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Abstract

In this paper, we continue our study of strongly paracompact
mappings, see [2]. More properties of strongly paracompact mappings
are obtained. It is proved that paracompact locally compact regular
mappings are strongly paracompact. And every paracompact locally
compact mapping is a disjoint union of closed and open Lindelof

mappings.
1. Preliminaries

Definitions and theorems mentioned in this section can be found in [1, 3,

6, 8], for more details one can consult them.

Unless otherwise stated, Y is a fixed topological space with topology T,
collection of all neighborhoods (nbd(s)) of y € Y is denoted by N(y). If
f:X > Y is amapping and 4 € X and B c X, then [4]; means the
closure of 4 in B. For continuous mappings f : X - Y and g:Z —> Y, a
continuous mapping A : X — Z such that /' = g\ is called a morphism of f

into g and is denoted by A : f — g. A is called surjective, closed, perfect

Received: January 20, 2018; Accepted: April 29, 2018
2010 Mathematics Subject Classification: Primary 54C05, 54C99; Secondary 55R70, 54C10,
54B30.

Keywords and phrases: fiberwise, mapping, paracompact, perfect, strongly paracompact.



296 Murad Arar

surjective, closed, perfect etc., respectively. Open covers will be denoted by

Definition 1.1. A mapping f : X — Y is called a T;-mapping, i =0,
1, 2, if for every x, x* € f -1 y such that x # x* the following conditions

are, respectively, satisfied:

(1) i =0: At least one of the points x and x* has a nbd in X not

containing the other point.

(2) i = 1: Each of the points x and x” has a nbd in X not containing the

other point.
(3) i = 2: The points x and x* have disjoint nbds in X.
Definition 1.2. If 4 and B are subsets of X, then we say that 4 and B are
(1) nbd separated in U < X,
(2) functionally separated in U < X,
if, respectively, the sets A(Y1U and B\ U,
(1) have disjoint nbds in U.
(2) there exists a continuous function f :U —> [0, 1] such that A
Uc f7'0)and BNU c £71(1).

Definition 1.3. A mapping f : X — Y is said to be completely regular
(regular) if for every x € X and every closed set /' in X such that x ¢ F
there exists a neighborhood O € N(fx) such that {x} and F are functionally

separated (nbd separated) in f “lo.

A completely regular (regular) 7 -mapping is called a Tychonoff or T NE
2

mapping (regular or T5 -mapping).
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Definition 1.4. A mapping f : X — Y is called functionally prenormal
(prenormal) if for every y € Y and every disjoint closed (in X') sets F'and H
there exists a neighborhood O of y such that F and H are functionally

separated (nbd separated) in f “1o. If for every open subset O of Y the

mapping f| o o f 1050 is functionally prenormal (prenormal), then f

is called functionally normal (normal). A normal T3-mapping is called
Ty -mapping.

A mapping g: A4 —> B is said to be a (closed, open, dense, etc.)
submapping of the mapping f : X — Y if g is the restriction of f on the
(closed, open, dense, etc.) subset 4 of the space X and g(4) = f(4) <
Bc Y. A mapping f:X — Y is said to be compact if and only if f is
perfect. If f:X — Y is a compact 7,-mapping and g: 4 > B is a
submapping of f where B is a closed subset of Y, then g is compact.

Definition 1.5. For the collection of mappings f, : X, — Y such that

o € A, the subspace P = Uer Hae A Jfo ! y of the Tychonoff product

I1= HaeA X, is called the fan product of the spaces {X; o € A}.

Definition 1.6. For the collection of mappings f, : X, — Y such that
aeA, if p,:[[> Xq is the projection of [] onto X, then the
restriction m, of p, on P, where P is the fan product of the spaces

{X,; a € A}, is called the projection of the fan product onto the factor X .

Definition 1.7. Let P be the fan product of the spaces {X; a € A}. If
p: P —Y is defined such that p = f n,; a € A, then p is called the
projection of the fan product. If {f,; o € A} ={f, g} suchthat f: X - Y
and g:Z — Y, then we write X s x ,Z to denote the fan product of the

spaces X and Z, and ©,, will be denoted by my or ;.
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Theorem 1.8. For any continuous mapping f : X — Y the following

conditions are equivalent:
(1) fis compact.

(2) For every continuous mapping g :Z — Y the projection my is

closed.

3) If g:Z > Y is functionally normal, then the projection mw; is

closed.

Definition 1.9. A mapping f : X —» Y is called paracompact if for
every y € X and every open (in X) cover U = {Uy; a. € A} of £y there
exists O,, € N(y) such that £~y is covered by U and (f_lOy AU) has

an open (in X') y-locally finite refinement in f _IOy.

Theorem 1.10. (1) Every compact mapping is paracompact.

(2) Every paracompact Hausdorff mapping is Tj.

(3) Every closed submapping of a paracompact mapping is

paracompact.

Theorem 1.11. If [ : X — Y is a regular mapping, then the following

conditions are equivalent.

(1) f'is paracompact and T.

(2) For every y € Y and every open (in X) cover U of f -1 y there
exists O, € N(y) such that £~y is covered by U and (f_IOy AU) has
an open (in X) o-locally finite refinement vV in f_IOy; that is
V= Ui<col}i where I}l is locally finite in f_IOy for every i < .

Definition 1.12. A mapping f : X — ¥ is called Lindeldf if f'is closed

and for every y € Y we have f -l y is Lindelof.
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In [6] Lindel6f mappings are assumed regular.

Definition 1.13. A mapping f: X — 7Y is called countably paracompact
if for every y € Y and every countable open (in X ) cover U of I -l y there
exists O, € N(y) such that £~y is covered by U and f_lOy AU has
an open (in X') y-locally finite refinement in f _1Oy.

Theorem 1.14. Let f: X — Y be a mapping. Then the following two
conditions are equivalent:

(1) fis countably paracompact.

(2) For every y € Y and every countable open (in X ) cover U of [ -1 y
there exists a neighborhood O,, € N(y) such that f _1Oy is covered by U
and f_lOy AU has an open (in X ) locally finite refinement in f_lOy.

Theorem 1.15. Let f: X — Y be a mapping. Then the following two

conditions are equivalent:

(1) fis normal and countably paracompact.

(2) For every y €Y and every countable open (in X) cover U=
{U;j;ie N} of £~y there exists a neighborhood 0, € N(y) such that
f _IOy is covered by U; furthermore for every i =1,2, .. there exists

Oj(y) € N(»), where Oy, < Oy, and there exists a closed (in f_lOi(y))
subset F; < f_IOZ-(y) N U; such that f_lOy = UTO:IF,

A fibrewise version of Dowker’s Theorem is introduced in [2].

Theorem 1.16 [2]. If f1:X; > 1] and [, : Xy > Y, are any two
mappings such that fi x f> : X1 x Xy = Y} xY, is closed and f5 : X, —
Y, is a compact MT-mapping with at least one infinite fiber, then
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fi: Xy > 1] is normal countably paracompact if and only if fi x f5 is

normal.

2. Properties of Strongly Paracompact Mappings

Definition 2.1. Let f: X — Y be a mapping. For every y e Y the
open (in X) cover U = {U, Yoen Of £~y is said to be y-starfinite if for
every x € f -l v there exists U, € U such that x e U, and the family
Sy, U)={Upy € U; Uy NU,, # ®} is finite.

Definition 2.2 [3]. A mapping f : X — Y is called strongly paracompact
if for every y € Y and every open (in X) cover U = Uolgen of 1y

there exists O, € N(y) such that f_10y c UU(X and U /\f_lOy has a

aeA

y-starfinite open (in X ') refinement in f _1Oy.

Theorem 2.3 [3]. (1) Every strongly paracompact mapping is

paracompact.
(2) Every strongly paracomapct Hausdorf mapping is normal.

Theorem 2.4 [3]. If [ : X — Y is a functionally normal mapping, then

the following conditions are equivalent.

(1) fis strongly paracompact.
(2) For every y €Y and every open (in X) cover U = {U, Yoen O
£y there exists 0, € N(y) such that f_lOy c UUa and U A f_IOy

aeA

has a y-closed starfinite locally finite refinement in f_IOy.
(3) For every y €Y and every open (in X) cover U = Uatger of
£y there exists 0, € N(y) such that f_lOy c UUa and U A f_IOy

aeA

has a starcountable y-closed locally finite refinement in f _lOy.
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(4) For every y €Y and every open (in X) cover U = Uolgen o
£y there exists 0, € N(y) such that f_lOy c UUa and U A f_lOy

aeA

has a starcountable open (in X ) refinement in [ _1Oy.

Corollary 2.5. Every Lindelof functionally normal mapping is strongly

paracomapct.

If the fibres of a mapping f are strongly paracompact spaces, then f'is not
necessarily a strongly paracompact mapping, even if f is closed and
Tychonoff.

Example 2.6. Let L be the Niemytzki plane and let Z; be the line y = 0.
Then L is closed in L and so the quotient mapping ¢ : L — L/L; is closed.

Since L is Tychonof space, ¢ is Tychonof. And since each fibre of g is
discrete, the fibres of ¢ are strongly paracompact space. Since there exists

two closed (in L) subsets 4 — L; and B — L; which are not nbd separated,

we have ¢ is not a prenormal mapping, and so cannot be strongly
paracompact.

In the category Top arbitrary disjoint sum of strongly paracompact
spaces is strongly paracompact. This is true for finite sum in the category

Topy; more precisely.
Theorem 2.7. Let f; : X; — Y be a strongly paracompact mapping for

every i=1,2,...,n Then f: H,ilXi - Y, where f = H:;lfi, is

strongly paracompact.
Proof. Let y € Y and U = {Uq}gen be an open (in H7:1 Xi) cover

of /71y, For every i e{l,2, .., n} the family U, = {Uy N Xityen is an
open (in X;) cover of fl-_ly. Since for every i =1, 2, ..., n, f; is strongly

paracompact, there exists O,; € N(y) such that f _lOyi c U(}, and
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U; A fi_lOyl- has a starfinite open (in X;) refinement I}, in fl-_lOyi. Set

0. =

y )

yi

—

n
and V:UVi. Then Vﬂf_IOy is a starfinite open
1 i=1

1
(inH?_l Xi) refinement of U /\f_lOy in f_lOy; that is f is strongly

paracompact. ]

In the category Top strongly paracompactness is an inverse invariant of
perfect mappings and it is an invariant of open perfect mappings but it is not

an invariant of perfect mappings. We will prove the same in the category
Topy.

Firstly, consider any perfect mapping p : X — Y such that X is strongly
paracompact and Y is not strongly paracompact. Let f : X — {a} and
g:Y — {a} such that fx = gy = a forevery x € X and y €Y. Itis clear

that f'is strongly paracompact and g is not, and p is a perfect morphism of f
onto g; hence being strongly paracompact mapping is not an invariant of
perfect morphisms.

Theorem 2.8. If A : X — Z is an open perfect morphism of a strongly
paracompact mapping f onto g, where f: X — Y and g:Z —> Y, then g

is strongly paracompact.

Proof. It is clear that g is closed. Let y € Y and let W = {V;,} _, bean

aeA
open (in Z) cover of g_1 y. Then U= {k_lVa Joen 1 an open (in X) cover of

£y, so there exists 0, € N(y) such that f_lOy - UX_IVQ and U A

aeA
f _lOy has a starfinite open (in X) refinement in f 1o , say W =

{V3; B € B}. Forevery n e N and every By, By, ..., B, € B set

UBL, By, o Byy) = [ﬂ M/B,-J ﬂ(g_l()y - 7{){ - UVBZ-D.
=1 i=l
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Since A is open and closed, U(By, By, ..., B,,) is open in Z for every n € N.

Let W** be the family of all such sets. It is clear that W** is an open

refinement of W. We shall show that W™ is a cover of g_ly. Let
z € g_ly = Kf_ly. Then A7z isa compact subset of f_ly, so that W™ is
an open (in X) cover of k_lz; hence there exists a natural number # such

that 171z is covered by Vg1, Vg2, - Vpu» We can assume that Vg; intersects

k_lz, for every i, so that z € XVB,- for every i. Since ALz - U:lzl Vﬁ,-, we

have ze (ﬂ;’zlwﬁijﬂ(g—loy - x(X -U, VBiD = U(By, By, s Bn);
which means W™ covers g_lz. Now, we will show that #W** is starfinite.
Let UBy, By, s B,) € W™™. For each i=1,2,..,n let A; be a finite
subset of B such that Vg N Vgi # @ ifand only if B € A;. Set A = U?ZIVZ-;
it is clear that A" is finite: Now, we shall show that U(B, By, ..., B,)
ﬂU(al, Ay, ey 0y ) = @ for every Uloy, g, ... Oy ) € W** such that

o, ¢ A" for some s € {1, 2, ..., m}. It is clear that if x € Va,» then M(x) &

g_lOy - ?{X - U?;l Vﬁij; which implies that AV, N U(By, B2, ... By) =
@, so that U(ay, oy, .., ap) S AV, and U(By, o, s By) NU(y, 0y,
vy 0L,y ) = @, which means; if U(By, By, .- Bn)ﬂ U(ay, g,y vy Oy ) # D,
then oy, 0y, ..., 0, € A, and W™ is a starfinite open (in Z) cover of
g 'y m

Now, we will show that strongly paracompact mappings are inverse

invariants of perfect mappings.

Theorem 2.9. If A : X — Z is a perfect morphism of f onto the strongly
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paracompact mapping g such that f: X —> Y and g:Z — Y, then fis

strongly paracompct.

Proof. It is clear that f is closed. Let y € ¥ and V = {V/, Joen DEan
open (in X) cover of f_ly. Then for each z e g_ly we have A7z is a
compact subset of f -l y covered by V. Since A is perfect, there exists U,
(an open subset of Z) such that rlu . 1s covered by a finite subfamily of V.
Set U={U,;ze g 'y}, Since U is an open (in Z) cover of g~'y and g is
strongly paracompact, there exists O, € N (y) such that g_10y is covered
by U and U A g_lOy has a starfinite open (in Z) refinement V= {VB;
B e B} in g_lOy. The family {k_lVB; B € B} is a starfinite open (in X)
cover of f -1 ». But for every B € B there exists U, such that z € g_1 », Vg
is contained in U, and there exists a finite subset A, of A such that U, is
contained in | J{Vy; €A} Let I}B ={, N X_IVB; aeA,}. Then
8 U {I}ﬁ’ B € B} is a starfinite open (in X) refinement of ¥ A f_lOy in

f _IOy. And this completes the proof. 0

Theorem 2.10. If ' : X — Y is a perfect mappingand g : Z —> Y isa
strongly paracompact mapping, then p(=fxg): P(=Xx 4Z) > Y s
strongly paracompact.

Proof. The projection mapping Iy : X, x, Z - Z is a perfect
morphism of p onto g. If g is a strongly paracompact mapping, then, by the

previous theorem, p is a strongly paracompact mapping. ]

Next, we will show that strongly paracompact mappings and
paracompact mappings are equivalent within the realm of locally compact
mappings.
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Theorem 2.11. If f: X — Y is a regular locally compact mapping,

then the following two conditions are equivalent:
(1) fis strongly paracomapct.
(2) fis paracompact.

Proof. (1) — (2) is obvious!

(2) > (1) Let U = {Uq}yen be an open (in X) cover of £y, For

every x € f -1 v there exists an open (in X) neighborhood W, of x and
-1
Oy(x) € N(») such that [Wx]f—loy(x) C Uyx) NS0, for some a(x)

€ A and the restriction f, : [W, ]f—l(o ) — Y of fis a compact mapping.
X

Let W ={W,; x e #7135}, Then W is an open cover of f~'y and since fis
paracompact, there exists O, € N(y) such that f _1Oy < W and
WA f _IOy has a locally finite open (in X)) refinement V in f _1Oy. For
every x € f_ly let 0;(x) =0, N Oy(x)- Now, for every V e V there

exists x e f_ly such that V < W, ﬂf_lOy, so that [V]f’lo;(x) c

Us(x) ﬂf_IOy. Since £, :[Wx]f*lOy(X — Y is compact and O;(x) c

)
Oy(x)» We have the restriction fj : [V'] 0% ™ Y of fis compact. For

every t € fy ! y there exists an open (in X') neighborhood H, of ¢ such that
H, intersects finitely many elements of V, so that the family
Hy =1{H,N [V]f—lo;(x); te fi'y} is an open (in [V]f_lO;(x)) cover of
fr 1), Since fy is compact, there exists Oy € N(y) such that f _IOV is
contained in finitely many elements of H y. Let Vi=vn f _IOV and

V*={y*; ¥ eV}. Then V* is a refinement of U. But every element of
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V* is contained in finitely many elements of H and every element of H
intersects finitely many elements of V, so that every element of v
intersects finitely many elements of V* ie. V" is a starfinite open (in X)
cover of f _ly. Since f is closed, there exists O; € N(y) such that
f _10; c U V*, hence f _10; A V™ is a starfinite open (in X) refinement
of f_lO; AU in f_lO;. This completes the proof. ]

We know that every paracompact locally compact space is a disjoint

union of Lindeldf closed and open subsets. The following theorem shows the

corresponding statement in the category Topy is true.
Theorem 2.12. If f:X — Y is a paracomapct locally compact
mapping, then there exists O,, € N(y) such that f_10y = UteT C;, where

{Ct}t o7 s a family of pairwise disjoint closed and open subsets of f _lOy,

and for every t € T the restriction f, : C; > Y of fon C, is Lindeldf.

Proof. Since f is locally compact and paracompact, f is strongly
paracompact (by the previous theorem). For every x € X there exists an

open (in X) neighborhood W, of x and O, € N(y) such that the

restriction f : [Wx]f‘lo o Y of fis compact. Let W = {W,; x € X}.
. y(x

)
Then W isan open cover of f -1 ¥, so that there exists O, € N (») such that
f _IOy c U W and W A f _IOy has a starfinite open (in X') refinement 14
in f_lOy. We can write V = UteTI}t such that {V,; ¢ € T} is the set of all
components of ¥ and for every ¢ € T we have V, = {V;.i> 1 € N} such that

V;,i 1s an open subset of X for every i e N and 1 € T. Let C; = UieNVf i

s

Then C; is a closed and open subset of f_lOy and the family {C,},_, is a

cover of f _lOy consisting of closed and open pairwise disjoint subsets of X.
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To complete the proof it suffices to show that for every ¢ € T the restriction

f; : C; => Y of fon C, is Lindel6f. It is clear that f; is paracompact. Since

c, i losed subset of f~lO., h c =[Cl-1, =
t 1S a ClOS¢E SUDSEC (0] f y w¢E ave t [l]f Oy

[UieNV’a’}f_lo :UieN[Vf>i]f_10y' For every ieN let f;:
y

[Vt,i]f‘loy(x) — Y Dbe the restriction of fon [Vt,i]f‘loy . Forevery i e N

(x)

there exists x € X such that V; ; < W,; which implies that [V} ;] 1, )
: . (x

C [Wx] f‘loy )’ and since f, : [Wx]f—l(oy ) — Y is a compact mapping
for every x € X, we have f;; is compact. Let U be an open cover of
ft_ly. Then U is an open cover of ft’_ily for every i € N. Since f;; is
compact, there exists O; € N(y) such that ft,_}Oi c UUi, where U, is a
finite subfamily of U. It is clear that ¥ = U{U ;s i€ N} is a countable

subfamily of U and covers ft_1 ». Finally, since f; is closed, there exists

O; € N(y) such that ft_lO; c UI}, which means f; is Lindel6f. And this

completes the proof.
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