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Abstract 

Using the Grifone formalism of the connection Γ [8] and the notations 
of Frölicher-Nijenhuis [4], for a Finsler manifold we establish that 
there exists a tensor W invariant under the projective transformation 
and that the curvature R of the homogenous Grifone-Ehersmann 
connection [ ]SJ ,=Γ  can be written as ,CJR ⊗π+∧ω=  if and 

only if the tensor W vanishes, where ω and π are semi-basic forms, J is 
the vertical endomorphism and C is the Liouville vector field. 

0. Introduction 

In this work we use the terminology and the notations of Frölicher-
Nijenhuis [4] and the results given by Grifone [8]. In fact the terminology of 
Frölicher-Nijenhuis [1, 4] is efficient in the calculus of derivation and 
bracket of differential vectorial form. ( )EM ,  is a Finsler manifold where M 

is a differential manifold of dimension n, R→TME :  is a homogenous 
Lagrangian function of degree 2 [8], and the rank of E is 2n at every point of 
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TM such that ( ) ,00 =E  ∞C  on { }0\TM  and 1C  at the section 0. The 

canonical spray S defined by dEEddi JS −=  is homogenous of degree 2 [8, 

9]. The integral curve of S is a solution of the Euler-Lagrange equation 

.0=
∂

∂−⎟
⎠
⎞

⎜
⎝
⎛
∂

∂
ii x

E
x
E

dt
d  The projective transformation of partial differential 

equation has been studied in [10]. But in this paper, we define the projective 
transformation in the Grifone terminology, by the vertical translation of the 
spray S, how it defines the differential equation. The projective transformation 
is CS λ+ , where λ is a homogenous function of degree 1 and C is the 
vertical canonical vector field. With this canonical spray, we associate a 
homogenous Grifone-Ehersmann connection [ ]SJ ,=Γ , where J is the 

almost tangent structure on M. The geodesics of Γ are the integral curves of 
the spray S. After introducing the notion of the derivation of the differential 
form and studying necessary relations between the inner product, the exterior 
derivation and the bracket of derivations, we provide: 

(1) An extension of the notation of a trace to a semi-basic vectorial form. 

(2) The relation between the curvature R of the connection [ ]SJ ,  and 

the new curvature ∗R  of the new connection [ ]CSJ λ+=Γ∗ ,  obtained 

under a projective transformation. 

(3) The existence of a tensor field W invariant under the projective 
transformation. 

(4) The proof that the tensor W vanishes if and only if the curvature R is 
written as ,CJR ⊗π+∧ω=  where ω and π are semi-basic forms, 

0=ωJXi  and ,0=πJXi  and ω (resp. π) is a 1 (resp. 2) scalar tensor field on 

TM. 
1. Derivations 

Let M be a manifold of dimension n. We denote by ( )MΛ  the graduate 

algebra of the skew-symmetric differential forms on M. 
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Definition 1.0.1. A mapping ( ) ( )MMD Λ→Λ:  is called derivation of 

degree r of ( ),MΛ  if: 

  (i) ( ( )) ( );MMD rpp +Λ⊂Λ  

 (ii) ( ) ( ) ( ) ( );;, 212121 ω+ω=ω+ωΛ∈ωω∀ DDDMp  

(iii) ;0=∈∀ Dkk R  

(iv) ( ) ( );, MM rp Λ∈βΛ∈α∀  

( ) ( ) ( ) ( ).1 β∧α−+β∧α=β∧α DDD pr  

The bracket of two derivations 1D  and 2D  of degrees 1r  and 2r  is a 

derivation of degree 21 rr +  on ( )MΛ  given by: [ ] −= 2121, DDDD  

( ) .1 1221 DDrr−  The Jacobi identity is 

( ) [ ][ ] ( ) [ ][ ] ( ) [ ][ ] .0,,1,,1,,1 213132321 231231 =−+−+− DDDDDDDDD rrrrrr  

D is completely defined by the action on ( )M0Λ  and ( )M1Λ  only. Every 

derivation of degree 2−≤r  vanishes. 

1.1. Exterior differentiation 

Definition 1.1.1. The exterior differentiation is a derivation d of degree 1 

such that for every ( )MpΛ∈ω , 

( ) ( ) ( )∑
+

=
+

+
+ ω−=ω

1

1
11

1
11 ...,,ˆ...,,.1...,,

p

i
pii

i
p XXXXXXd  

( ) ([ ] )∑
<

+
+ ω−+

ji
pjiji

ji XXXXXX 11 ...,,ˆ...,,ˆ...,,,,1  

If ,0=p  then ( ) .. fXXdf =  

Note that 0=dd  and [ ] .0, =dd  
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1.2. Inner product 

Definition 1.2.1. Let MTMT m
q

m
p ∧∈β∧∈α ,  and ( ).ML ∨∈  Then 

the exterior product of two scalar forms α and β is the qp + -exterior form 

β∧α  defined by 

( )qpXX +β∧α ...,,1  

( ) ( ( ) ( ) ) ( ( ) ( ) )∑
σ

+σ+σσσ βασε= ....,,...,,
!!

1
11 qppp XXXX

qp
 

We generalize this operation to mixed product: 

( )+∧α pXXL ...,,1  

( ) ( ( ) ( ) ) ( ( ) ( ) )∑
σ

+σ+σσσασε= ....,,...,,!!
1

11 ppp XXLXXp  

Definition 1.2.2. The inner product Li  of differential form with respect 

to the -vectorial form L is a derivation of degree 1−  defined by: 

 (i) ( ) ( ) ,00 =Λ∈∀ fiMf L  

(ii) ( ) ( ) LiM L
p ∧ω=ωΛ∈ω∀  where 

( ) ( )11 ...,, −+∧ω pXXL  

( )
( ) ( ( ( ) ( ) ) ( ) ( ) )∑

σ
−+σ+σσσωσε

−
= ,...,,,...,,

!!1
1: 111 pXXXXL

p
 

where σ belongs to the set of permutations of 1−+p  elements. 

There exists an extension of the inner product defined above to the q-
vectorial form Q. In fact, ( ) LQQiL ∧=  and ( ) ( ) =∧ −+ :...,, 11 qXXLQ  

( )
( ) ( ( ( ) ( ) ) ( ) ( ) )∑

σ
−+σ+σσσσε

−
....,,,...,,

!!1
1

111 qp XXXXLQ
q
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If ,0=q  then .0=∧ LQ  

Note that [ ] ( )( ) ( ) .1, 11
LP

p
PLPL iiiiii −−−−=  

Proposition 1.2.1. The form D∧ω  is a derivation of degree equal to 
the sum of the degree of the scalar form ω and the degree of the derivation 

LL iiD ∧ω=∧ω:  [1], Li ∧ω  and Li∧ω  are inner products. If α is a 1-

scalar form, then =α∧ω Li  ( ) ( ) .α∧ω=α∧ω=∧ωα LiLL  

Proposition 1.2.2. If L and P are, respectively,  and p vectorial forms, 
then [2, 3], 

[ ] ( )( ) ( ) ( )( ) ( ) .11, 1111
Li

p
PiPL

p
LPPL PL iiiiii −−

∧
−−

∧ −−=−−=  

If ,0=  we have [ ] PiXPPX Xiiii == ∧,  [1]. 

In fact if α is a 1-scalar form, then 

( ) ( ) ( ) .α=∧α=∧α=α=α ∧LPLPL iLPLPPiii  

1.3. Lie derivation 

The Lie derivation with respect to a -vectorial form L is a derivation 

Ld  of ( )MΛ  defined by [ ]., did LL =  Remark that [ ] ,0, =ddL  and if 

,0=Ld  then .0=L  In fact if ( )MCf ∞∈∀  ,0=fdL  then f∀  

.00 =⇒= LLdf  

Proposition 1.3.1. If ω is a p-scalar form and L is a -vectorial form, 
then 

( )( ) .1 L
p

LL iddd ∧ω−+∧ω= +
∧ω  

Proof. Ld ∧ω  and Ld∧ω  are derivations of the same degree. 

( ) ( )dfiLdfdfifd LLL ∧ω=∧ω== ∧ω∧ω  

( )( ) ( )( ) .11 1 fidfdfidfd L
p

LL
p

L ∧ω−+∧ω=∧ω−−∧ω= +−+  
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( )( ) α−−α=α ∧ω
−+

∧ω∧ω L
p

LL didid 11  

( )( ) ( )( )α∧ω−−α∧ω= −+
L

p
L iddi 11  

( )( )( ( ) )α∧ω−+α∧ω−−α∧ω= −+
L

p
L

p
L diiddi 11 1  

( )( )( ).1 α∧ω−+α∧ω= +
L

p
L idd  

1.4. Derivations of type ∗i  

Definition 1.4.1. A derivation D of ( )M∧  is called of type ∗i  if 

( ) .0, =∈∀ ∞ DfMCf  

Theorem 1.4.1. If D is a derivation of type ∗i  of degree ( ),1−  then 

there exists a unique -vectorial form L such that ,DiL =  ([4] and [1]). 

Proof. In fact, ( ),1 MΛ∈ω∀  we define L by 

( ) ( ) ( ) ( )....,,...,,,...,, 111 XXDXXLXXL ω=ω=ω  

Proposition 1.4.1. The bracket of two derivations of type ∗i  is a 

derivation of type ∗i  [4, 1]. 

In fact, if 1D  and 2D  are two derivations of type ,∗i  then for a function f 

on M, we have [ ] .0, 21 =⋅ fDD  

1.5. Derivation of type ∗d  

Definition 1.5.1. A derivation of type ∗d  is a derivation D of ( )M∧  

such that [ ] .0, =dD  

Proposition 1.5.1. A derivation [ ]did LL ,:=  is of type ∗d  where L is a 

-vectorial form ([4]). 

In fact, [ ] ( ) ( ) ddiddiddiddidd LLLLL 11, 1 −=−−== −  and =Ldd  

,ddiL  imply ( ) LL dddd 1−=  and hence [ ] .0, =ddL  
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Proposition 1.5.2. The bracket of two derivations of type ∗d  is a 

derivation of type ∗d  ([4]). 

In fact, if 1D  and 2D  are two derivations of type ,∗d  then 

( ) [ ][ ] ( ) [ ][ ] ( ) [ ][ ] .0,,1,,1,,1 122121 2112 =−−−−=− DdDdDDDDd rrrr  

Theorem 1.5.1. If D is a derivation of degree  of type ,∗d  then there 

exists a unique -vectorial form L such that LdD =  [4, 1]. 

In fact, L is defined by LdfDf =  for any ( ).0 Mf Λ∈  

Theorem 1.5.2. Every derivation D of ( )M∧  of degree  is a unique 

sum of two derivations where the first is of type ∗i  and the second is of type 

∗d  [4, 1]. 

There exists  vectorial form L such that for any function f on M, we 
have .fdDf L=  Since LdD −  is a derivation of type ,∗i  there exists a 1+  

vectorial form P such that .PL idD =−  Therefore, .PL idD +=  

2. Frölicher-Nijenhuis and Nijenhuis-Richardson Bracket [1] 

2.1. Frölicher-Nijenhuis bracket 

Definition 2.1.1. The Frölicher-Nijenhuis bracket [ ]PL,  of two 

vectorial forms ( )ML ∨∈  and ( )MP p∨∈  is defined by: [ ]PL dd ,  

[ ]., PLd=  

Proposition 2.1.1 [2]. If L, P and Q are vectorial forms of degree p,  

and q, respectively, then the following hold: 

(1) If ,0== p  then the bracket [ ]PL,  is the bracket of vector fields. 

(2) [ ] ( )( )[ ]LPPL p ,1, 1+−=  and [ ] .0, =LI  

(3) ( ) [ ][ ] ( ) [ ][ ] ( ) [ ][ ] .0,,1,,1,,1 =−+−+− PLQLQPQPL qppq  
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Proof. (1) If X and Y are two vector fields and ( ),MCf ∞∈  then 

[ ] fddfddfdd XYYXYX ⋅−⋅=⋅, fXYfYX ⋅⋅−⋅⋅=  

                      [ ] fYX ⋅= , [ ] ., fd YX=   

The bracket of vector fields is a particular case of bracket of vectorial forms. 

(2) [ ] [ ] ( ) [ ] ( ) [ ],1,1, ,
1

, LP
p

LP
p

PLPL dddddd +−=−−==  then [ ]PL,  

( )( )[ ]LPp ,1 1+−=  and [ ] [ ].,, ILLI −=  For ( )MCf ∞∈  we have 

[ ]( ) .0, =fd LI  Since [ ]( ) =fdd LI , [ ] [ ] ,0,, == fddfd LLI   [ ] .0, =LI  

(3) This is the Jacobi identity for derivations. 

Remark 2.1.1. The explicit form of bracket [2, 3] in the case 1== p  

is: 

[ ]( ) [ ] [ ] [ ] [ ]LYPXPYLXYXPLYXLPYXPL ,,,,,, +++=  

[ ] [ ] [ ] [ ].,,,, LYXPPYXLYLXPYPXL −−−−  

We deduce that for a vector field X: 

[ ] ( )[ ] ( )[ ] [ ] [ ].,,,,, PXLLXPLXPPXLPLiX −−+=  

If 1== p  and ,PL =  then we obtain 

[ ]( ) [ ] [ ] [ ] [ ],,2,2,2,2,, 2 LYXLYLXLLYLXYXLYXLL −−+=  

and [ ] [ ] [ ].,,, XYLXLYYXL −=  In fact, [ ] [ ] [ ].,,2, LXLLLXLLiX −=  

Proposition 2.1.2 [1-4]. The decomposition of the derivation [ ]PL di ,  in 

the unique sum of two derivations one of type ∗d  and second of type ∗i  

proves that  

[ ] ( ) [ ].1, , PL
p

LPPL iddi −+= ∧  

In fact the two members of the equality are derivations of degree 
.1−+ p  We prove that they have the same action on the functions and on 
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the 1-scalar forms. Let f be a function on M. We have: 

[ ] ( ) [ ] .1, , fifddfidfiifdifdi PL
p

LPLPPLPLPL −+==== ∧∧  

Similarly 

( )( )
[ ] ( )( )

[ ] ( )( ) [ ] fddfddfi PL
p

PL
p

PL
p ,111 1

,
1

,
1 −−− −=−=−  

( )( ) [ ][ ] ( ) [ ][ ] fdidfddi LP
p

PL
p ,,1,,1 1 −−=−= −  

( ) ( ) ( ) [ ][ ] fddi PL
pp ,,11 1−−−=  

( ) [ ] ( ) ( )( ) [ ] fdiddfdi PL
pp

PL
p ,11,1 1−+−−−−=  

( ) [ ] ( ) ( )( ) fdddfdi LP
pp

PL
p

∧
−+−−−−= 111,1  

( ) [ ] ( ) ( )( )( )( ) dfddfdi LP
ppp

PL
p

∧
−+−+ −−−−−= 11 111,1  

( ) [ ] ( ) ,1,1 dfddfdi LP
p

PL
p

∧−−−=  

then ( ) [ ] [ ] dfddfdidfi LPPLPL
p

∧−=− ,1 ,  and [ ] += ∧LPPL ddi ,  

( ) [ ].1 , PL
pi−  We deduce that for XP = , and have [ ] [ ]., , XLXL idi =  

In this paper, we will use the brackets of the vectorial forms and the 
derivations with complicated formulas. That is why we prove the general 
case which will allow us to use all needed particular cases in all of the 
following. 

Proposition 2.1.3. Let α be a p-scalar form, β be a q-scalar form, L be a 
-vectorial form and N be a m-vectorial form. Then 

[ ]NL ∧β∧α ,  

( )( ) ( ) ( ) [ ]( NLLdNd q
N

pqm
L ,11 ∧β∧α−+∧α∧β−−∧β∧α= ++  

( )( ) ( ) ( )( ) ( ) ( )LNdNLd qpqm ∧∧α∧β−+∧∧β∧α−− ++++ 11 11  

( ) ( )( ) ( ) .11 1 LidNid N
mqp

L
p ∧α∧β−−∧β∧α−+ ++++  
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Proof. See the Appendix. 

We deduce from the above result all the equalities proved by [2, 4, 3] 
given in the following proposition. 

Proposition 2.1.4. X and Y are vector fields on M. Let L, N be 
respectively  and m-vectorial forms on M. Let φ be a p-scalar form, ω and 
ψ be q-scalar form on the manifold M and α be a 1-differential form. 
Finally, we design by f and g functions on M. Then the following equalities 
hold [2, 3]: 

(1) [ ] ( ) [ ] ( ) fdgNLfgLfgdNgfdgNfL mm
N

m
L

+−−+∧−−∧= 1,1,  

( ) ( ) ( ).1 LNgdfNL ∧∧−+∧∧  

(2) [ ] [ ].,, LXLLX X ∧ω+∧ωθ=∧ω  

(3) [ ] [ ] +⊗ψ∧φ−⊗ψ∧φ+⊗ψ∧φ=⊗ψ⊗φ XdYdYXYX YX,,  

( ) ( ).1 XdiYid YX
p ⊗ψ∧φ+⊗ψ∧φ−  

(4) [ ] [ ].,, YXYdYX X ⊗α+⊗α=⊗α  

(5) If 1== q  we have [ ] ( ) [ ] .,, LYdYLYdYL L ⊗ψ−∧ψ−⊗ψ=⊗ψ  

2.2. Nijenhuis-Richardson bracket 

Definition 2.2.1. The Nijenhuis-Richardson bracket of the -vectorial 

form L and the p-vectorial form P is defined by [ ] −∧= LPPL :,  

( )( ) ( ) .1 11 PLp ∧− −−  

We deduce from the above part that: 

[ ] ( )( ) ( )[ ]LPPL p ,1, 11 −−−−=  and [ ] [ ]PLPL iii
,

, =  [2, 3]. 

Proposition 2.2.1. If 1,1 −=−= pba  and ,1−= qc  then  

( ) [[ ] ] ( ) [[ ] ] ( ) [[ ] ] .0,,1,,1,,1 =−+−+− PLQLQPQPL cbbaac  
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Proposition 2.2.2. The following holds: 

[ ] ( )( ) ( )[ ]
[ ]PLLP

p
PL ddidi

,
11 ,1, =−− −−  [4, 3]. 

In fact: 

[ ] ( ) [ ]PL
p

LPPL iddi ,1, −+= ∧  

and we have 

( )( )( )[ ] ( )( )( ) ( )( )( )111111 11,1 −−
∧

−−−− −−−−=−− p
PL

p
LP

p ddi ( ) [ ].1 , LPi−   

Thus  [ ] ( )( )( )[ ]
[ ]

.,1,
,

11
PLLP

p
PL ddidi =−− −−  

3. Grifone-Ehresmann Connection 

Let MTMP →:  be the tangent bundle of M and TMTTM →Π :  be 
the tangent bundle of TM. We have the exact sequence: 

,00 →×→→×→ TMTMTTMTMTM M
ji

M  

where ( ) ( ) 0:, =|+= ttwvdt
dwvi  is the natural injection in the vertical 

bundle and ( )TPj ,: Π=  [8]. 

Definition 3.0.2. The almost tangent structure or vertical endomorphism 
on M is the 1-vectorial form jiJ =:  on TM. 

Locally if the chart ( )ixU ,  is a coordinates system on M, then the 

associated canonical system on TM is ( ( ))αα yxU ,,  and .
α

α

∂

∂⊗=
y

dxJ  

We verify easily that ,02 =J  [ ] 0, =JJ  and vTJJ == Imker , where 

( )Tv PKerT =  is the vertical space. 
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Definition 3.0.3. A canonical field or Liouville field is the vertical vector 

field C on TM defined, at ,TMz ∈  by ( ).,: zziCz =  Locally, .
α

α

∂

∂=
y

yC  

Definition 3.0.4. A vectorial l-form L (resp. scalar p-form ω) on TM is 
called homogeneous of degree r if [ ] ( )LrLC 1, −=  ( )ω=ω rdC.resp  

where [ ]did CC ,=  is the Lie derivation. 

Proposition 3.0.3. J is homogeneous of degree 0 and [ ] .0, =JJ  (It 

means that [ ] =JC, J−  and [ ] [ ] 02,, === JJJJJJ ddddd  [8]). 

Definition 3.0.5. A spray is a vector field S on TM such that CJS =  [8, 
7]. 

In classical system ( ),, αα yx  ( ) .,2
α

α
α

α

∂

∂−
∂

∂=
y

yxG
x

yS  

Consequently, S is homogeneous of degree 2 [ ]( )SSC =,  if and only if the 

functions ( )yxG ,α  are homogeneous of degree 2 with respect to .αy  The 

vector field [ ] SSCS −=∗ ,:  is vertical and is called the deviation of S. 

Proposition 3.0.4. For any ( ),TMX χ∈  and two arbitrary sprays S and 

S ′ , we have the following equalities [8]: 

(1) [ ] ,, JXSJXJ =  

(2) [ ]SJXX ,−  is vertical vector field, 

(3) [ ] [ ] [ ][ ],,,,, SSJXJSJXSXJX −+=  

(4) [ ] ., SSSSJ ′−=′  

Definition 3.0.6. A p-scalar form TMTp ∗⊗∈ω  is called semi-basic if 
.0=ωJXi  Similarly, a -vectorial form L is called semi-basic if 

VTML ⊂Im  and .0=LiJX  



On the Curvature of Finsler Manifold … 277 

Proposition 3.0.5. For any 1-vectorial semi-basic form T, we have 
[ ] [ ] TSTJSJT == ,,  [8]. 

Proposition 3.0.6. Let L be a semi-basic l-form ( )1≥l  on TM and S be 

a spray. Then the potential L  of L is defined by LiL S=:0  and it is 

independent of the choice of S [8]. 

Proposition 3.0.7. If L is a homogenous -vectorial form of degree r, 
then [8] 

(1) ([ ] [ ]),,,1 LJLJ
r

L +
+

=  

(2) If L is closed [ ]( ),0,.. =LJei  then ([ ]).,
1

1 LJ
r

L
+

=  

3.1. Grifone-Ehresmann connection 

Definition 3.1.1. A Grifone-Ehresmann connection on M is a ( )11 −  

tensor field Γ on TM such that JJ =Γ  and JJ −=Γ  [8]. 

The local form of the connection Γ in the classical system ( )ii yx ,  is 

,2 i
i

j
ij

ii
i

y
dy

y
dx

y
dx

∂

∂
⊗−

∂

∂
⊗Γ−

∂

∂
⊗=Γ  

where j
iΓ  are the Christoffel coefficients of the connection Γ which satisfies 

.I=ΓΓ  If S is a spray, then [ ]SJ ,  is a connection. If [ ]SJ ,=Γ  and 

( ) ,,2 i
i

i
i

y
yxG

x
yS

∂

∂
−

∂

∂
=  then .2

1 j
i

ij yG Γ=  

Definition 3.1.2. The torsion H, weak torsion t and the strong torsion T 

of Γ are defined respectively by [ ],,
2
1: Γ= CH  [ ]Γ= ,

2
1: Jt  and 

.: 0 HtT −=  
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Proposition 3.1.1. If Γ is homogeneous of degree 1, then 00 == HT  

[8]. 

Remark 3.1.1. The two mappings ( )Γ+= Ih 2
1:  and ( ),2

1 Γ−= Iv  

satisfy hhh =  and vvv =  in TTM. We deduce that the horizontal 
distribution associated to Γ is ( ) hTMH Im:=  and ( ) ,Im vTMV =  such that 

=TTM ( ) ( )TMVTMH ⊕  [8]. The local form is given by 

j
ij

ii
i

y
dx

x
dxh

∂

∂⊗Γ−
∂

∂⊗=  and .i
i

j
ij

i y
dy

y
dxv

∂

∂⊗+
∂

∂⊗Γ=  

Definition 3.1.3. The curvature of the connection Γ is [ ].,2
1 hhR −=  

Proposition 3.1.2. If ( )TMX χ∈  and S is an arbitrary spray, then we 

have the following equalities [8]: 

[ ] 0,0,,, ==== JvhJJJhhXSJXh  and .JvJ =  

Definition 3.1.4. The associated spray S of a connection Γ is a spray 
defined by ShS ′=: , where S ′  is an arbitrary spray. 

This definition is verified since the difference between two sprays is a 
vertical vector field. 

Proposition 3.1.3. We have .00 =+ ∗ST  

Proposition 3.1.4. Let λ be a homogenous function of degree 1 on M. 
Then: 

(1) [ ] ,, CddCdh JhJ ⊗λ=⊗λ  

(2) [ ] ,, JdJh h ∧λ=λ  

(3) [ ] ,0, =λ CJ  

(4) [ ] ,, CdJCJ J ⊗λ+λ=λ  

(5) ,0=λJCdd  
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(6) [ ] JJC idi =,  and .0=λJCdi  

Proof. (1) [ ] [ ] ( ) =⊗λ−λ+⊗λ=⊗λ ChddChdCddCdh JJJhJ ,,  
,Cdd Jh ⊗λ  

(2) [ ] [ ] ,,, JdJhhJdJdJh hh ∧λ=λ+∧λ−∧λ=λ  

(3) [ ] [ ] ,0.,, =λ−λ=λ−λ=λ JJJCCJCJ  

(4) [ ] [ ] ,,, CdJCdCJCJ JJ ⊗λ+λ=⊗λ+λ=λ  

(5) [ ] ,0, =λ−λ=λ+λ=λ JJJCCJJC ddddddd  

(6) [ ] [ ] JJCJC iidi =−= ,,  and .0=λ+λ−=λ JCJJC iiddi  

Proposition 3.1.5. Let Γ be a connection of curvature R. Then [8]: 

(1) [ ] [ ],,, thRJ =  

(2) [ ] ,0, =Rh  

(3) [ ] [ ],,, HhRC −=  

(4) If Γ is homogenous of degree 1, then 0=H  and [ ] .0, =RC  

3.2. Almost complex structure associated to Γ 

Definition 3.2.1. An almost complex structure on TM is a 1-vectorial 

form F on TM such that .2 IF −=  

Proposition 3.2.1. Let Γ be a Grifone connection on M. Then there exists 

a unique almost complex structure F on TM, ∞C  on { },0−TM  such that 

hFJ =  and .JFh −=  Consequently, vJF =  [8]. 

The local form of F is given by: 

i
i

j
ij

s
s
ii

i
j

ij
i y

dx
y

dx
x

dy
x

dxF
∂

∂⊗−
∂

∂⊗ΓΓ−
∂

∂⊗+
∂

∂⊗Γ=  

.j
ij

i y
dy

∂

∂⊗Γ−  
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Proposition 3.2.2. If the almost complex structure F satisfies =F   
[ ] ,, JhSh −  [ ]( ) [ ] [ ] [ ] [ ]SJhJShhhJShJhShJJhSh ,,,,, =−==−  

[ ]( ) [ ] [ ] [ ] ,,,,, JJhShhhShJhhShhJhShh −=−−=−=−=  then =F  

[ ] ., JhSh −  

Proposition 3.2.3. If ( )EM ,  is a Finsler manifold, then the connection 

[ ]ESJ ,=Γ  is homogenous of degree 1 and we have [ ] .2, JFFC +=  

Proof. [ ] [ ] [ ] [ ] =+==+=−= JJFJFJFJhCJCFFJCJFC 2,,,,  

( ) JJF 2+  and [ ] [ ] [ ] [ ] ===−=−= FhJJChCFFhChFC ,,,,  

( ) ,2 hJF +  and hence [ ] .2, JFFC +=  

3.3. Finsler manifold in Grifone formalism 

Definition 3.3.1. A Finsler manifold ( )EM ,  is a differentiable manifold 

M equipped with Lagrangian mapping ,: +→ RTME  where ( ) ∞= CE ,00  

on { },0−TM  1C  on the zero section and such that: 

(1) ,2EEdC =  

(2) The 2-differential form EddJ=Ω  is of maximal rank (i.e. 

symplectic form on TM) [8]. 

The local form is  

.
2
1 222

ji
ji

ji
jiji dydx

yy
Edxdx

xy
E

yx
E

∧
∂∂

∂
−∧⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂∂

∂
−

∂∂

∂
=Ω  

Proposition 3.3.1. The symplectic form EddJ=Ω  defines a metric g  

on the vertical fibre bundle VTM, and we have 0=ΩJi  where 

( ) ( )YJXJYJXg ,, Ω=  [8]. 

Proposition 3.3.2. There exists on the Finsler manifold ( )EM ,  a spray 

called canonical spray ES  defined by dEi ES −=Ω  [8, 9, 7]. 
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The local form of this spray is ( ) i
j

i
i

E
y

yxG
x

yS
∂

∂−
∂

∂= ,2  where 

=iG .2
1 2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂

∂−
∂∂

∂
jjs

sij

x
E

yx
Eyg  

Remark 3.3.1. If E is homogenous of degree 2, then iG  is homogenous 
of degree 2 and [ ] ., EE SSC =  In this case the spray associated to [ ]ESJ ,  is 

.ES  The Christoffel coefficient are homogenous of degree 1 and we have 

[ ] .0, =ΓC  But ,
2
1 j

i
ij yG Γ=  then [ ]SJ ,=Γ  is homogenous of degree 1, 

hence [ ] .0, =ΓC  

Every connection Γ on ( )EM ,  defines a metric g, extension of g  to 

TM, defined by ( ) ( ) ( )vYvXgJYJXgYXg ,,, +=  and ( ) .0, =vYhXg  

4. Trace of Semi-basic Forms 

The trace of a semi-basic form is the extension of the trace of a linear 
form. 

Definition 4.0.2. The trace of a p-vectorial semi-basic form L is the 
( )1−p -vectorial semi-basic form ( )Ltr  defined by: ;TTMX ∈∀  

( ) ( )LitrLtri XX =:  and that if 1=p  we have ( ) ( )FLtraceLtr =:  where F is 

the almost complex structure associated to an arbitrary Grifone connection Γ. 

Proposition 4.0.3. The definition of a trace of semi-basic form is 
independent of the choice of the Grifone connection Γ. 

Proof. Let F ( )F ′.resp  be the complex structure associated to Grifone 

connection Γ ( )..resp Γ′  It is sufficient to prove the property for .1=p  In 

fact, the form ( )LFF ′−  is semi-basic because ( ) ( ) =′−=′− LvvLFFJ  

,0=− LL  then .LFtrtrFL ′=  

Proposition 4.0.4. Let ω be a 1-scalar semi-basic on TM and X be a 
vertical vector field on TM. Then ( ) ( ).FXXtr ω=⊗ω  
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Proof. In fact, if { } ,2...,,1, nie ii =  is a local orthonormal basis of TTM 

associated to the metric g deduced from a Grifone connection on M, and iθ  

is its dual basis, then ( ) ( ) ( )( ) ( ).FXFXeFXtraceXtr i
i ω=ωθ=⊗ω=⊗ω  

Proposition 4.0.5. If ω is a q-scalar semi-basic on TM, L is a 1-vectorial 
semi-basic form on TM and X is a vector field on TM, then 

( ) ( ) .1 1 ω−=⊗ω +
FLX

q iLXtr  

If ,1=q  then we have ( ) ( ) .ω=⊗ω=⊗ω FLXiFLXtraceLXtr  

Suppose that the property is true to the order ,1−q  then for TTMY ∈  

we have 

( )( ) ( )( ) ( )( ) ( ) ω−=⊗ω=⊗ω=⊗ω YFLX
q

YYY iiLXitrLXitrLXtri 1  

( ) ([ ] ) (( ) ).1,1 1 ω−=ω−−= +
FLX

q
YFLXYYFLX

q iiiiii  

Thus ( ) ( ) .1 1 ω−=⊗ω +
FLX

q iLXtr  

Proposition 4.0.6. Let ω be a q-scalar semi-basic on TM, L be a -
vectorial semi-basic form on TM and X be a vector field on TM. Then 

( ) ∧ω=∧ω Ltr  ( ) ( ) ( ) .1 1 ω−− +
FL

q iLtr  

Proof. We proceed by induction on  and q. If ,1== q  then we have: 

( ) ( )( ) ( )( )( ) ( )LXtrLXtrLitrLtri XX ⊗ω−ω=∧ω=∧ω  

( ) ( ) ( )( ) ω+ω−ω=ω−ω= XFLFLXXFLX iiiiLtriiLtrX  

( )( ).ω−∧ω= FLX iLtri  

In fact ωXi  is a function, and hence ( ) ( ) .ω−∧ω=∧ω FLiLtrLtr  

We suppose that it is true to the order ,1−q  with .1=  Let ω be a         

q-scalar semi-basic form and L be a 1-vectorial semi-basic form. Then 

( )( ) ( )( ) ( )( ) ( ) ( )LXtrLitrLitrLtri q
XXX ⊗ω−+∧ω=∧ω=∧ω 1  
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( ) ( ) ( ) ( ) ω−+ω−−ω= +−
FLX

q
XFL

q
X iiiLtri 1212 11  

( ) ( ) ( ) ( ) ω−∧ω=ω−ω−ω= FLXXFLXXFLX iiLtriiiiLtri  

( )( ).ω−∧ω= FLX iLtri  

Finally, we suppose that the property is true for 1=q  and 1− . Then 

( )( ) ( )( ) ( )LitrLXtrLtri XX ∧ω−ω=∧ω  

( ) ( ) ( ) ( ) ( ) .1 ω−+∧ω−ω= LFiX XiLitrLtrX  

But using the formula [ ] ( )( ) ( )
PL

p
LPPL iiii ∧

−−
∧ −−= 111,  and that ω is 

semi-basic, we deduce that 

( ) ( )LFiLiFiiiiii XXFLiLiFFLiLFi XXXX ω=ω=ω+ω−ω=ω ∧  

( ) ( ).ω+ω−ω=ω= ∧∧ FLLFFLXLFX iiiiiiii  

But 0=ω=ω ∧FLL ii , since L and ω are semi-basic forms. Thus 

( )( ) ( ) ( ) ( ) ( ) ( ( ) −∧ω=ω−+∧ω−ω=∧ω LtriiiLitrLtrXLtri XFLX
p

XX 1  

( ) ).1 1 ω− +
FL

p i  Therefore  and q, we have ( ) ( ) −∧ω=∧ω LtrLtr  

( ) ( ) ( ).1 1 ω− +
FL

q i  

Corollary 4.0.1. Let ω be a q-scalar semi-basic form on TM and L be a 
-vectorial semi-basic form on TM. Then 

(1) ( ) nJtr =  and ( ) ( ) .ω−=∧ω qnJtr  

(2) If ( ) ( ) ( ) ,1,1 ω−+∧ω=∧ω= FLiLtrLtrq  

(3) ( ) ( ) .1 1ω−=⊗ω +qCtr  

Proof. ( ) ( ) ( ) .nhTraceFJTraceJtr ===  Since ω is a semi-basic form 

and ,hFJ =  ω=ω qih  and ( ) ( ) ( ) .ω−=ω−ω=∧ω qniJtrJtr FJ  Finally, 
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( ) ( ) ( ) ( ) ω−=ω−=⊗ω=⊗ω ++
hS

q
FJS

q iiJStrCtr 11 11   

( ) ( ) .11 11 ω−=ω−= ++ q
S

q i  

Proposition 4.0.7. If L is a 1-vectorial semi-basic form on TM and X is a 
vector field on TM, then ( ) [ ]( )., FLXTraceLtrX =⋅  

Proof. Let { }iiee =  be a local orthonormal basis on TM and { }i
iθ=θ  

be its dual basis. In this system ,j
ij

i eFF ⊗θ=  j
ij

i eLL ⊗θ=  and 

.p
ij

i
p
j eLFFL ⊗θ=  Then j

p
p
j LFFLTrace =  and ( ) ( ) j

s
s
j LFXFLtrX ⋅=⋅  

( ).j
s

s
j LXF ⋅+  Now, 

[ ]( ) ( ) [ ]( ) [ ]( )i
i

i
i

i
i eXFLeXFLeFLX ,,, θ−=θ−=θ  

[ ]( ) [ ]( ) ( ( )) [ ]( )si
is

s
s

i
i

i
i

i
i eeFLXeXeFLXFLeXeFL ,,, θ+⋅θ=θ−θ=  

([ ])XeLF p
j
i

p
j

i ,θ−  

( )( ) [ ]( ) ( ( ) )s
s

p
j
i

p
j

i
si

is
s

is
i eXeLFeeFLXeFLXe ⋅θ−θ+θ⋅= ,  

( ( ) ) [( ])sp
ij

i
p
j

s
p

j
i

p
js

si eeLFXeLFeX ,θ−⋅θ+  

( ) [ ]( ) ( )ip
j
i

p
jsi

iss
p

j
s

p
j XeLFeeFLXXeLF ⋅−θ+⋅= ,  

( ) ([ ])sp
ij

i
p
j

sj
i

p
js

s eeLFXLFeX ,θ−⋅+  

( ) ( ).LtrXLFeX j
i

i
js

s ⋅=⋅=  

Corollary 4.0.2. If the 1-vectorial semi-basic form L is homogenous of 
degree r, then ( )Ltr  is a homogenous function of degree r. 

Proof. The connection [ ]SJ ,=Γ  is homogenous of degree 1. If 

[ ] ( ) ,1, LrLC −=  then  
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( ) [ ]( )FLCtraceLtrC ,=⋅  

[ ]( ) [ ]( )LCFtraceLFCtrace ,, +=  

( )( ) ( )( )LrFtraceLJFtrace 12 −++=  

( ) ( ).LrtrFLrtrace ==  

5. Projective Transformation 

Definition 5.0.3. The projective transformation of a spray S, 
homogenous of degree 2, is the vector field ,CSS λ+=∗  where λ is a 

homogenous function of degree 1, 1C  on TM and ∞C  on { }.0\TM  

Proposition 5.0.8. ∗S  is a homogenous spray of degree 2. 

Proof. ( ) CCJJSJS =λ+=∗  and [ ] [ ] [ ] +=λ+=∗ SCCSCSC ,,,  

( ) .∗=λ+=λ⋅ SCSCC  

Proposition 5.0.9. If ( )TMCf ∞∈  is homogenous function of degree 1, 

then fdh  and 2fdJ  are homogenous 1-scalar semi-basic forms of degree 

1. 

Proof. ( ) ( ) ( ) 0== hJXdfJXfdh  and ( ) ( ) ( ) .022 == JJXdfJXfdJ  

They are homogenous, in fact [ ] fdfdfddfdd hhCChhC =+= ,  since the 

connection is homogenous [ ] 0, =ΓC  and [ ] .0, =hC  On other hand, 

[ ] JJC −=,  and 2f  are homogenous of degree 2. Thus, we have 

=2fdd JC  [ ] .2 2222
,

2 fdfdfdfdfdd JJJJCCJ =−=+  

6. Curvature of Homogenous Connection under 
Projective Transformation 

We consider in this section the connection [ ]SJ ,=Γ  associated to the 
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homogenous spray of degree 2. In particular case where the manifold M is a 
Finsler manifold equipped with the homogenous lagrangian E of degree 2, 
we deduce that the associated spray is homogenous of degree 2. We consider 
in this section the projective transformation .CSS λ+=∗  The curvature 

(resp. horizontal projector) of [ ]SJ ,  is R (resp. h) and the curvature of the 

connection [ ]∗SJ ,  is designed by .∗R  

6.1. Invariant tensor under projective transformation 

Using Proposition 2.1.3 we deduce the following particular cases, which 
will be used in later parts: 

Proposition 6.1.1. Using the equalities of Proposition 3.1.2, Proposition 
4.1.4, and Proposition 3.1.4 we easily establish the following equalities: 

(1) [ ] ,022, =⊗λ∧λ−⊗λ∧λ=⊗λ⊗λ CdddiCdddCdCd JJCJCJJJ  

(2) [ ] ,2, JdJJ J ∧λλ=λλ  

(3) [ ] [ ] JCddCJdCddJCd JJJJJ λ⊗λ−λ∧λ+⊗λ=λ⊗λ λ ,,  

                                  ,Cdd JJ ⊗λ= λ    

(4) gdfdigdidfgddifgddigddigdd JJJJJJJfJJfJJfJ −∧−=−=  

.0=∧−= JJdfdfgdfd JJ  

Proposition 6.1.2. 

CdJRR J ⊗ω+∧ω−=∗  where ,4
1

2
1: 2 ⎟

⎠
⎞⎜

⎝
⎛ λ+λ=ω Jh dd  

[ ] [ ] ( ) [ ] ( ) .,,, JCdCJCdSJCSJ JJ λ+⊗λ+Γ=λ+⊗λ+=λ+=Γ∗  

Proof. We have 

[ ] ( ) ( )[ ]JCdJCdR JJ λ+⊗λ+Γλ+⊗λ+Γ−=ΓΓ−= ∗∗∗ ,8
1,8

1  

( ) ( )[ ] [ ] [ ]CdJJCdCdR JJJ ⊗λΓ−λλ−⊗λ⊗λ−= ,
4
1,

8
1,

8
1
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[ ] ( )[ ]JCdJ J λ⊗λ−λΓ− ,4
1,4

1  

( ) JdCdddiddR JJJCJCJ Λλλ−⊗λλ−λθ∧λ−= 4
1

4
1  

[ ] [ ]JhCdh J λ−⊗λ− ,2
1,2

1  

[ ]( ),,4
1 CJdJCddCdd JJJJ λ∧λ−λ⊗λ−⊗λ− λ  

.
4
1

2
1

2
1

4
1 CddJdCddJdRR JJhJhJ ⊗λ−∧λ−⊗λ−Λλλ−= λ∗  

But ( ) 22
2
1

2
1 λ=λ=λλ=λλ JJ dJdJdd . By using Propositions 3.1.2, 

4.1.4 and 7.1.1, we deduce: 

( ) ( ) .2
1

4
1

2
1 2 CddJddRR JhhJ ⊗λ−∧⎟

⎠
⎞⎜

⎝
⎛ λ+λ−=∗  

Let ( ) .4
1

2
1: 2 ⎟

⎠
⎞⎜

⎝
⎛ λ+λ=ω hJ dd  Then, we deduce that =λ=ω hJJ ddd

2
1

 

,
2
1

λ− Jhdd  and hence .CdJRR J ⊗ω+∧ω−=∗  

Remark 6.1.1. The form ω satisfies the following properties: 

(1) ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ λ+λ=⎟

⎠
⎞

⎜
⎝
⎛ λ+λ=ω hSJShJSS dididdii 22

4
1

2
1

4
1

2
1

 

( ) ( ) ( ) ( )hSdCddiidii hSJS ⎟
⎠
⎞

⎜
⎝
⎛ λ+λ=⎟

⎠
⎞

⎜
⎝
⎛ λ+λ= 22

4
1

2
1

4
1

2
1

 

( ) ,
2
1

2
1

4
1

2
1 22 ⎟

⎠
⎞

⎜
⎝
⎛ λ+λ=⎟

⎠
⎞

⎜
⎝
⎛ λ+λ⋅= SdSdC  

(2) [ ] ( ) ( ) ( ) ( ) ( )hXvYhXvXhXvXhXiXi SJ ω=−ω=Γ+Γω=+ω=ω Γ,  

( ),Xω=  then [ ] ,, ω=ωSJi  
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(3) ( ) ( ) [ ] [ ] =ω−ω−ω=ω−ω=ω=ω SJJSJSSJJSJSJ idididdidid ,,  

[ ] .2, ω−ω=ω−ω+ω=ω−ω−ω Γ SJSJCSJJSJS ididididid  

Proposition 6.1.3. The relation between R and ∗R  is 

( ) ( ) ( ) ( ) ( ) ,
111

C
n

RtrdRtrdJ
n

rrd
n

RtrRtrRR JJJ ⊗
+
−

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−′

+
+
−

−= ∗∗
∗  

where ( )( )
⎟
⎠
⎞⎜

⎝
⎛ λ+λ=ω

−
= 2

4
1

2
1:,1: Jh

S ddn
Rtrir  and .ω+=′ rr  

Proof. In Proposition 6.1.3, we have +∧ω−=∗ JRR  .CdJ ⊗ω  

Passing to the semi-basic trace we obtain: 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) .1 ω−ω−−=⊗ω+∧ω−=∗ JJ dnRtrCdtrJtrRtrRtr  

Then ( ) ( ) ( ) .1 ω−−=∗ SSS inRtriRtri  

We suppose that ( )
n
Rtrir S

−
= 1:  and .4

1
2
1: 2λ+λ+=ω+=′ SS drirr  

Therefore ( ) ( ) ( ) ( ) ( ) +ω+−=ω+ω−ω−−=∗ 121 nRtridnRtrRtr SJ  

.ωSJ id  Then ( ) ( ) ( ) ( ).1 rrdnRtrRtr J −′+ω+−=∗  We deduce that =ω  

( ) ( ) ( )
11 +
−′

+
+
− ∗

n
rrd

n
RtrRtr J  and ( ) ( ) .1+

−
=ω ∗

n
RtrdRtrdd JJ

J  Finally 

( ) ( ) ( ) ( ) ( ) .11 Cn
RtrdRtrdJn

rrdRtrRtrRR JJJ ⊗
+
−

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−′+−

−= ∗∗
∗  

Theorem 6.1.1. If the manifold M is equipped with a Grifone connection 
Γ of curvature R, then the tensor 

( ) ( ) Cn
RtrdJn

rdRtrRW JJ ⊗
+

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−

−= 11:  

is invariant under the projective transformation and it satisfies ( ) .0=Wtr  

Proof. Using Proposition 6.1.3, we get: 
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( ) ( ) ( ) ( ) ( ) .11 Cn
RtrdRtrdJn

rrdRtrRtrRR JJJ ⊗
+
−

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−′+−

−= ∗∗
∗  

Then 

( ) ( ) Cn
RtrdJn

rdRtrR JJ ⊗
+

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
′−

− ∗∗
∗ 11  

( ) ( ) .11 Cn
RtrdJn

rdRtrR JJ ⊗
+

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−

−=  

But R and ( )Rtr  are homogenous of degree 1. Therefore, 

( ) ( ) ( ) ( ) ( )
111

+
−⎟

⎠
⎞

⎜
⎝
⎛

+
−

−−= n
Rtrdin

rdRtrnRtrWtr J
S

J  

( ) ( ) ( ) ( ) ( ) [ ] ( )
11

1 ,
+

+−
−⎟

⎠
⎞

⎜
⎝
⎛

+
−

−−=
n

RtriRtridRtrd
n

rdRtrnRtr SJSJCJ  

( ) ( ) ( ) ( ) ( ) ( )
111

+
+−

−⎟
⎠
⎞

⎜
⎝
⎛

+
−

−−= n
RtrRtridRtr

n
rdRtrnRtr SJJ  

( ) ( ) ( ) ( ) ( )
1

2
11

+
−

−⎟
⎠
⎞

⎜
⎝
⎛

+
−

−−= n
RtridRtr

n
rdRtrnRtr SJJ  

( ) ( ) ( ) ( )( ) .01
1

=
+
+−

+−= n
RtrirndRtrRtr SJ  

Proposition 6.1.4. If the curvature of the homogenous Grifone 
connection [ ]SJ ,=Γ  is given by CJR ⊗π+∧ω=  where ω is a 1-

scalar semi-basic form and π is a 2-scalar semi-basic form, then ω=ωθC  

and .0=πθC  

Proof. Γ is homogenous of degree 1 [ ] [ ]( )0,,.e.i ==Γ hCC  and 

[ ] .0, =RC  If ,CJR ⊗π+∧ω=  then [ ] ( )ω−ωθ=⊗π+∧ω CCJC,  

.0=⊗πθ+∧ CJ C  We deduce that ω=ωθC  and .0=πθC  

Theorem 6.1.2. Let ( )EM ,  be a Finsler manifold of dimension 2>n  

equipped with a Grifone connection [ ]., SJ=Γ  Then there exists a 1-scalar 
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form ω and 2-scalar form π such that the curvature of Γ is of the form 
+∧ω= JR  C⊗π  if and only if .0=W  

Proof. The semi-basic trace of CJR ⊗π+∧ω=  is ( ) ( )ω−= 1nRtr  

π− Si  and then ( ) ( ) ( ) .11 rninRtri SS −=ω−=  Thus .riS −=ω  On other 

hand 
[ ] [ ] [ ] [ ]CJJJCJJRJ ⊗π+∧ω=⊗π+∧ω== ,,,,0  

.JCdJd JJ ∧π+⊗π+∧ω=  

Passing to semi-basic trace we deduce ( ) ( ) ( ) 02 =π+π+ω− JSJ didn  

and by applying Jd  we obtain ( ) ( ) ( ) .02 =π+π− JSJJ diddn  But 

( [ ] ) ( )π+πθ+π−=π−π+π−=π − vICSJJJSJSSJJJSJ iiddididddid 2,  

( ) .22 π=π+π−= JSJJ didd  

We deduce that ,0=πJd  in addition to ( )( ) ( ) .02 =π+π+ω− JSJ didn  

Then ω−=π Jd  and .CdJR J ⊗ω−∧ω=  Finally, we prove that .0=W  

In fact, CdJR J ⊗ω−∧ω=  induces 

( ) ( ) ( ) ω+ω+ω−ω−=ω+ω−= ΓididndinRtr JSSJJS 11  

( ) ( ) .11 rdnidn JSJ +ω+=ω+ω+ω−ω−=  

Then the expression of ω is of the form ( )
1+

−
=ω n

rdRtr J  and the curvature 

R is given by ( ) ( ) .11 +
⊗

−∧
+
−

= n
CRtrdJn

rdRtrR JJ  Finally, the tensor 

( ) ( ) Cn
RtrdJn

rdRtrRW JJ ⊗
+

+∧⎟
⎠
⎞

⎜
⎝
⎛

+
−

−= 11:  vanishes and the inverse is 

also true. 
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7. Appendix 

Proposition 7.0.5. Let f be a p-scalar form, g be a q-scalar form, L be a 
-vectorial form and N be an m-vectorial form. Then 

[ ]NgLf ∧∧ ,  

( )( ) ( ) LfdgNgdf N
pqm

L ∧∧−−∧∧= ++1  

( ) ( [ ] ( )( ) ( ) NLdgfNLgf qmq ∧∧∧−−∧∧−+ ++ 11,1  
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( )( ) ( ) ( ) ( ) NgidfLNdfg L
pqp ∧∧−+∧∧∧−+ +++ 11 1  

( )( ) ( ) .1 1 Lfidg N
mqp ∧∧−− +++  

Proof. We have 

[ ]NgLfd ∧∧ ,  

[ ]NgLf dd ∧∧= ,  

[ ( )( ) ( ) ]N
qm

NL
p

L idgdgidfdf ∧−+∧∧−+∧= ++ 1,1  

[ ] [ ( )( ) ]N
qm

LNL idgdfdgdf ∧−∧+∧∧= +1,,  

[( )( ) ] ( ) [ ]NL
qpm

NL
p idgidfdgidf ∧∧−+∧∧−+ ++++ ,1,1  

( ) ( )( ) ( ) fdgddgfdgdf N
pqm

NL
q

NL ∧−−∧∧−+∧∧= ++11  

( )( ) ( )( ) LN
mppqm

L ddfgd ∧∧−−−∧ ++ 11  

( ) ( ) ( ) ( ) dgfidgdf qqm
NL

qm ∧−−+∧∧−+ +++ 1111  

( ) ( )( ) ( ) ( )LN
mqpqm

NL dfidgid ∧∧−−−∧ +++ 11  

( ) ( )( ) ( )( ) ( ) ( )LN
mpmqpqm difdg ∧∧−−−− −+++ 1111  

( ) ( ) ( )( )
NL

qp
NL

p digdfdgidf ∧∧−−+∧∧−+ −++ 1111  

( ) (( )( ) ( ) ) LN
pqmp idfdg ∧∧−−− +++ 11  

( ) (( )( ) ( ) ) ( ) ( )
LN

pmpqmp iddfg ∧∧−−−− ++++ 1111  

( ) ( ) ( )( ) ( ) dgdfidgidf qqpm
NL

qpm ∧−−+∧∧−+ +−++++++ 11111  

( ) ( )( ) ( )
LN

pqmqpm
NL idfidgii ∧∧−−−∧ +++++ 11  

( ) ( )( ) ( )( )( ) ( )
LN

pmpqmqpm iidfdg ∧∧−−−− +−+++++ 11111  

( ) NL
qpm

NL idgidfdgdf ∧∧−+∧∧= +++1  
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( ) ( )( ) ( )
LN

pqm
NL

qm dfdgidgdf ∧∧−−∧∧−+ +++ 11  

( ) (( )( ) ( ) ) LN
pqmp idfdg ∧∧−−− +++ 11  

( ) ( )( ) ( ) ( ) NL
q

LN
pqmqpm ddgfidfidg ∧∧−+∧∧−−− +++++ 111  

( )( ) ( )( ) ( ) ( ) ( ) dgfddfg qqm
LN

mppqm ∧−−+∧∧−−− ++++ 11111  

( ) ( )( ) ( )( ) ( ) ( )LN
mpmqpqm

NL difdgid ∧∧−−−−∧ −+++ 1111  

( ) ( )( )
NL

qp digdf ∧∧−−+ −+ 111  

( ) (( )( ) ( ) ) ( ) ( )
LN

pmpqmp iddfg ∧∧−−−− ++++ 1111  

( ) ( )( ) ( )
NL

qqpm iidgdf ∧∧−−+ +−+++ 1111  

( ) ( )( ) ( )( )( ) ( )
LN

pmpqmqpm iidfdg ∧∧−−−− +−+++++ 11111  

( ) ( ) ( )( ) ( ) ( )LN
mqpqm

NL
p dfidgdgidf ∧∧−−−∧∧−+ ++++ 111  

( ) NL
qpm

NL igddfdgdf ∧∧−+∧∧= +++1  

( ) ( ) ( ) ( ) NL
qpm

NL
qm igdidfigddf ∧∧−−−∧∧−−+ ++++ 1111  

( )( ) ( ) ( ) ( )( ) ( )dgdfdg pqmqpm
LN

pqm +++++++ −−−∧∧−− 111  

( ) (( )( ) ( ) ) LN
pqmp

LN idfdgifd ∧∧−−−∧∧ +++ 11  

( ) ( )( ) ( )( ) LN
mpqmqpm idfidg ∧∧−−−+ +++++ 111  

( ) [ ]( ) ( )( ) ( ) ( )LN
qm

NL
q didgfddgf ∧∧−−∧∧−+ ++ 11,1  

( ) ( ) ( )
NL

qqm iddgf ∧∧−−+ ++ 111  

( ) ( )( ) ( ( ) ( ) )LN
m

NL
qp iddigdf 11 111 −−+ −−∧∧−−+  

( ) ( )( ) ( ) ( ( )( ) ( ) )LN
m

NL
qqpm iiiidgdf 1111 111 −−+−+++ −−∧∧−−+  

( ) ( ) ( )( ) ( ) ( )LN
mqpqm

NL
p dfidgdgidf ∧∧−−−∧∧−+ ++++ 111  
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( )( ) ( )
Lfdg

pqm
Ngdf NL dd ∧∧

++
∧∧ −−= 1  

( ) ( [ ] ( ) ( ) ( )( )( )
NLdgf

mqqm
NLgf

q dd ∧∧∧
−++

∧∧ −−−−−+ 11
, 1111  

( )( ) ( )
( )LNdfg

qp d ∧∧∧
++−+ 11  

( ) ( )( ) ( ) .11 1
Lfidg

mqp
Ngidf

p
NL dd ∧∧

+++
∧∧

+ −−−+  

Thus 

[ ]NgLf ∧∧ ,  

( )( ) ( ) LfdgNgdf N
pqm

L ∧∧−−∧∧= ++1  

( ) ( [ ] ( )( ) ( ) ( )NLdgfNLgf qmq ∧∧∧−−∧∧−+ ++ 11,1  

( )( ) ( ) ( )LNdfgqp ∧∧∧−+ ++ 11  

( ) ( )( ) ( ) .11 1 LfidgNgidf N
mqp

L
p ∧∧−−∧∧−+ ++++  
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