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Abstract

Using the Grifone formalism of the connection I' [8] and the notations
of Frolicher-Nijenhuis [4], for a Finsler manifold we establish that
there exists a tensor W invariant under the projective transformation
and that the curvature R of the homogenous Grifone-Ehersmann

connection I' = [J, S] can be writtenas R = o A J + 1 ® C, if and

only if the tensor W vanishes, where ® and 7 are semi-basic forms, J is
the vertical endomorphism and C is the Liouville vector field.

0. Introduction

In this work we use the terminology and the notations of Frolicher-
Nijenhuis [4] and the results given by Grifone [8]. In fact the terminology of
Frolicher-Nijenhuis [1, 4] is efficient in the calculus of derivation and
bracket of differential vectorial form. (M, E) is a Finsler manifold where M
is a differential manifold of dimension n, £ : TM — R is a homogenous

Lagrangian function of degree 2 [8], and the rank of £ is 2n at every point of
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TM such that E(0)=0, C* on TM\{0} and C! at the section 0. The
canonical spray S defined by igdd ;E = —dE is homogenous of degree 2 [8,

9]. The integral curve of S is a solution of the Euler-Lagrange equation

%(%j —% = 0. The projective transformation of partial differential
equation has been studied in [10]. But in this paper, we define the projective
transformation in the Grifone terminology, by the vertical translation of the
spray S, how it defines the differential equation. The projective transformation
is S+ AC, where A is a homogenous function of degree 1 and C is the
vertical canonical vector field. With this canonical spray, we associate a
homogenous Grifone-Ehersmann connection I' =[J, S|, where J is the
almost tangent structure on M. The geodesics of I' are the integral curves of
the spray S. After introducing the notion of the derivation of the differential
form and studying necessary relations between the inner product, the exterior

derivation and the bracket of derivations, we provide:
(1) An extension of the notation of a trace to a semi-basic vectorial form.

(2) The relation between the curvature R of the connection [J, S] and
the new curvature R, of the new connection I, =[J, S + AC] obtained

under a projective transformation.

(3) The existence of a tensor field W invariant under the projective
transformation.

(4) The proof that the tensor  vanishes if and only if the curvature R is

written as R=woAJ +n1® C, where o and m are semi-basic forms,
ijyow =0 and i;y® = 0, and o (resp. m) is a 1 (resp. 2) scalar tensor field on

™.
1. Derivations

Let M be a manifold of dimension n. We denote by A(M) the graduate

algebra of the skew-symmetric differential forms on M.
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Definition 1.0.1. A mapping D : A(M) — A(M) is called derivation of
degree r of A(M), if:
(i) D(AP(M)) < AP (M);
(i) Vo, @y € AP(M); D(ow) + ®5) = D(wp) + D(m,);
(i) Vk € R Dk = 0;
(iv) Va e AP(M), B e N'(M);
D(a. A B) = (Do) A B+ (=1)P o A (DB).

The bracket of two derivations D; and D, of degrees 1 and », is a
derivation of degree 1 +7r on A(M) given by: [Dy, Dy]=Dj oD, —
(=1)Y2 D, o Dy. The Jacobi identity is

(~D)Y3[Dy, [Dy, D3]]+ (-1)22[Dy, [D3, Dy]] + (-1)32[Ds, [Dy, Dy ]} = 0.
D is completely defined by the action on A° (M) and Al (M) only. Every
derivation of degree » < —2 vanishes.

1.1. Exterior differentiation

Definition 1.1.1. The exterior differentiation is a derivation d of degree 1

such that for every @ € AP (M),

p+1
i+ n
d(D(Xl, ey Xp+1) = Z(_l)l+ XZ(D(XI’ ceey Xl', ceey Xp+1)
i=1

Y AKX XL Xy Koo Ko X i)

i<j
If p=0, then df (X) = X.f.

Note that d od = 0 and [d, d] = 0.
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1.2. Inner product

Definition 1.2.1. Let o € APT,,M, B e AYT,M and L € V*(M). Then
the exterior product of two scalar forms a and 3 is the p + g -exterior form
o A B defined by

(O AWAN B(XI’ ceey Xp+q)
1
= WZS(G)G(XG(U’ e Xc(p))B(Xc(p+1)> vy XG(p+q))'

We generalize this operation to mixed product:

oA L(Xy, s X i)
1
= WZS(G)OL(XG(I), ves Xc(p))L(XG(pH), ves XG(erg)).

Definition 1.2.2. The inner product i; of differential form with respect

to the ¢ -vectorial form L is a derivation of degree ¢ — 1 defined by:
() vf e (M) ig(f)=0,
(i) Vo € A’(M) i;(w) = ® A L where
(@A~ L)X, ooy Xpis1)

1
RTET Z e(0)O(L(Xo(1) - Xo(0))> Xo(t41)s s Xo(pri-1))s

(e

where G belongs to the set of permutations of p + ¢ — 1 elements.

There exists an extension of the inner product defined above to the ¢-
vectorial form Q. In fact, i7(Q) = QA L and (Q A L)(Xj, .., Xyiyy) =

1
PR 2 &(0) OL(X (1), s Xo(1))s Xo(pa1)s s Xo(r44-1))-
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Ifg=0,then QAL =0.
Note that [iL’ lP] = iLiP - (—l)(g_l)(p_l)l'pl'L.

Proposition 1.2.1. The form o A D is a derivation of degree equal to
the sum of the degree of the scalar form o and the degree of the derivation

D:iyp =onip [1], igag and o A iy are inner products. If o is a 1n

scalar form, then iy, ;o = (@A L)=oA(aol)=oAiro.

Proposition 1.2.2. If L and P are, respectively, { and p vectorial forms,
then [2, 3],

O Iy p = (—1)(4_1)(17_1)1}'#-

iz, ip] = ipxL -
If £ =0, we have [iy, ip] = ipxy =i, p [1].
In fact if o is a 1mscalar form, then
i oipaa =if(aoP)=(aaoP)AL=0o(PAL)=ipxsa.
1.3. Lie derivation

The Lie derivation with respect to a ¢ -vectorial form L is a derivation
d; of A(M) defined by d; =i, d]. Remark that [d;, d] =0, and if

d; =0, then L=0. In fact if VfeC®(M) d;f =0, then Vf
df oL =0= L =0.

Proposition 1.3.1. If ® is a prscalar form and L is a { -vectorial form,
then

dprr =0 Adp + (~D)P*D ey A i .
Proof. d,,; and o A d; are derivations of the same degree.
doarf = ioardf = df © (@A L)=on(irdf)

—ond - ()P Vaoni, f=ondy f+(D) P Ddo i, f.
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dApp 1O = iy, do — (—1)(p+€_1)dimALoc
= o Aipda — )P D (o A ir)a)
= oA irdo — (—1)(p+€_1)(doo nipa+ ()P o A dijo)
=oAdpo+ ()P do A i a).
1.4. Derivations of type i,

Definition 1.4.1. A derivation D of A (M) is called of type iy if
Vf e C*(M), Df = 0.

Theorem 1.4.1. If D is a derivation of type iy of degree ({ —1), then

there exists a unique ( -vectorial form L such that iy = D, ([4] and [1]).

Proof. In fact, Vo € A'(M), we define L by
L(Xl, ceny X[, (D) = (DL(X], ceey Xg) = (D(D)(Xl, veey X[).

Proposition 1.4.1. The bracket of two derivations of type i, is a

derivation of type i, [4, 1].

In fact, if Dy and D, are two derivations of type i, then for a function f

on M, we have [Dy, D,]- f = 0.
1.5. Derivation of type d,

Definition 1.5.1. A derivation of type d, is a derivation D of A (M)
such that [D, d] = 0.

Proposition 1.5.1. 4 derivation d; = [i;, d] is of type dy where L is a
{ -vectorial form ([4]).

In fact, d;d =i;, d]d = iydd — (1) "'di;d = (-1)'di;d and dd; =
dird, imply d;d = (-1)' dd; and hence [d;, d] = 0.
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Proposition 1.5.2. The bracket of two derivations of type d. is a
derivation of type d, ([4]).

In fact, if D; and D, are two derivations of type d,, then
(-D2[d, [Dy, D,]) = ~(-)[Dy, [Dy, d]] - (-1)V2[Dy, [d, D;]] = 0.

Theorem 1.5.1. If D is a derivation of degree ( of type d., then there

exists a unique ¢ -vectorial form L such that D = d; [4, 1].

In fact, L is defined by Df = df o L forany f e A’(M).

Theorem 1.5.2. Every derivation D of A (M) of degree ! is a unique
sum of two derivations where the first is of type i, and the second is of type
dy [4,1].

There exists ¢ vectorial form L such that for any function f on M, we

have Df = d; f. Since D — d; is a derivation of type i, there exists a ¢ + 1

vectorial form P such that D —d; = ip. Therefore, D = d; +ip.

2. Frolicher-Nijenhuis and Nijenhuis-Richardson Bracket [1]

2.1. Frolicher-Nijenhuis bracket

Definition 2.1.1. The Frélicher-Nijenhuis bracket [L, P] of two
vectorial forms L e V' (M) and P e VP(M) is defined by: [d), dp]
= d[ L, P]

Proposition 2.1.1 [2]. If L, P and Q are vectorial forms of degree {, p
and q, respectively, then the following hold:

() If ¢ = p =0, then the bracket [L, P] is the bracket of vector fields.
@) [L, Pl = ()P VI[P, L] and [1, L] = 0.

3) (DL, [P, QIl+ ('[P, [0, L]+ (-1)*[0, [L, P]} = 0.
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Proof. (1) If X and Y are two vector fields and f € C*(M), then

[dx.dyl f=dyedy f-dyedy - f=X-Y - [-Y-X-f

=[X, Y] f =dx nf
The bracket of vector fields is a particular case of bracket of vectorial forms.
1 Ip+1

) dp, p) = ldg. dpl = «(-1)"[dp, d;]= (-1)P " dp 1], then [L, P]
= (—1)([p+1)[P, L] and [I,L]=-[L,I]. For feC™(M) we have
dyy, 1)(f) = 0. Since [dy, d )(f) = dy;, 1)f =[d, d.]f =0, [1, L]=0.

(3) This is the Jacobi identity for derivations.

Remark 2.1.1. The explicit form of bracket [2, 3] in the case / = p =1
is:

[L, P](X,Y)=LP[X, Y]+ PL[X, Y]+[LX, PY]+[PX, LY]

— L[PX, Y]- P[LX, Y]- L[X, PY]- P[X, LY].
We deduce that for a vector field X:
ixy[L, P]=[L(X), P]+[P(X), L] - P[X, L]- L[X, P].

If £=p=1and L = P, then we obtain

[L, L](X,Y)= 2L2[X, Y]+ 2[LX, LY]-2L[LX, Y]-2L[X, LY],
and [L, XY =[LY, X]- L[Y, X]. Infact, iy[L, L] = 2[LX, L] - L[X, L].

Proposition 2.1.2 [1-4]. The decomposition of the derivation [i;, dp] in

the unique sum of two derivations one of type d, and second of type i,

proves that

lir, dpl=dpxrr + (=D i, p

In fact the two members of the equality are derivations of degree
{+ p —1. We prove that they have the same action on the functions and on
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the 1-scalar forms. Let /'be a function on M. We have:

lig, dplf =ipodpf =iy oipdf =ipxrdf = dpxrf + (DL pif-

Similarly
D D2iy pydf = (D VPdyy gy = (DD, dp) f

= ()" VP[iy, d). dplf = ~(-DP[ldp. it ). ]S

= ()P ()" Dliy. dp). d]f

= (<" [ig. dpldf — ()P (~D\*PValiy, dp)f

= (<DP'ig. dpldf — ()P ()P Vadpp f

= ()" [ig. dpldf — (-0 (D)2 D)2V ar

= (-1)"'[ig. dpldf - (-1)""dpxdf.
then  (-)7iy pidf =[ir. dpldf —dpzpdf —and  [if. dp]=dpxy +
(=174, p- We deduce that for P = X, and have [i, dx] =i x].

In this paper, we will use the brackets of the vectorial forms and the
derivations with complicated formulas. That is why we prove the general

case which will allow us to use all needed particular cases in all of the
following.

Proposition 2.1.3. Let o be a p-scalar form, B be a g-scalar form, L be a
L -vectorial form and N be a m-vectorial form. Then

[a AL, BAN]
=andBAN- (—1)(m+q)(é+p)ﬁ Adyo AL+ (1) (aAB AL N]
— ()" DED g A gB AL AN + (-)HPEDB A do A (N A L)

+(-1)"Pda AiB AN - (—1)(p+“1)(q+m)d[3 ANiyo A L.
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Proof. See the Appendix.

We deduce from the above result all the equalities proved by [2, 4, 3]
given in the following proposition.

Proposition 2.1.4. X and Y are vector fields on M. Let L, N be
respectively { and m-vectorial forms on M. Let ¢ be a p-scalar form, ® and
y be g-scalar form on the manifold M and o be a l-differential form.

Finally, we design by f and g functions on M. Then the following equalities
hold [2, 3]:

(1) [/, gN1= fd g AN =(-))" gdy f AL+ felL, N]=(-1)""*" fdg
ALAN)+ (=) gdf A(NAL).
Q) [X,0nLl=6yoAL+on[X, L]
B [0®X, y®Y]=dAy®[X,Y]+0rdyy®Y —dyd Ay ® X +
(1P (do niyy ®Y +iyd A dy ® X).
@ [X,0®Y]=dya®Y +a®[X, Y].
B)Ifl=qg=1wehave [L,y®Y]|=(d;y)®Y -y A[L,Y]-dy®LY.

2.2. Nijenhuis-Richardson bracket

Definition 2.2.1. The Nijenhuis-Richardson bracket of the ¢ -vectorial
form L and the p-vectorial form P is defined by [L, P]" =P AL -
DN xp

We deduce from the above part that:

[L, P = ~(-)“D@D[p, L and [i,, ip] =i 2, 3].

(L, PT

Proposition 2.2.1. [f a=/(-1,b=p—1 and c = q — 1, then

(D™ [LL, PT, OF + (-D™[[P, OF, LT + (-)"[lQ, LT, PF" = 0.
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Proposition 2.2.2. The following holds:

lir. dp]= (D Vip, dp )= 14.3)

P
In fact:
lir. dp]l=dpxp + (-1)"iL, p
and we have

~(-)ED = ()N - ()P (i g

Thus [ig.dp]= (-0 lip a,]=d,

3. Grifone-Ehresmann Connection

Let P:TM — M be the tangent bundle of M and I1: TTM — TM be
the tangent bundle of 7M. We have the exact sequence:

i J
0> TM xp;y TM ->TTM —TM x3; TM — 0,

where i(v, w) = %(V +tw)|,= 0 is the natural injection in the vertical
bundle and j := (I, PT) [8].

Definition 3.0.2. The almost tangent structure or vertical endomorphism

on M is the 1-vectorial form J :=io j on TM.

Locally if the chart (U, x! ) is a coordinates system on M, then the

associated canonical system on TM is (U, (x*, y*)) and J = dx* ® %.
oy

We verify easily that J? =0, [/, J]=0 and kerJ =ImJ =T", where

TV = Ker(PT) is the vertical space.
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Definition 3.0.3. A canonical field or Liouville field is the vertical vector

field C on TM defined, at z € TM, by C. = i(z, z). Locally, C = y* %.
y

Definition 3.0.4. A vectorial /-form L (resp. scalar p-form ®) on TM is
called homogeneous of degree r if [C, L]=(r —1)L (resp. dco = ro)

where d¢ = [ic, d] is the Lie derivation.

Proposition 3.0.3. J is homogeneous of degree 0 and [J, J]|=0. (It
means that [C, J] = —J and diy,J] = [d;,d;=2d;od; =0 [8)).

Definition 3.0.5. A spray is a vector field S on TM such that JS = C [8,
71.

: a a o 6 o 5
In classical system (x%, y*), §=y%—-2G%(x, y)—.
ox* oy

Consequently, S is homogeneous of degree 2 ([C, S] = S) if and only if the

functions G*(x, y) are homogeneous of degree 2 with respect to y*. The

vector field S* := [C, S]- S is vertical and is called the deviation of S.

Proposition 3.0.4. For any X € x(TM), and two arbitrary sprays S and
S", we have the following equalities [8]:

(1) J[JX, 8] = JX,

(2) X —[JX, S] is vertical vector field,

(3) X = J[X, 8]+ [Jx, S]- J[[Jx, 5], S],
4) J[S, S1=5-¢5"

Definition 3.0.6. A p-scalar form ® € RPT*TM is called semi-basic if
ijyo=0. Similarly, a /-vectorial form L 1is called semi-basic if

ImL c VIM and i ;L = 0.
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Proposition 3.0.5. For any l-vectorial semi-basic form T, we have
T[J, S]=J[T, S]=T [8].

Proposition 3.0.6. Let L be a semi-basic I-form (I > 1) on TM and S be

a spray. Then the potential L’ of L is defined by 0= igL and it is
independent of the choice of S [8].
Proposition 3.0.7. If L is a homogenous ( -vectorial form of degree r,

then [8]

()L = —— (. LT +[7. I°)).
r+/

(2) If L is closed (ie. [J, L] = 0), then L = %f([], L)).
r

3.1. Grifone-Ehresmann connection
Definition 3.1.1. A Grifone-Ehresmann connection on M is a (1 —1)
tensor field I' on 7M such that JT' = J and I'J = —-J [8].

The local form of the connection I' in the classical system (xi , yi ) is

lfzmi®ll—2nuﬂ®-§f—@i®ll,
G oy o'

where Fl-j are the Christoffel coefficients of the connection I which satisfies

[ol =1. If S is a spray, then [J, S] is a connection. If T =[J, S] and

S = yii - 2G'(x, y)i., then G/ = lyirl.f_
ﬁx’ ayl 2

Definition 3.1.2. The torsion H, weak torsion t and the strong torsion T

of T are defined respectively by H :=%[C, r], tzzé[J, '] and

7=:_m.
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Proposition 3.1.1. If T is homogeneous of degree 1, then T O—pg=0
[8].
Remark 3.1.1. The two mappings % = %([ +T) and v = %(1 -T),

satisfy hoch=h and vov=v in TTM. We deduce that the horizontal
distribution associated to " is H(7TM ) := ImA and V(TM ) = Imv, such that

TTM = H(TM)® V(TM) [8]. The local form is given by

h = dx' ®i—rijdxi®i andv:Fljdxi®i+dyi®i.

ox' oy’ oy’ oy’
Definition 3.1.3. The curvature of the connection T is R = —% [h, h).

Proposition 3.1.2. If X € y(TM) and S is an arbitrary spray, then we
have the following equalities [8]:

h[JX, S]=hX, Jh=J, hJ =0, Jv=0 and vJ = J.

Definition 3.1.4. The associated spray S of a connection I' is a spray
defined by S := AS', where S’ is an arbitrary spray.

This definition is verified since the difference between two sprays is a
vertical vector field.

Proposition 3.1.3. We have 70 +8* =0.

Proposition 3.1.4. Let A be a homogenous function of degree 1 on M.
Then:

(1) [h, d % ® C|=dydh®C,
@) [h W] = dyh A J,

3) M, C]=0,

@) [J,2C] =M +d A ®C,

(5) ded g =0,



On the Curvature of Finsler Manifold ... 279
(6) lic, dyl =iy and icd ) = 0.
Proof. (1) [h, djA® C|=d;d ;A ® C + d jA[h, C]l—dd;h ® h(C) =
dpd ;A ® C,
Q) [h M) =djiAJ —dh AR + A1, T =dph A J,
3) M, Cl=A[J, Cl-CAJ =0T =M =0,
@) [J,\C]=A[J,Cl+da®C =M +d;A®C,
(5) dedyh =d dch +djc )b =dyh—d L =0,
6) [ic, dj] = —i[c, ] =iy and icd jA = —d jich + ijL = 0.

Proposition 3.1.5. Let I be a connection of curvature R. Then [8]:
(D) [/, R] = [h, 1],

@) [h, R] =0,

3) [C, R] = -h, H],

(4) If T is homogenous of degree 1, then H = 0 and [C, R] = 0.

3.2. Almost complex structure associated to I

Definition 3.2.1. An almost complex structure on TM is a 1-vectorial

form F on TM such that F2 = —1.

Proposition 3.2.1. Let I" be a Grifone connection on M. Then there exists

a unique almost complex structure F on TM, C* on TM — {0}, such that
FJ =h and Fh = —J. Consequently, JF = v [8].

The local form of F'is given by:

F=T/&r® % vy % rriad e —ai o2

ox/ ox' oy’ o'

—Fl-jdyi ®§.
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Proposition 3.2.2. If the almost complex structure F satisfies F =
WS, h]=J, (h[S, K= J)oJ = K[S, h]J = K[S, k]~ h o h[S, J] = ho[J, S]
= h(h[S, h]|—J)oh =h[S, hlh—J = h[S, h]—ho h[S, h]-J =—J, then F =
HS, h]—J.

Proposition 3.2.3. If (M, E) is a Finsler manifold, then the connection
I =[J, Sg] is homogenous of degree 1 and we have [C, F| = F + 2J.

Proof. [C, F|J =[C, FJ|-F[C, J]=[C, h|+ FJ = FJ = FJ +2JJ =
(F+2J)J and [C, Flh =[C, Fh]- F[C, h] = -[C, J] = J = Fh =
(F +2J)h, and hence [C, F] = F + 2J.

3.3. Finsler manifold in Grifone formalism

Definition 3.3.1. A Finsler manifold (M, E) is a differentiable manifold
M equipped with Lagrangian mapping E : TM — R, where E(0) =0, C”
on TM — {0}, C' on the zero section and such that:

(1) doE = 2E,

(2) The 2-differential form Q =dd;E is of maximal rank (ie.
symplectic form on TM) [8].

The local form is

. . 2 . .
.]dxl Adx! — a.E.dxl A dy’.

axiayj - 8yi8xj oy'oy’

2 2
.l L ’E  PE
2
Proposition 3.3.1. The symplectic form Q) = dd jE defines a metric g

on the vertical fibre bundle VIM, and we have i;QQ=0 where
g(JXx, JY)=Q(JX, Y) [8].

Proposition 3.3.2. There exists on the Finsler manifold (M, E) a spray
called canonical spray S defined by Ig, € = —dE [8,9,7].
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. . i O j 0
The local form of this spray is Sp = y' — —2G/(x, y)— where
ox' o'
G =g s OE O
2 oxoy/  ax/
Remark 3.3.1. If £ is homogenous of degree 2, then G is homogenous
of degree 2 and [C, Sg] = Sg. In this case the spray associated to [J, Sg] is

Sg. The Christoffel coefficient are homogenous of degree 1 and we have
[C,T]=0. But G/ = %yfr,.f, then ' = [J, S] is homogenous of degree 1,
hence [C, T'] = 0.

Every connection I' on (M, E) defines a metric g, extension of g to

TM, defined by g(X, Y) = g(JX, JY) + g(vX, vY) and g(hX, vY)=0.

4. Trace of Semi-basic Forms

The trace of a semi-basic form is the extension of the trace of a linear

form.

Definition 4.0.2. The trace of a p-vectorial semi-basic form L is the
(p — 1)-vectorial semi-basic form (L) defined by: VX e TTM;

ixtr(L) = tr(iyL) and that if p =1 we have (L) := trace(FL) where F is
the almost complex structure associated to an arbitrary Grifone connection I'.

Proposition 4.0.3. The definition of a trace of semi-basic form is
independent of the choice of the Grifone connection I.

Proof. Let F (resp. F') be the complex structure associated to Grifone
connection I' (resp. I''). It is sufficient to prove the property for p =1. In
fact, the form (F — F')L is semi-basic because J(F — F')L = (v —V')L =
L—-L =0, then #rFL = trF'L.

Proposition 4.0.4. Let ® be a 1-scalar semi-basic on TM and X be a
vertical vector field on TM. Then tr(o ® X) = o(FX).
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Proof. In fact, if {e;},, i =1, ..., 2n, is a local orthonormal basis of 77M

associated to the metric g deduced from a Grifone connection on M, and 0’

is its dual basis, then (0 ® X) = rrace(® ® FX) = 0 (o(e;) FX ) = o FX).

Proposition 4.0.5. If o is a g-scalar semi-basic on TM, L is a 1-vectorial
semi-basic form on TM and X is a vector field on TM, then

(o ® LX) = (1) ig v
If ¢ =1, then we have tr(® ® LX) = trace(o ® FLX) = ip; y .

Suppose that the property is true to the order ¢ — 1, then for ¥ € TTM

we have
iY(tr(oo ® LX)) = tr(iy((l) ® LX)) = tr((iy(D) ® LX) = (—l)q iFLXiY(D

. . .. . 1.
= (- (lippx., iy] - iyiprxo) = iy ()7 ip o).
Thus (e ® LX) = (-1)?ip vo.

Proposition 4.0.6. Let © be a g-scalar semi-basic on TM, L be a /-

vectorial semi-basic form on TM and X be a vector field on TM. Then

oA L)=on (L) (1)1 Vi e
Proof. We proceed by induction on ¢ and ¢q. If ¢ = ¢ = 1, then we have:
ixtr(wa L) =tr(iy(o A L)) = tr((o(X))L) — tr(o ® LX)
= o(X)tr(L) —ippyo =iy (otr(L)) —iyip o+ ippiy®
=iy(oAtr(L) - ip o).
In fact i yo is a function, and hence tr(® A L) = @ A tr(L) — ipp o.

We suppose that it is true to the order g — 1, with ¢/ =1. Let ® be a

g-scalar semi-basic form and L be a 1-vectorial semi-basic form. Then

iy(tr(wa L)) =tr(iy(o A L)) = tr((iyw) A L) + (-1)?tr(o ® LX)
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= iyorr(L) - (-1 Vigiye + (-1 ip o
=(iyw)tr(L)—ipiy® —iprx® = (iyo) Atr(L) — ixipr o
=iy(oAtr(l)—ip o).
Finally, we suppose that the property is true for ¢ =1 and ¢ — 1. Then
ix(r(oa L)) =tr(o(X)L)—tr(o niyL)
= o(X)tr(L) = o A tr(iy L) + (1) i, 1o

But using the formula [if, ip] =ipx; — (—1)(4_1)(17_1)1'pr and that o is
semi-basic, we deduce that
i(FiXL)O‘) = l.l'XLXF(D - iFiiXLw + iiXLiFCO =woFo ZXL = ZX((,O oFo L)
= ix(ipzL0) = ix(iLipo - ipi o+ iz Fo).
But i;jo=i;xpo =0, since L and o are semi-basic forms. Thus
iy(tr(wa L)) = o(X)tr(L)—o A tr(iyL) + (-1)Piyipro =iy (o A tr(L) -
(-1)?"liz ). Therefore ¢ and ¢, we have fr(wAL)=wn (L)

(D7 Vig ().

Corollary 4.0.1. Let ® be a g-scalar semi-basic form on TM and L be a
{ -vectorial semi-basic form on TM. Then

(D) r(J)=nand r(onJ)=(n—-q)o.
QIfqg=1tr(wrL)=0tr(L)+(-1) i o,
3) (o ® C) = (-1)7" e’

Proof. tr(J) = Trace(FJ) = Trace(h) = n. Since o is a semi-basic form

and FJ = h, io = qo and tr(o A J) = otr(J) —ip;o = (n — g)o. Finally,
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(0 ® C) = tr(w ® JS) = (1) ip o = (1) i 0
= ()" igo = ()"0

Proposition 4.0.7. If L is a 1-vectorial semi-basic form on TM and X is a
vector field on TM, then X - tr(L) = Trace([X, FL)).

Proof. Let e = {¢;}, be a local orthonormal basis on 7M and 6 = {Gi}i
be its dual basis. In this system F = F/e" ®e;, L= L{e" ®e; and
FL=F}L/0' ®e,. Then TraceFL=F}Lj and X -tr(FL)=(X-F})L]
+ F} (X - LJ). Now,

0'([X, FL])(e;) = —0'([FL, X]e;) = —0'([FL, X]e;)
= 0'(FL[e;, X])—0'([FLe;, X]) = 0" (FL(e; - X*ey)) + X °0' (FLe;, e,])
~0'([FL]e,, X])
= ¢; - X*0'(FL(ey)) + X°0'(FLle;, e;]) - O (FPL{ (e, - X*)ey)
+ 0/ (X" (es - FPL] Je,) - X FPLIO (e, e])
= FPLi(e, - X*)+ X°0'(FL[e;, ¢]) - FP'Ll (e, - X*)
+ X' (e - FFL]) - X FPLI0' (e, ¢))
= X'e, - (FiL]) = X - r(L).

Corollary 4.0.2. [f the 1-vectorial semi-basic form L is homogenous of

degree r, then tr(L) is a homogenous function of degree r.

Proof. The connection I' =[J, §] is homogenous of degree 1. If
[C, L] = (r — 1)L, then
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C -tr(L) = trace([C, FL])
= trace([C, F|L) + trace(F|[C, L])
= trace((F + 2J)L) + trace(F(r —1)L)
= rtrace(FL) = rir(L).
5. Projective Transformation
Definition 5.0.3. The projective transformation of a spray S,

homogenous of degree 2, is the vector field S, = S + AC, where A is a

homogenous function of degree 1, C' on TM and C* on TM \{0}.
Proposition 5.0.8. S, is a homogenous spray of degree 2.

Proof. JS, =JS +J(AC)=C and [C, S,]=][C, S]+[C, AC]=S +
(C-2)C =8 +AC =S,

Proposition 5.0.9. If f € C*(TM) is homogenous function of degree 1,
then dyf and d;f 2 are homogenous 1-scalar semi-basic forms of degree
1.

Proof. d, f(JX)=(df)(hJX)=0 and d;f*(JX) = (df*)(JIX) = 0.
They are homogenous, in fact dody, f = djdof + d[C’ h]f =d, f since the
connection is homogenous [C,T]=0 and [C, h] =0. On other hand,
[C,J]=—-J and f? are homogenous of degree 2. Thus, we have

2
dedyf? = dydef?® +dic ) f* =2d,f* —dyf? =d;f>.

6. Curvature of Homogenous Connection under
Projective Transformation

We consider in this section the connection I" = [J, S] associated to the
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homogenous spray of degree 2. In particular case where the manifold M is a
Finsler manifold equipped with the homogenous lagrangian £ of degree 2,
we deduce that the associated spray is homogenous of degree 2. We consider

in this section the projective transformation S, =S + AC. The curvature
(resp. horizontal projector) of [J, S] is R (resp. h) and the curvature of the
connection [J, S ] is designed by R,.

6.1. Invariant tensor under projective transformation

Using Proposition 2.1.3 we deduce the following particular cases, which
will be used in later parts:

Proposition 6.1.1. Using the equalities of Proposition 3.1.2, Proposition
4.1.4, and Proposition 3.1.4 we easily establish the following equalities:

(W[dn®C,d ;. ®Cl=2d ;A Adpd A ®C —2igd jh Add i ®C =0,

@) [\, W] = 20djh A J,

3) [dn® C, M) = dyyd h ® C+dyh A M, C] - dd ;)\ ® AJIC
=dyyd )\ ®C,

4) dydyg=igdd;g—digd;g= fijdd;g—df nijd;g— fdijd;g
= fdydyg—df AdfoJoJ =0,
Proposition 6.1.2.

R, =R—c0/\J+dJco®therem:zé[dhk+%dj7\,2),

L, =[J, S+ AC]=[J, S]+ (djA)® C+ A[J, C]=T + (d;A) ® C + AJ.
Proof. We have

R, =_%[1“*,F*]:—%[F+(djx)®C+M,F+(dJ7»)®C+7\J]

~ R -%[(djx) ® C, (d,1)® C]— L[t ] —%[r, A ®C]

1
8
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1 1

-z 0= 2[d0)® ¢ ]
:R_%(dj}\./\ecdj}\._icd‘])\,dd']}\,)@C_%)\,dJ}bAJ

1 1
__[ha dJ}\‘®C]__[ha 7"‘]]

2 2
—%(deJkGEC—de?L@?\JC—dJ?»/\[M, c),

1 1 1 |
R* =R—ZdexAJ—EdhdJK(@C—Edh)\./\J—Zdudj)\.®c

But AdjA = Adh o J = %d(k)z oJ = %djkz. By using Propositions 3.1.2,

4.1.4 and 7.1.1, we deduce:

R.=R —%GdJ(xz) + dhxj AJ - %(dhdjx) ®C.
Let o = %G d,02)+ dhkj. Then, we deduce that d o = %djdhx _
—%dhdﬂ», andhence R, =R—-oArJ +d;0® C.
Remark 6.1.1. The form o satisfies the following properties:

. 11 1(1. .
(D) g = Ig E(Zd‘](}\‘z)—i_ dh)\’j = E(ZlSdJO\‘z)—FZSdh}\‘)

_ %G isiyd(02) + iSihdk) = %G d(2)(C) + dxj (hS)

_!

[lc a2+ dk)(S) = l(l;@ + dsx),
24 22

(2) iy, s1(X) = ir@(hX +vX) = o(ThX +TvX) = o(hX —vY) = o(hX)

= o(X), then i; gjo = o,
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3) (djo) =ig(d;o)=is, d;]lo-d igo =dgo—ig jo-digo=

dJs(D — i[S,J]O) — dJis(,l) = dc()) + il"(i)— dJiSo) =20 — dJiSco.

Proposition 6.1.3. The relation between R and R, is

R, :R_(tr(R)—tr(R*) N d;(r _r)j/\J"' djtr(R) — d jtr(R,) ® C
n+1 n+l1 n+1

— iS (tr(R)) .— l l 2 r_ o
wherer.——l_n ;0= 5 dh?\«+4dJ7\4 and r' =r+ o .

Proof. In Proposition 6.1.3, wehave R, = R-o A J + d;o® C.

Passing to the semi-basic trace we obtain:

tr(Ry) = tr(R) —tr(@w n J) + tr((djo ® C)) = tr(R) — (n - o — (d j0)°.

Then isll"(R*) = isll"(R) — (I’l — l)iS(o.

iotr(R
We suppose that » = % and r'=r+igo=r+

1 1.2
Sdsh+ 1.
r(Ry)=tr(R)—(n—-1)o -20+djigo =tr(R)— (n+ o +
djigo. Then tr(R.)=tr(R)—(n+1)o+d;(r'—r). We deduce that ® =
r(R)—tr(R,) d;(r'—r)
+
n+1 n+1

Therefore

and dJ(D _ dJ[I"(R) — dJ[}"(R*)

P . Finally

Ro=R- [”’(R) ~tr(R) +dy ('~ r)) . dgtr(R) = dymr(R,)
" n+1

® C.
n+1

Theorem 6.1.1. If the manifold M is equipped with a Grifone connection
I" of curvature R, then the tensor

+1 Tuar €

W:=R—(tr(R)_dJr)/\J+ d jtr(R)
n n+1

is invariant under the projective transformation and it satisfies tr(W) = 0.

Proof. Using Proposition 6.1.3, we get:
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P ZR_(Z;’(R) tr(Re) +d;(r' —r)j T4 dytr(R) — d jir(Ry )®C
* n+1 n+1 '

Then

R - tr(R)—dyr /\J+dﬂr(R*)®C
n+1 n+1

=R—(tr(R)_d‘]rj/\J+thr(R)@C.
n+1 n+1

But R and #(R) are homogenous of degree 1. Therefore,

=tr(R)—(n-

tl"(R) dJ]/') _ dCtV(R) - dJlStr(R) + Z[J,S]t’”(R)
n+1

r(R) — dJrj _ tr(R) —djigtr(R) + tr(R)
n+l1 n+1

=tr(R)—(n-1)

("
= tr(R) — (n - 1)[
(

r(R)—dyr 2tr(R) - digtr(R)
n+1 n+1

—Dr +igtr(R))

=0.
n+1

= r(R) - r(R) + L

Proposition 6.1.4. If the curvature of the homogenous Grifone
connection T =[J, S] is given by R=woAJ +1n®C where o is a 1-

scalar semi-basic form and w is a 2-scalar semi-basic form, then 000 = ®
and O¢.m = 0.

Proof. I is homogenous of degree 1 (ie.[C,T]=[C, h]=0) and
[C,R]=0.If R=0AJ+7®C, then [C,oAJ +1® C]=(0c0 — 0)
ANJ +0cnt® C = 0. We deduce that 6-» = o and O =0

Theorem 6.1.2. Let (M, E) be a Finsler manifold of dimension n > 2

equipped with a Grifone connection U = [J, S]. Then there exists a 1-scalar
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form ® and 2-scalar form m such that the curvature of T is of the form
R=onAnJ+ n®C ifandonlyif W = 0.

Proof. The semi-basic trace of R=w0AJ+7®C is tr(R)=(n - 1o
—ign and then igtr(R) = (n —1)igw = (1 = n)r. Thus igow = —r. On other
hand

0=[J,R]=[J,0oAnJ+n®C]=[J,0nJ]+[J, n ®C]
=djon] +d;n®@C+mnAlJ.

Passing to semi-basic trace we deduce (n —2)(d ;o + 1) +ig(d;m) =0

and by applying d; we obtain (n — 2)(d n) + d jig(d yn) = 0. But
dJisdJTC = dJ(—dJisTE + djsTC - i[S, J]TC) = dJ(—dJisTC + ecTE + i[_zvﬁ)
= dJ(—dJisTE + 2TE) = 2d_]7'[.

We deduce that d ;= 0, in addition to (n—2)(d ;0 + n)+ig(d ;m)=0.
Then m = —-d; ;o and R = o A J — d ;0 ® C. Finally, we prove that W = 0.
Infact, R=o0AJ —d;0® C induces

r(R)=(n-No+igdjo=(n-1)o-djigo+do+ire

=(n-No-djijgo+o+o=n+1)o+d;r

tr(R)—d r

and the curvature
n+1

Then the expression of ® is of the form ® =

tr(R)—dJr/\J_thr(R)(@C
+1 n+1
W:=R—(tr(];)_d‘]r)/\J d;]ltr(R)

+——~>® C vanishes and the inverse is
+1 +1

R is given by R =

. Finally, the tensor

also true.
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7. Appendix

Proposition 7.0.5. Let f be a p-scalar form, g be a g-scalar form, L be a

{ -vectorial form and N be an m-vectorial form. Then

[f AL gAN]
:f/\dLgAN—(—I)(m“Lq)((“Lp)g/\de/\L

+ () (f A g A[L, N]- (—1)(m+q)([+l)f Adg NLAN



292 M. Mehdi, M. Cheaito and M. Slayman

+ ()P g N gf AN R L)+ (<) Pdf nigg AN
— (=n)prDlgrm) gg ivf AL
Proof. We have
dlfaL,gAN]
=[dsars dgan]
=[f ndy + (D) A i, g ndy + ()" dg Ay
=[f ndp. g ndyl+[f adp, ()" Ddg niy]
+[(DPf g, g A dy]+ () PG Ay, dg A y]
= fadigndy + (D) fagnadidy - () DEP g gy f
ndy = ()PP g 8 f A dydy
+ ()" Adydg Ay + ()" D)TD 1A dg
ndyiy = (A1) PO gy f oA (dy)
= (-1 () PO )P g f A (iygdy)
+ (D) Pdf nipg ndy + (D) PG A g nipdy
— ()P ()P g ndydf Ay
— ()P ()R 1y P g ndf A dyiy
+ ()P G N de A iy + (<D PR ) D) g o g
Nipiy — (=) PO P) o njodf Ay
_ (_1)/f+m+p+q(_1)(m+q)(/f+p)(_1)(m—1)(p+1)dg Adf Aiyis

= fadig ndy + ()P N dg Ay
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+ ()" f ndydg niy — (D" g ndy fady

— ()P g A dydf Ay

— () () D dg jydf aip + ()1 f A g adydy

— () DERY Y g A f A dydy + (1)) £ A dg

ndyiy — ()" ()N D g o £ A Giyd,)

()P A g nigdy

— ()P ()R (P D g ndf A d iy

+ (=1 mrra )N g A dg Adpiyg

_(_1)f+m+p+q(_1)(rn+q)(€+p)(_1)(m—1)(p+1)dg Adf Aiyip

+ () PAf Aigg ady — ()" gg n iy £ A (dy)
= fadigndy+ ()P Nd g Ny

+ ()™ faddpg Ay — (<) TP df Adipg Ay

_ (_1)(rn+q)(f+p)g ndyf Ady - (_1)f+rn+p+q(_1)(m+q)(f+p)dg

ndyf nip = ()PP g ndydf Ay

+ ()T () DEP C)" g ndydf Ay

+ (D f nga(dy. dy) - (DO £ A dg A iyd,)

+ ()" £ A dg ndyiy

+ ()P A g Ay - ()" Dayiy)

+ () mpra ()N g A dg (i - () Vi)

+(D)Pdf nigg Ady — (D)) PTG n Gy f A (d))
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=dfrd gnN ~ (_1)(m+q)(€+p)dg/\de/\L
(D (d ppgaz vy = CO" I DD
+ ()P g, e (vw)
+ (D) Pdyrnigan - (_1)(p+f+1)(q+m)ddg/\iNf/\L'
Thus
[f AL gAN]
= fadig AN - (=)D g\ g f AL
+(-1)2(f A g A[L, N]= (D)D) £ go A (LA N)
+ (PG g 1 g AN A L)

+(=1)""Pdf A irg AN - (—1)(p+€+1)(q+m)dg ANinf AL
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