function of N.

Proof.

dKs o(T) 2011, (®TM) — Mo +1+6T)(- R - RI,M)
dM 02T

 pI,RM  UPL, (6" M) —g)

<0, vT,
T po%T

dK33(T)  (pR+pIl.RM)I, (N - M)
dM B T

_ U].Icl _ pIeRM <

T T o

2 ar2
%1 = (Ul _ pR(N - M) PLRIN" - M )],

2

dKs o(T) Uil 2%1L, (e *N~T) + No —1-0T)(R - I,RN)
dN T * oI

%121, (- 0 "N =T) 1 g)
+ >

0
po%T

2 a2
%1 = (Ul ~ pR(N - M) - pIeR(NZ M )J.

6. Conclusion

In this paper, an attempt is made to come up with mathematical

formulation and analytic theoretical results. When supplier offers
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progressive credit periods, if retailer could not pay his unpaid balance,

when units in inventory system are subject to constant rate of

deterioration. The computational easy-to-use algorithm is given to search

for optimal policy.

The derived model can be extended to a two parameter Weibull

distribution. It can be extended by taking different forms of demand

functions and other things.
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