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Abstract 

In this paper, we continue our study of strongly paracompact 
mappings, see [2]. More properties of strongly paracompact mappings 
are obtained. It is proved that paracompact locally compact regular 
mappings are strongly paracompact. And every paracompact locally 
compact mapping is a disjoint union of closed and open Lindelöf 
mappings. 

1. Preliminaries 

Definitions and theorems mentioned in this section can be found in [1, 3, 
6, 8], for more details one can consult them. 

Unless otherwise stated, Y is a fixed topological space with topology τ, 
collection of all neighborhoods (nbd(s)) of Yy ∈  is denoted by ( ).yN  If 

YXf →:  is a mapping and XA ⊆  and ,XB ⊆  then [ ]BA  means the 

closure of A in B. For continuous mappings YXf →:  and ,: YZg →  a 

continuous mapping ZX →λ :  such that λ= gf  is called a morphism of f 

into g and is denoted by .: gf →λ  λ is called surjective, closed, perfect 
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surjective, closed, perfect etc., respectively. Open covers will be denoted by 

.....,ˆ,ˆ,ˆ WVU  

Definition 1.1. A mapping YXf →:  is called a iT -mapping, ,0=i  

,2,1  if for every yfxx 1, −∗ ∈  such that ∗≠ xx  the following conditions 

are, respectively, satisfied: 

(1) :0=i  At least one of the points x and ∗x  has a nbd in X not 

containing the other point. 

(2) :1=i  Each of the points x and ∗x  has a nbd in X not containing the 

other point. 

(3) :2=i  The points x and ∗x  have disjoint nbds in X. 

Definition 1.2. If A and B are subsets of X, then we say that A and B are 

(1) nbd separated in ,XU ⊆  

(2) functionally separated in ,XU ⊆  

if, respectively, the sets UA ∩  and ,UB ∩  

(1) have disjoint nbds in U. 

(2) there exists a continuous function [ ]1,0: →Uf  such that ∩A  

( )01−⊆ fU  and ( ).11−⊆ fUB ∩  

Definition 1.3. A mapping YXf →:  is said to be completely regular 

(regular) if for every Xx ∈  and every closed set F in X such that Fx ∉  
there exists a neighborhood ( )fxNO ∈  such that { }x  and F are functionally 

separated (nbd separated) in .1Of −  

A completely regular (regular) 0T -mapping is called a Tychonoff or 
2
13

T -

mapping (regular or 3T -mapping). 
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Definition 1.4. A mapping YXf →:  is called functionally prenormal 

(prenormal) if for every Yy ∈  and every disjoint closed (in X ) sets F and H 

there exists a neighborhood O of y such that F and H are functionally 

separated (nbd separated) in .1Of −  If for every open subset O of Y the 

mapping OOff
Of

→| −
−

1:1  is functionally prenormal (prenormal), then f 

is called functionally normal (normal). A normal 3T -mapping is called            

4T -mapping. 

A mapping BAg →:  is said to be a (closed, open, dense, etc.) 

submapping of the mapping YXf →:  if g is the restriction of f on the 

(closed, open, dense, etc.) subset A of the space X and ( ) ( ) ⊆= AfAg  

.YB ⊆  A mapping YXf →:  is said to be compact if and only if f is 

perfect. If YXf →:  is a compact 2T -mapping and BAg →:  is a 

submapping of f where B is a closed subset of Y, then g is compact. 

Definition 1.5. For the collection of mappings YXf →αα :  such that 

,Δ∈α  the subspace ∪ Yy yfP ∈ Δ∈α
−
α∏= 1  of the Tychonoff product 

∏ ∏ Δ∈α α= X  is called the fan product of the spaces { }.; Δ∈ααX  

Definition 1.6. For the collection of mappings YXf →αα :  such that 

,Δ∈α  if ∏ αα → Xp :  is the projection of ∏ onto ,αX  then the 

restriction απ  of αp  on P, where P is the fan product of the spaces 

{ },; Δ∈ααX  is called the projection of the fan product onto the factor .αX  

Definition 1.7. Let P be the fan product of the spaces { }.; Δ∈ααX  If 

YPp →:  is defined such that ,; Δ∈απ= ααfp  then p is called the 

projection of the fan product. If { } { }gff ,; =Δ∈αα  such that YXf →:  

and ,: YZg →  then we write ZX gf ×  to denote the fan product of the 

spaces X and Z, and απ  will be denoted by Xπ  or .Zπ  
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Theorem 1.8. For any continuous mapping YXf →:  the following 

conditions are equivalent: 

(1) f is compact. 

(2) For every continuous mapping YZg →:  the projection Zπ  is 

closed. 

(3) If YZg →:  is functionally normal, then the projection Zπ  is 

closed. 

Definition 1.9. A mapping YXf →:  is called paracompact if for 

every Xy ∈  and every open (in X ) cover { }Δ∈α= α ;ˆ UU  of yf 1−  there 

exists ( )yNOy ∈  such that yf 1−  is covered by Û  and ( )UOf y ˆ1 ∧−  has 

an open (in X ) y-locally finite refinement in .1
yOf −  

Theorem 1.10. (1) Every compact mapping is paracompact. 

(2) Every paracompact Hausdorff mapping is .4T  

(3) Every closed submapping of a paracompact mapping is 
paracompact. 

Theorem 1.11. If YXf →:  is a regular mapping, then the following 

conditions are equivalent: 

(1) f is paracompact and .2T  

(2) For every Yy ∈  and every open (in X ) cover Û  of yf 1−  there 

exists ( )yNOy ∈  such that yf 1−  is covered by Û  and ( )UOf y ˆ1 ∧−  has 

an open (in X )  σ-locally finite refinement V̂  in ;1
yOf −  that is 

∪ ω<= i iVV ,ˆˆ  where iV̂  is locally finite in yOf 1−  for every .ω<i  

Definition 1.12. A mapping YXf →:  is called Lindelöf if f is closed 

and for every Yy ∈  we have yf 1−  is Lindelöf. 
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In [6] Lindelöf mappings are assumed regular. 

Definition 1.13. A mapping YXf →:  is called countably paracompact 

if for every Yy ∈  and every countable open (in X ) cover Û  of yf 1−  there 

exists ( )yNOy ∈   such that yf 1−  is covered by Û  and UOf y ˆ1 ∧−  has 

an open (in X ) y-locally finite refinement in .1
yOf −  

Theorem 1.14. Let YXf →:  be a mapping. Then the following two 

conditions are equivalent: 

(1) f is countably paracompact. 

(2) For every Yy ∈  and every countable open (in X ) cover Û  of yf 1−  

there exists a neighborhood ( )yNOy ∈  such that yOf 1−  is covered by Û  

and UOf y ˆ1 ∧−  has an open (in X ) locally finite refinement in .1
yOf −  

Theorem 1.15. Let YXf →:  be a mapping. Then the following two 

conditions are equivalent: 

(1) f is normal and countably paracompact. 

(2) For every Yy ∈  and every countable open (in X )  cover =Û  

{ }NiUi ∈;  of yf 1−  there exists a neighborhood ( )yNOy ∈  such that 

yOf 1−  is covered by ;Û  furthermore for every ...,2,1=i  there exists 

( ) ( ),yNO yi ∈  where ( ) ,yyi OO ⊆  and there exists a closed ( ( ) )yiOfin 1−  

subset ( ) iyii UOfF ∩1−⊆  such that ∪∞
=

− = 1
1 .i iy FOf  

A fibrewise version of Dowker’s Theorem is introduced in [2]. 

Theorem 1.16 [2]. If 111 : YXf →  and 222 : YXf →  are any two 

mappings such that 212121 : YYXXff ×→××  is closed and →22 : Xf  

2Y  is a compact MT-mapping with at least one infinite fiber, then 
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111 : YXf →  is normal countably paracompact if and only if 21 ff ×  is 

normal. 

2. Properties of Strongly Paracompact Mappings 

Definition 2.1. Let YXf →:  be a mapping. For every Yy ∈  the 

open (in X)  cover { } Δ∈αα= UÛ  of yf 1−  is said to be y-starfinite if for 

every yfx 1−∈  there exists UU ˆ∈α  such that α∈Ux  and the family 

( ) { }Φ≠∈= αββα UUUUUUS ∩;ˆˆ,  is finite. 

Definition 2.2 [3]. A mapping YXf →:  is called strongly paracompact 

if for every Yy ∈  and every open (in X )  cover { } Δ∈αα= UÛ  of yf 1−  

there exists ( )yNOy ∈  such that ∪
Δ∈α

α
− ⊆ UOf y

1  and yOfU 1ˆ −∧  has a 

y-starfinite open (in X ) refinement in .1
yOf −  

Theorem 2.3 [3]. (1) Every strongly paracompact mapping is 
paracompact. 

(2) Every strongly paracomapct Hausdorf mapping is normal. 

Theorem 2.4 [3]. If YXf →:  is a functionally normal mapping, then 

the following conditions are equivalent. 

(1) f is strongly paracompact. 

(2) For every Yy ∈  and every open (in X )  cover { } Δ∈αα= UÛ  of 

yf 1−  there exists ( )yNOy ∈  such that ∪
Δ∈α

α
− ⊆ UOf y

1  and yOfU 1ˆ −∧  

has a y-closed starfinite locally finite refinement in .1
yOf −  

(3) For every Yy ∈  and every open (in X )  cover { } Δ∈αα= UÛ  of 

yf 1−  there exists ( )yNOy ∈  such that ∪
Δ∈α

α
− ⊆ UOf y

1  and yOfU 1ˆ −∧  

has a starcountable y-closed locally finite refinement in .1
yOf −  
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(4) For every Yy ∈  and every open (in X )  cover { } Δ∈αα= UÛ  of 

yf 1−  there exists ( )yNOy ∈  such that ∪
Δ∈α

α
− ⊆ UOf y

1  and yOfU 1ˆ −∧  

has a starcountable open (in X ) refinement in .1
yOf −  

Corollary 2.5. Every Lindelöf functionally normal mapping is strongly 
paracomapct. 

If the fibres of a mapping f are strongly paracompact spaces, then f is not 
necessarily a strongly paracompact mapping, even if f is closed and 
Tychonoff. 

Example 2.6. Let L be the Niemytzki plane and let 1L  be the line .0=y  

Then 1L  is closed in L and so the quotient mapping 1: LLLq →  is closed. 

Since L is Tychonof space, q is Tychonof. And since each fibre of q is 
discrete, the fibres of q are strongly paracompact space. Since there exists 
two closed (in L) subsets 1LA ⊂  and 1LB ⊂  which are not nbd separated, 

we have q is not a prenormal mapping, and so cannot be strongly 
paracompact. 

In the category Top arbitrary disjoint sum of strongly paracompact 
spaces is strongly paracompact. This is true for finite sum in the category 

;YTop  more precisely. 

Theorem 2.7. Let YXf ii →:  be a strongly paracompact mapping for 

every ....,,2,1 ni =  Then �n
i i YXf 1 ,: = →  where �n

i iff 1 ,==  is 

strongly paracompact. 

Proof. Let Yy ∈  and { } Δ∈αα= UÛ  be an open ⎟
⎠
⎞

⎜
⎝
⎛

=�
n
i iX1in  cover 

of .1yf −  For every { }ni ...,,2,1∈  the family { } Δ∈αα= ii XUU ∩ˆ  is an 

open ( )iXin  cover of .1yfi
−  Since for every ,...,,2,1 ni =  if  is strongly 

paracompact, there exists ( )yNOyi ∈  such that ∪ iyi UOf ˆ1 ⊆−  and 
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yiii OfU 1ˆ −∧  has a starfinite open ( )iXin  refinement iV̂  in .1
yii Of −  Set 

∩
n

i
yiy OO

1=
=  and ∪

n

i
iVV

1
.ˆˆ

=
=  Then yOfV 1ˆ −∩  is a starfinite open 

⎟
⎠
⎞

⎜
⎝
⎛

=�
n
i iX1in  refinement of yOfU 1ˆ −∧  in ;1

yOf −  that is f is strongly 

paracompact.  

In the category Top strongly paracompactness is an inverse invariant of 
perfect mappings and it is an invariant of open perfect mappings but it is not 
an invariant of perfect mappings. We will prove the same in the category 

.YTop  

Firstly, consider any perfect mapping YXp →:  such that X is strongly 

paracompact and Y is not strongly paracompact. Let { }aXf →:  and 

{ }aYg →:  such that agyfx ==  for every Xx ∈  and .Yy ∈  It is clear 

that f is strongly paracompact and g is not, and p is a perfect morphism of f 
onto g; hence being strongly paracompact mapping is not an invariant of 
perfect morphisms. 

Theorem 2.8. If ZX →λ :  is an open perfect morphism of a strongly 
paracompact mapping f onto g, where YXf →:  and ,: YZg →  then g 

is strongly paracompact. 

Proof. It is clear that g is closed. Let Yy ∈  and let { } Δ∈αα= VŴ  be an 

open (in Z) cover of .1yg−  Then { } Δ∈αα
−λ= VU 1ˆ  is an open (in X) cover of 

,1yf −  so there exists ( )yNOy ∈  such that ∪
Δ∈α

α
−− λ⊆ VOf y

11  and ∧Û  

yOf 1−  has a starfinite open (in X) refinement in ,1
yOf −  say =∗Ŵ  

{ }.; BV ∈ββ  For every Nn ∈  and every Bn ∈βββ ...,,, 21  set 

( ) ∩ ∪∩ ....,,,
1

1

1
21 ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−λ−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
λ=βββ

=
β

−

=
β

n

i
iy

n

i
in VXOgVU  
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Since λ is open and closed, ( )nU βββ ...,,, 21  is open in Z for every .Nn ∈  

Let ∗∗Ŵ  be the family of all such sets. It is clear that ∗∗Ŵ  is an open 

refinement of .Ŵ  We shall show that ∗∗Ŵ  is a cover of .1yg−  Let 

.11 yfygz −− λ=∈  Then z1−λ  is a compact subset of ,1yf −  so that ∗Ŵ  is 

an open (in X )  cover of ;1z−λ  hence there exists a natural number n such 

that z1−λ  is covered by ,...,,, 21 nVVV βββ  we can assume that iVβ  intersects 

,1z−λ  for every i, so that iVz βλ∈  for every i. Since ∪n
i iVz 1

1 ,= β
− ⊆λ  we 

have ( )∩ ∪∩ ;...,,, 211
1

1 n
n
i iy

n
i i UVXOgVz βββ=⎟

⎠
⎞

⎜
⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ −λ−⎟

⎠
⎞⎜

⎝
⎛ λ∈ = β

−
= β  

which means ∗∗Ŵ  covers .1zg−  Now, we will show that ∗∗Ŵ  is starfinite. 

Let ( ) .ˆ...,,, 21
∗∗∈βββ WU n  For each ni ...,,2,1=  let iΔ  be a finite 

subset of B such that Φ≠ββ iVV ∩  if and only if .iΔ∈β  Set ∪n
i iV1 ;=

∗ =Δ  

it is clear that ∗Δ  is finite: Now, we shall show that ( )nU βββ ...,,, 21  

( )∩ Φ=ααα mU ...,,, 21  for every ( ) ∗∗∈ααα WU m ˆ...,,, 21  such that 

∗Δ∉αs  for some { }....,,2,1 ms ∈  It is clear that if ,sVx α∈  then ( ) ∉λ x  

;1
1 ⎟

⎠
⎞

⎜
⎝
⎛ −λ− = β

− ∪n
i iy VXOg  which implies that ( ) =βββλ α nUV s ...,,, 21∩  

,Φ  so that ( ) sVU m αλ⊆ααα ...,,, 21  and ( ) ( ,,...,,, 2121 ααβββ UU n ∩  

) ,..., Φ=αm  which means; if ( ) ( )∩ ,...,,,...,,, 2121 Φ≠αααβββ mn UU  

then ,...,,, 21
∗Δ∈ααα m  and ∗∗Ŵ  is a starfinite open (in Z) cover of 

.1yg−   

Now, we will show that strongly paracompact mappings are inverse 
invariants of perfect mappings. 

Theorem 2.9. If ZX →λ :  is a perfect morphism of f onto the strongly 
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paracompact mapping g such that YXf →:  and ,: YZg →  then f is 

strongly paracompct. 

Proof. It is clear that f is closed. Let Yy ∈  and { } Δ∈αα= VV̂  be an 

open (in X) cover of .1yf −  Then for each ygz 1−∈  we have z1−λ  is a 

compact subset of yf 1−  covered by .V̂  Since λ is perfect, there exists zU  

(an open subset of Z) such that zU1−λ  is covered by a finite subfamily of .V̂  

Set { }.;ˆ 1ygzUU z
−∈=  Since Û  is an open (in Z) cover of yg 1−  and g is 

strongly paracompact, there exists ( )yNOy ∈  such that yOg 1−  is covered 

by Û  and yOgU 1ˆ −∧  has a starfinite open (in Z) refinement { ;ˆ
β= VV  

}B∈β  in .1
yOg−  The family { }BV ∈βλ β

− ;1  is a starfinite open (in X) 

cover of .1yf −  But for every B∈β  there exists zU  such that β
−∈ Vygz ,1  

is contained in zU  and there exists a finite subset zΔ  of Δ such that zU  is 

contained in { }∪ .; zV Δ∈αα  Let { }.;ˆ 1
zVVV Δ∈αλ= β

−
αβ ∩  Then  

{ }∪ BVV ∈β= β
∗∗ ,ˆˆ  is a starfinite open (in X) refinement of yOfV 1ˆ −∧  in 

.1
yOf −  And this completes the proof.  

Theorem 2.10. If YXf →:  is a perfect mapping and YZg →:  is a 

strongly paracompact mapping, then ( ) ( ) YZXPgfp gf →×=×= :  is 

strongly paracompact. 

Proof. The projection mapping ZZX gfZ →×Π :  is a perfect 

morphism of p onto g. If g is a strongly paracompact mapping, then, by the 
previous theorem, p is a strongly paracompact mapping.  

Next, we will show that strongly paracompact mappings and 
paracompact mappings are equivalent within the realm of locally compact 
mappings. 
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Theorem 2.11. If YXf →:  is a regular locally compact mapping, 

then the following two conditions are equivalent: 

(1) f is strongly paracomapct. 

(2) f is paracompact. 

Proof. (1) → (2) is obvious!  

(2) → (1) Let { } Δ∈αα= UÛ  be an open (in X )  cover of .1yf −  For 

every yfx 1−∈  there exists an open (in X )  neighborhood xW  of x and 

( ) ( )yNO xy ∈  such that [ ]
( )

⊆−
xyOfxW 1 ( ) yx OfU 1−

α ∩  for some ( )xα  

Δ∈  and the restriction [ ] ( ( ) )xyOfxx Wf 1: − Y→  of f is a compact mapping. 

Let { }.;ˆ 1yfxWW x
−∈=  Then Ŵ is an open cover of yf 1−  and since f is 

paracompact, there exists ( )yNOy ∈  such that ∪WOf y ˆ1 ⊆−  and 

yOfW 1ˆ −∧  has a locally finite open (in X )  refinement V̂  in .1
yOf −  For 

every yfx 1−∈  let ( ) ( ).xyyxy OOO ∩=∗  Now, for every VV ˆ∈  there 

exists yfx 1−∈  such that ,1
yx OfWV −⊆ ∩  so that [ ]

( )
⊆∗−

xyOfV 1  

( ) .1
yx OfU −

α ∩  Since [ ]
( )

YWf
xyOfxx →−1:  is compact and ( ) ⊆

∗
xyO  

( ),xyO  we have the restriction [ ]
( )

YVf
xyOfV →∗−1:  of f is compact. For 

every yft V
1−∈  there exists an open (in X )  neighborhood tH  of t such that 

tH  intersects finitely many elements of ,V̂  so that the family 

{ [ ]
( )

}yftVHH VOftV xy
1;ˆ 1 −∈= ∗−∩  is an open ( [ ]

( )
)∗−

xyOfV 1in  cover of 

.1yfV
−  Since Vf  is compact, there exists ( )yNOV ∈  such that VOf 1−  is 

contained in finitely many elements of .ˆVH  Let ∩VV =∗  VOf 1−  and 

{ }.ˆ;ˆ VVVV ∈= ∗∗  Then ∗V̂  is a refinement of .Û  But every element of 
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∗V̂  is contained in finitely many elements of Ĥ  and every element of Ĥ  

intersects finitely many elements of ,V̂  so that every element of ∗V̂  

intersects finitely many elements of ∗V̂  i.e. ∗V̂  is a starfinite open (in X )  

cover of .1yf −  Since f is closed, there exists ( )yNOy ∈∗  such that 

∪ ;ˆ1 ∗∗− ⊆ VOf y  hence ∗∗− ∧ VOf y ˆ1  is a starfinite open (in X) refinement 

of UOf y ˆ1 ∧∗−  in .1 ∗−
yOf  This completes the proof.   

We know that every paracompact locally compact space is a disjoint 
union of Lindelöf closed and open subsets. The following theorem shows the 
corresponding statement in the category YTop  is true. 

Theorem 2.12. If YXf →:  is a paracomapct locally compact 

mapping, then there exists ( )yNOy ∈  such that ∪ Tt iy COf ∈
− = ,1  where 

{ } TttC ∈  is a family of pairwise disjoint closed and open subsets of ,1
yOf −  

and for every Tt ∈  the restriction YCf tt →:  of f on tC  is Lindelöf. 

Proof. Since f is locally compact and paracompact, f is strongly 
paracompact (by the previous theorem). For every Xx ∈  there exists an 
open (in X )  neighborhood xW  of x and ( ) ( )yNO xy ∈  such that the 

restriction [ ]
( )

YWf
xyOfxx →−1:  of f is compact. Let { }.;ˆ XxWW x ∈=  

Then Ŵ  is an open cover of ,1yf −  so that there exists ( )yNOy ∈  such that 

∪WOf y ˆ1 ⊆−  and yOfW 1ˆ −∧  has a starfinite open (in X )  refinement V̂  

in .1
yOf −  We can write ∪ Tt tVV ∈= ˆˆ  such that { }TtVt ∈;ˆ  is the set of all 

components of V̂  and for every Tt ∈  we have { }NiVV itt ∈= ;ˆ ,  such that 

itV ,  is an open subset of X for every Ni ∈  and .Tt ∈  Let ∪ Ni itt VC ∈= .,  

Then tC  is a closed and open subset of yOf 1−  and the family { } TttC ∈  is a 

cover of yOf 1−  consisting of closed and open pairwise disjoint subsets of X. 
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To complete the proof it suffices to show that for every Tt ∈  the restriction 
YCf tt →:  of f on tC  is Lindelöf. It is clear that tf  is paracompact. Since 

tC  is a closed subset of ,1
yOf −  we have [ ] == −

yOftt CC 1  

[ ]∪∪ Ni Ofit
OfNi it y

y
VV ∈∈

−
−

=⎥⎦
⎤

⎢⎣
⎡ .1

1 ,,  For every Ni ∈  let :, itf  

[ ]
( )

YV
xyOfit →−1,  be the restriction of f on [ ]

( )
.1, xyOfitV −  For every Ni ∈  

there exists Xx ∈  such that ;, xit WV ⊆  which implies that  [ ]
( )xyOfitV 1, −  

[ ]
( )

,1
xyOfxW −⊆  and since [ ] ( ( ) ) YWf

xyOfxx →−1:  is a compact mapping 

for every ,Xx ∈  we have itf ,  is compact. Let Û  be an open cover of 

.1yft
−  Then Û  is an open cover of yf it

1
,
−  for every .Ni ∈  Since itf ,  is 

compact, there exists ( )yNOi ∈  such that ∪ ,ˆ1
, iiit UOf ⊆−  where iÛ  is a 

finite subfamily of .Û  It is clear that { }∪ NiUV i ∈= ;ˆˆ  is a countable 

subfamily of Û  and covers .1yft
−  Finally, since tf  is closed, there exists 

( )yNOy ∈∗  such that ∪ ;ˆ1 VOf yt ⊆∗−  which means tf  is Lindelöf. And this 

completes the proof. 
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