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Abstract 

In this paper, we consider a special case for the relevant work in a 
2011 paper of Sharief Deshmukh and Suha B. Al-Shaikh 
published in Beitr. Algebra Geom. [9] wherein we study the 

tangent bundle of 3M  as a submanifold of .4R  Since we know 

that 4R  has three Hermitian complex structures, using them 

together with the unit normal to the hypersurface ,3M  we get 

three orthonormal unit vectors on .3M  By means of these three 
vectors, we study the properties of TM equipped with the induced 
metric represented in [9]. 

1. Introduction 

Given a Riemannian manifold ( )gM , , one can define several 

Riemannian metrics on the tangent bundle ( )MT  of M. Maybe the best 

known example is the Sasaki metric introduced in [1]. Although the Sasaki 
metric is naturally defined, it is very rigid. For example, the Sasaki metric is 



Suha B. Al-Shaikh 224 

not, generally, Einstein. The tangent bundle ( )MT  with the Sasaki metric is 

never locally symmetric unless the metric g on the base manifold is flat (see 
[2]). Musso and Tricerri [3] have proved that the Sasaki metric has constant 
scalar curvature if and only if ( )gM ,  is locally Euclidian. In the same 

paper, they have given an explicit expression of a positive definite 
Riemannian metric introduced by Cheeger and Gromoll in [4] and called this 
metric the Cheeger-Gromoll metric. Sekizawa (see [5]), computed geometric 
objects related to this metric. Later, Gudmundsson and Kappos in [6] have 
completed these results and have shown that the scalar curvature of the 
Cheeger-Gromoll metric is never constant if the metric on the base manifold 
has constant sectional curvature. Furthermore, Abbassi and Sarih have 
proved that ( )MT  with Cheeger-Gromoll metric is never a space of constant 

sectional curvature (cf. [7]). Recently, efforts are made to study the geometry 

of the tangent bundle of a hypersurface M in the Euclidean space 1+nR  (cf. 
[8]), where the authors have shown that the induced metric on its tangent 

bundle TM as a submanifold of the Euclidean space 22 +nR  is not a natural 
metric. Deshmukh and Al-Shaikh in [9], extend the study initiated in [8] and 
computed geometric objects related to this metric. In this paper, we consider 
a special case for the relevant work in [9], because we study the tangent 

bundle of 3M  as a submanifold of .4R  Since we know that 4R  has three 
Hermitian complex structures, using them together with the unit normal to 

the hypersurface ,3M  we  get three orthonormal unit vectors on ,3M  and 
using those three vectors we study the properties of TM equipped with the 
induced metric represented in [9]. 

2. Preliminaries 

Let ( )gM ,  be a Riemannian manifold and TM be its tangent bundle 

with projection map .: MTM →π  Then for each ( ) ,, TMup ∈  the tangent 

space ( ) ( ) ( ),,,, upupup TMT VH ⊕=  where ( )up,V  is kernel of 

( ) ( ) MTTMTd pupup →π ,, :  and ( )up,H  is the kernel of the connection 
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map ( ) ( )( ) MTTMTK pupup →,, :  with respect to the Riemannian connection 

on ( )., gM  The subspaces ( ) ( )upup ,, , VH  are called the horizontal and 

vertical subspaces, respectively. Consequently, the Lie algebra of smooth 
vector fields ( )TMX  on the tangent bundle TM admits the decomposition 

( ) ,VHX ⊕=TM  where H  is called the horizontal distribution and V  is 

called the vertical distribution on the tangent bundle TM. For each 
,MTX pp ∈  the horizontal lift of pX  to a point ( ) TMupz ∈= ,  is the 

unique vector z
h
zX H∈  such that ( ) π=π p

h
z XXd  and the vertical lift of 

pX  to a point ( ) TMupz ∈= ,  is the unique vector z
v
zX V∈  such that 

( ) ( )fXdfX p
v
z =  for all functions ( ),MCf ∞∈  where df is the function 

defined by ( ) ( ) ( )., fuupdf =  Also, for a vector field ( ),MX X∈  the 

horizontal lift of X is a vector field ( )TMX h X∈  whose value at a point 

( )up,  is the horizontal lift of ( )pX  to ( ),, up  the vertical lift vX  of X is 

defined similarly. For ( )MX X∈  the horizontal and vertical lifts vh XX ,  

of X are the uniquely determined vector fields on TM satisfying 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,0,0, z
v
zz

v
zz

h
zz

h
z XXKXdXKXXd ππππ ==π==π  

Also for a smooth function ( )MCf ∞∈  and vector fields ( ),, MYX X∈  we 

have ( ) ( ) ,hh XffX π=  ( ) ( ) ,vv XffX π=  ( ) hhh YXYX +=+  and 

( ) .vvv YXYX +=+  If mM =dim  and ( )φ,U  is a chart on M with local 

coordinates ,...,,, 21 mxxx  then ( ( ) )Φπ− ,1 U  is a chart on TM with local 

coordinates ,...,,,...,, 11 mm yyxx  where π= ii xx  and ,ii dxy =  

....,,1 mi =  Throughout this paper we use Einstein convention for 

summation, that is, the repeated indices are summed on their ranges. For 
horizontal and vertical lifts of smooth vector fields, we have the following: 

Lemma 2.1 ([6]). Let ( )gM ,  be a Riemannian manifold and 
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( ),, MZX X∈  be locally represented by i
i

x
X

∂
∂ξ=  and .i

i

x
Z

∂
∂η=  Then 

the vertical and horizontal lifts vX  and hX  of X at the point TMZ ∈  are 
given by 

( ) ( ) ,, i
i
jk

kj
i

i
Z

h
i

i
Z

v

yx
X

y
X

∂

∂
Γηξ−

∂

∂
ξ=

∂

∂
ξ=  

where the coefficients i
jkΓ  are the Christoffel symbols of the Riemannian 

connection ∇ on ( )., gM  

3. Tangent Bundle of the Hypersurface 

Let M be an orientable hypersurface of the Euclidean space nR2  with 

immersion nRMf 2: →  and TM be its tangent bundle with immersion 

.: 4nRTMF →  We denote the induced metric on M, TM by g, g  

respectively and the Euclidean metric on nR2  as well as on nR4  by .,  

We also denote by ∇, ,∇  D and D  the Riemannian connections on M, TM, 

,2nR  and nR4  respectively, and recall that the connection coefficient 

(Christoffel symbols) k
ijΓ  of the Euclidean connection are zero. Let N and S 

be the unit normal vector field and the shape operator of the hypersurface M. 

We know that if 121 ...,, −nxx  are the local coordinates on M, then the 

corresponding local coordinates on TM are ...,,,,...,,, 211221 yyxxx n−  

,12 −ny  where π= ii xx  and .12...,,2,1, −== nidxy ii  

Similarly if nuu 21 ...,,  are the local coordinates on ,2nR  then we get 

corresponding coordinates nn vvvuuu 221221 ...,,,,...,,,  on ,4nR  where 

i

v

i vu ∂
∂=⎟

⎠
⎞

⎜
⎝
⎛
∂
∂  
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.2...,,1, ni
uu i

h

i =
∂

∂
=⎟

⎠
⎞

⎜
⎝
⎛
∂

∂  

We have the following theorem which is a consequence of the fact that 
an immersion of M in N induces an immersion of TM in TN. 

Theorem 3.1 [8]. The map nRTMF 4: →  is an immersion with the 

matrix for ( ) ( )( )n
PFPP RTTMTdF 4: →  at ( ) ,, TMXpP p ∈=  as the 

( ) ( )244 −× nn  matrix given by 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )
,

0

122
122

2
122122

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂∂
∂=

−×
−×

−×−×

nnp
nn

k
kj

i
nnnnp

P dfPyp
xx

f

df

dF  

where 

....,,,...,,,
21

221
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
π

∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
π

∂
∂πππ= i

i

n
i

i
n y

x
fy

x
ffffF  

Thus the tangent bundle TM of the hypersurface M of the Euclidean 

space nR2  is a submanifold of .4nR  For the hypersurface M of the 

Euclidean space nR2 , we have the following Gauss and Weingarten 
formulae 

( ) NYXSYYD XX ,+∇=  

( ),XSNDX −=  

where ( )MYX X∈,  and S denotes the shape operator (Weingarten map) 

( ) ( ).: MMS XX →  Similarly for the submanifold TM of the Euclidean 

space nR4 , we have the Gauss and Weingarten formulae: 

( )YXhYYD XX ,+∇=  

( ) ,ˆˆ ˆ NXSND XNX
⊥∇+−=  
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where ( )TMYX X∈,  and NS ˆ  denotes the Weingarten map in the direction 

of the normal N̂  which is ( ) ( ),:ˆ TMTMSN XX →  and is related to the 

second fundamental form h by 

( ) ( ( ) ).,ˆ,, ˆ YXSgNYXh N=  

Also we observe that for ( )MX X∈  the vertical lift vX  of X to TM, as 

π∈ dX v ker  we have ( ) 0=π vXd  that is ( ( )) 0=π vXddf  or equivalently 

we get ( ) ( ) ,0=π vXfd  that is, ( ) ( ) 0~ =π vXFd  which gives 

( ) .~ker V=π∈ dXdF v  

We have the following lemma. 

Lemma 3.1 [9]. If ( )gM ,  is an orientable hypersurface of ,2nR  and 

( )gTM ,  is its tangent bundle as submanifold of ,4nR  then the metric g  on 

TM for ( ) ,, TMupP ∈=  satisfies 

(1) ( ) ( ) ( ( ) ) ( ( ) )uYSguXSgYXgYXg ppppppppP
h
P

h
PP ,,,, +=  

(2) ( ) 0, =v
P

h
PP YXg  

(3) ( ) ( )., ppp
vv YXgYXg =  

Remark. We observe that the metrics defined on TM using the 
Riemannian metrics of M (such as Sasaki metric, Cheeger-Gromoll metric, 
and Oproiu metric) are natural metrics in the sense that the submersion 

MTM →π :  becomes a Riemannian submersion with respect to these 
metrics. However, the induced metric on the tangent bundle TM of a 

hypersurface M of the Euclidean space ,2nR  as a submanifold of nR4  is not 
a natural metric because of the presence of the term 

( ( ) ) ( ( ) )uYSguXSg pppppp ,,  in the inner product of horizontal vectors in 

TM. 
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In what follows, we drop the suffixes and it is understood from the 
context of the entities appearing in the equation. 

Theorem 3.2 [9]. Let ( )gM ,  be an orientable hypersurface of ,2nR  

and ( )gTM ,  be its tangent bundle as a submanifold of ,4nR  and ( )gM ,  

be equipped with the connection ∇ and TM be equipped with the connection 
.∇  Then the connection on TM is given as follows: 

  (i) ( ) ( )( )vh
X

h
X

uYXRYYh ,
2
1

−∇=∇  

 (ii) ( ) ( )( ) vv
X

v
X

NYXSgYYh π+∇=∇ ,  

(iii) ( )( ) vh
X

NYXSgYv π=∇ ,  

(iv) .0=∇ v
X

Yv  

Moreover we have the following lemmas: 

Lemma 3.2 [9]. Let M be an orientable hypersurface of .2nR  Then for 
( ),, MYX X∈   

(1) ( ) 0, =vv YXh  

(2) ( ) 0, =hv YXh  

(4) ( ) ( )( ) .,, hhh NYXSgYXh π=  

Lemma 3.3 [9]. For an orientable hypersurface M of nR2  and 
( ),MX X∈   

(1) 0=v
X

ND v  

(2) 0=h
X

ND v  

(3) ( )( )vv
X

XSND h −=  
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(4) ( )( ) .hh
X

XSND h −=  

Lemma 3.4 [9]. For the tangent bundle TM of an orientable 

hypersurface M of the Euclidean space ,2nR   

  (i) ( ) ,0, =vv NXh   (ii) ,0=∇ v
X

Nv   

(iii) ( ) ,0, =vh NXh  (iv) ( )( ) ( )., MXXSN vv
X h X∈−=∇  

4. Structure Induced on M 

Let 3M  be an orientable hypersurface of the Euclidean space 4R  with 

immersion 43: RMf →  and TM be its tangent bundle with immersion 

.: 8RTMF →  We denote the induced metrics on M, TM by g, g  

respectively and the Euclidean metric on 4R  as well as on 8R  by .,  We 

also denote by ∇, ,∇  D and D  the Riemannian connections on M, TM, ,4R  

and 8R  respectively. Let N and S be the unit normal vector field and the 

shape operator of the hypersurface M. We know that 4R  has 3 Hermitian 

complex structures ,,, 321 JJJ  Hermitian in the sense that IJi −=2  and 

,3,2,1,,, =∀= iYXYJXJ ii  which give that .0, =XXJi  For those 

three complex structures we have the relations 

31221 JJJJJ =−=  

12332 JJJJJ =−=  

.23113 JJJJJ =−=  

Suppose that N is a unit normal to the hypersurface M. Then this unit normal 
will induce 3 unit vector fields on M, defined by ,3,2,1, =∀−=ξ iNJii  

with dual 1-form ( ) ( )., ii XgX ξ=η  The set { }321 ,, ξξξ  is a set of normal 

orthonormal vectors of ,3M  because 
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( ) 211121 ,, ξξ=ξξ JJg  

21, ξ= JN  

21 , ξ−= NJ  

223 , ξ= NJJ  

223 , ξξ−= J  

0=  

and ( ) .1,,, ==ξξ=ξξ NNJJg iiiiii  

Note. For ( ),MX X∈  ( ) ( ) ,NXXXJ iii η+φ=  where ( )Xiφ  is the 

tangential component of .XJi  Then it follows that iφ  is a (1, 1) tensor field 

on .3M  Using ,2 IJi −=  it is easy to see that ( )giii ,,, ηξφ  defines an 

almost contact metric structure on ,3M  that is, 

( ) ( ) ( ) 0,0,1,2 =ξφ=φη=ξηξη+−=φ iiiiiiiii XXX  

and ( ) ( ) ( ) ( ) ( ).,,,, MYXYXYXgYXg iiii X∈ηη−=φφ  

We immediately obtain the following 

Lemma 4.1. Let 3M  be an orientable hypersurface of .4R  Then the 

structure ( ) 3,2,1,,,, =∀ηξφ igiii  on 3M  satisfies 

  (i) ( ) ( ) ( ) ( ) iiiX XSXgSXXX ξ−η=φ∇ ,  

 (ii) ( )XSJD iiX =ξ  

(iii) .SXiiX φ=ξ∇  

Note. We have the following relations 

(1) 
312 ξ−=ξΦ  

132 ξ=ξΦ  

022 =ξΦ  
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(2) 

213 ξ=ξΦ  

123 ξ−=ξΦ  

033 =ξΦ  

(3) 

011 =ξΦ  

321 ξ=ξΦ  

.231 ξ−=ξΦ  

Note. Let .11 Φ=Φ SS  Then use ,11 ξ∇=Φ XSX  and take 1ξ=X  

( ) .00111111 11 ==ξΦ=ξ∇⇒ξ∇=ξΦ⇒ ξξ SSS  

Theorem 4.1. Let M be an orientable real hypersurface of .4R  If 
,11 Φ=Φ SS  and ,22 Φ=Φ SS  then 

( ) 0, =ξξ jiSg  when, ji ≠  

and 

( ) ( ) ( ).,,, 332211 ξξ=ξξ=ξξ SgSgSg  

Proof. We have 

1. 

( ) ( )31121 ,, ξΦξ−=ξξ SgSg  

( )311 , ξξΦ= Sg  

( )311 , ξξΦ= Sg  

0=  
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2. 

( ) ( )21131 ,, ξΦξ=ξξ SgSg  

( )211 , ξξΦ−= Sg  

( )211 , ξξΦ= Sg  

0=  

3. 

( ) ( )21232 ,, ξΦξ=ξξ SgSg  

( )221 , ξξΦ−= Sg  

( )221 , ξξΦ−= Sg  

( )23, ξξ−= Sg  

( )23, ξξ−= Sg  

( ) 0, 32 =ξξ⇒ Sg  

4. 

( ) ( )212133 ,, ξΦξΦ=ξξ SgSg  

( )22, ξξ= Sg  

and similarly  

( ) ( )323211 ,, ξΦξΦ=ξξ SgSg  

( )., 33 ξξ= Sg  

From this theorem we get the following 

Corollary 4.1. Let M be an orientable real hypersurface of .4R  Then 

under the assumption that the shape operator S of M in 4R  has the 
conditions 
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,11 SS Φ=Φ  and 22 Φ=Φ SS  

we have  

( ) ( ) ( ) ( ).,,,,, 11 MYXYXgSgYSXg X∈∀ξξ=  

Proof. For ( ),MX X∈  we can write 321 ξ+ξ+ξ= cbaX . This 

implies that 

( ) ( )321321 ,, ξ+ξ+ξξ+ξ+ξ= cbacSbSaSgXSXg  

( ) ( ) ( )33
2

22
2

11
2 ,,, ξξ+ξξ+ξξ= SgcSgbSga  

( )[ ]222
11, cbaSg ++ξξ=  

( ) ( )XXgSg ,, 11 ξξ=  

( )( )XXSgg ,, 11 ξξ=  

( ) ( )XXgSg ,, 11 ξξ= . 

This gives 

( ) ( )( ) ( ) ( )YXYXgSgYXYXSg ++ξξ=++ ,,, 11  

which implies that ( ) ( ) ( ) ( ).,,,,, 11 MYXYXgSgYSXg X∈∀ξξ=  

Note. Since ,IfS =  where ( ),, 11 ξξ= Sgf  ( )( ) ( ) ,YfXYSX =∇  and 

( ) ( ) ( ) ( ),XSYS YX ∇=∇  for a hypersurface of the Euclidean space. This 

implies that ( ) ( ) ( ).XfYYfX =  Taking Y as a unit vector field, and taking 

inner product with Y for both sides of the equation, it follows that 

( ) ( ) ( ) ( )YXgfYYYgfX ,, =  

( ) ( ) ( )., YXgfYfX =  

Assume 1ξ=X  and ( ) .012 =ξ⇒ξ= fY  Then we get ( ) 02 =ξ f  and 

( ) ,03 =ξ f  which imply that ( ) ,0=fX  ( )11, ξξ=⇒∀ SgfX  is a 

constant. 
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Theorem 4.2. Let M be an orientable real hypersurface of ,4R  and TM 

be its tangent bundle. Then { }vvv
321 ,, ξξξ  is a set of linearly independent 

vectors. 

Proof. Assume that 

.0332211 =ξλ+ξλ+ξλ vvv  

Taking inner product with ,1
vξ  we have 

( ) ( ) ( ) 0,,, 133122111 =ξξλ+ξξλ+ξξλ vvvvvv ggg  

⇒  

( ) ( ) ( ) 0,,, 133122111 =ξξλ+ξξλ+ξξλ ggg  

  ⇒  

    .01 =λ  

Similarly we can show that .032 =λ=λ  

Theorem 4.3. Let M be an orientable real hypersurface of .4R  If 
,11 SS Φ=Φ  and ,22 Φ=Φ SS  then the sectional curvature of the 

horizontal plane sections is a constant. 

Proof. Since 

( ) ( )( ) ( )( ) ( )( ) ( )( ){ } π−= WYSgZXSgWXSgZYSgWZYXR hhhh ,,,,,;,~  

using that ( ) ( ) ( ),,,, 11 YXgSgYSXg ξξ=  and that ( ) =ξξ=α 11,Sg  

constant t, we get  

( ) ( ) ( ) ( ) ( ){ } ,,,,,,;,~ 2 π−α= WYgZXgWXgZYgWZYXR hhhh  

which proves the result. 



Suha B. Al-Shaikh 236 

Theorem 4.4. The tangent bundle 3TM  of the hypersurface 3M  of 4R  
under the conditions ,11 SS Φ=Φ  and 22 Φ=Φ SS  is flat if and only if M is 

flat. 

Proof. Because of the existence of the Hopf condition on the 
hypersurface M, we get that M has a constant sectional curvature, say c. Thus 

( ) ( ) ( ) ( ) ( ){ }.,,,,,;, WYgZXgWXgZYgcWZYXR −=  

Substitute this in the relation 

( ) ( ) ( ) ( ) ( ){ } π−α= WYgZXgWXgZYgWZYXR hhhh ,,,,,;,~ 2  

to get 

( ) ( ).,;,,;,~ 2
WZYXR

c
WZYXR hhhh α

=  

Since 0~ =R  except for the horizontal vectors, it follows that 0~ =R  

,0=⇔ R  which proves the result. 

Corollary 4.2. The tangent bundle 3TM  of the hypersurface 3M  of 4R  
under the conditions ,11 SS Φ=Φ  and 22 Φ=Φ SS  is locally symmetric if 

and only if M is locally symmetric. 

Proof. This follows immediately from the relations 

( ) ( )WZYXRcWZYXR hhhh ,;,,;,~ 2α=  

⇒  

( ) ( ) ( ) ( )WZYR
c

WZYR X
hhh

X h ,,~ 2
∇

α
=∇  

and  ( ) ( ) ,0,~
=∇ lkj

X
WZYRi  for { }.,,,, vhlkji ∈  
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5. Curvatures of TM 

Assuming the conditions ,11 SS Φ=Φ  and ,22 Φ=Φ SS  we obtain that 

( ) ( ) ( ) ( ),,,,,, 11 MYXYXgSgYSXg X∈∀ξξ=  where ( )11, ξξ=α Sg  is a 

constant. Then Lemma 3.1 takes the form: 

  (i) ( ) ( ) ( ) ( )uYguXgYXgYXg ppppppp
h
P

h
PP ,,,, 2α+=  

 (ii) ( ) 0, =v
P

h
PP YXg  

(iii) ( ) ( )ppp
v
P

v
PP YXgYXg ,, =  

and Lemma 3.2 takes the form: 

  (i) ( ) 0, =vv YXh  

 (ii) ( ) 0, =hv YXh  

(iii) ( ) ( ) .,, hhh NYXgYXh πα=  

Note. We can choose an orthonormal frame for TM as follows. 

For a given point ( ) ,, TMup ∈  with ,0≠u  let { }321 ,, eee  be an 

orthonormal basis for M at p, such that .1 u
ue =  Then from this basis, we 

define the horizontal and vertical lifts by ,1
11
hef

λ
=  where 

( ) ,1 2u⋅α+=λ  ,h
ii ef =  for { }3,2=j  and ,3

v
jj ef =+  for { }.3,2,1=j  

Now, we can easily prove that the set { }654321 ,,,,, ffffff  forms an 

orthonormal basis for TM. 

Proof. We have 

(1) 

( ) ⎟
⎠
⎞⎜

⎝
⎛

λλ
= hh eegffg 1111

1,1,  
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{ ( ) ( ) ( )}ueguegeeg ,,,1
11

2
11 α+

λ
=  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ α+

λ
= uuguug

u
,,11

2

2
 

{ }2211 uα+
λ

=  

1=  

(2) 
( ) ( )hh eegffg 2222 ,, =  

( ) ( ) ( ),,,, 22
2

22 ueguegeeg α+=  

. since,1 21 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊥== e

u
ue  

Similarly, we obtain that ( ) .1, 33 =ffg  

(3) We can easily show that 

( ) ( ) ( ) ,1,,, 665544 === ffgffgffg  

and that the inner product of any pair of the set { }654321 ,,,,, ffffff  is 

zero. 

Lemma 5.1. For M a Hopf hypersurface of ,4R  the mean curvature 

( )., 21 ξξ=α Sg  

Proof. We have 

( )∑
=

=α
n

i
ii eSegn

1
,1  

for the orthonormal basis { }321 ,, eee  of M, and hence 

( )∑
=

=α
3

1
,3

1

i
ii eSeg  
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( ) ( ) ( )[ ]232211 ,,,3
1 eSegeSegeSeg ++=  

( ) ( ) ( ) ( )[ ]33221111 ,,,,3
1 eegeegeegSg ++ξξ=  

( ) [ ]3,3
1

11 ξξ= Sg  

( )., 11 ξξ= Sg  

Theorem 5.1. For the tangent bundle 3TM  of the hypersurface 3M  of 
4R  under the conditions ,11 SS Φ=Φ  and ,22 Φ=Φ SS   

.6
21 hNH ⎥⎦

⎤
⎢⎣
⎡

λ
λ+α=  

Proof. Since for the orthonormal basis { }321 ,, eee  of M, we have that 

{ }
⎭⎬
⎫

⎩⎨
⎧

λ
= vvvhhh eeeeeeffffff 321321654321 ,,,,,1,,,,,  is an orthonormal 

basis for TM. Hence 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
×

= ∑
=

6

1
,32

1

i
ii ffhH  

( ) ( ) ( ) ( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ +++++
λ

= vvvvvvhhhhhh eeheeheeheeheeheeh 111111332211 ,,,,,,1
6
1  

( ) ( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ α+α+α
λ

= hhh NeegNeegNeeg 111111 ,,,1
6
1  

hN⎥⎦
⎤

⎢⎣
⎡ +
λ

α= 21
6  

,6
21 hN⎥⎦

⎤
⎢⎣
⎡

λ
λ+α=  

where ( )11ξξ=α Sg  is the mean curvature. 
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Lemma 5.2. The tangent bundle 3TM  of the hypersurface 3M  of 4R  
under the conditions ,11 SS Φ=Φ  and 22 Φ=Φ SS  has a non-negative 

sectional curvature K~  which satisfies the following 

( ) ,,~ 2α=ji ffK  for { } jiji ≠= ,3,2,1,  

and 

( ) ,0,~ =ki ffK  for { } { }.6,5,4,3,2,1 == ki  

Proof. At a point ( )up,  on TM, using { }654321 ,,,,, ffffff  as an 

orthonormal basis for the tangent space ( ) ,, TMT up  the sectional curvature 

K~  is given by 

( ) ( )
2
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ffffRffK

∧
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2
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211122

2
211122

2
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eegeegeeg

eegeegeeg

−
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λ=  
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Similarly, we get that ( ) ,,~ 2
31 α=ffK  and 

( ) ( )
2

21

2332
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,,,~
,~

ff
ffffRffK

∧
=  

( )
2

32

2332 ,,,~

hh

hhhh

ee
eeeeR

∧
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{ ( ) ( ) ( ) }
{ ( ) ( ) ( ) }2

233322

2
233322

2

,,,
,,,
eegeegeeg

eegeegeeg
−

−α
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.2α=  

Similarly, 

( ) ( )
2

1
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1

,,,~
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k
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ffffRffK

∧
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2
1
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1

1,,,1~

v
k

h

hv
k

v
k

h

ee

eeeeR

∧
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⎟
⎠
⎞

⎜
⎝
⎛

λλ=  

,0=  

and ( ) ( ) .0,~,~
32 == kk ffKffK  

Theorem 5.2. If 3TM  is the tangent bundle of the hypersurface 3M  of 
4R . Then under the conditions ,11 SS Φ=Φ  and ,22 Φ=Φ SS  the Ricci 

curvature Ric  of ( )gTM ,  satisfies the following: 

( ) { ( ) ( ) ( )} ( )
2

2 2, , 2 , , 3 ,h h h hRic X Y g X Y g X u g Y u g X Yα= − α + α
λ

 

and 

( ) ( ), , 0.h v v vRic X Y Ric X Y= =  

Proof. We have 

( ) ( )
6

1
, , , ,i i

i
Ric X Y R f X Y f

=

=∑  

for ,, hh YX and hence 

( ),h hRic X Y  
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6

1
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i

R f X Y f
=

=∑  
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{ ( ) ( ) ( )} ( ).,3,,2, 22
2

YXguYguXgYXg hh α+α−
λ
α

=  

Similarly we can calculate that 

( ) ( )
6

1
, , , , 0h v h v

i i
i

Ric X Y R f X Y f
=

= =∑  

and 

( ) ( )
6

1
, , , , 0.v v v v

i i
i

Ric X Y R f X Y f
=

= =∑  

Theorem 5.3. Let 3TM  be the tangent bundle of the hypersurface 3M  

of 4R , Then under the conditions ,11 SS Φ=Φ  and ,22 Φ=Φ SS  the scalar 

curvature S~  of ( )gTM ,  satisfies the following: 

⎭⎬
⎫

⎩⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ λα+λ+−

λ
α= 2

2

2
33

532~S . 

Thus, TM has a constant scalar curvature. 

Proof. We have 

(1) ( ), 0,i iRic f f =  for { }.6,5,4=i  

(2) ( )
22 2

1 1 1 1
1 1 2, , 1 ,h h uRic f f Ric e e g u u

⎧ ⎫⎪ ⎪α α ⎛ ⎞⎛ ⎞= = −⎜ ⎟ ⎨ ⎬⎜ ⎟λ λ⎝ ⎠ ⎝ ⎠λ λ ⎪ ⎪⎩ ⎭

23+ α  
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2 2

22 2 2 2 2
2 22 3 2 2 3uα α= λ − α + α λ = λ − + λ + α λ

λ λ
  

{
2

2 2α= − +
λ
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(3) ( ) ( ) { ( ) ( ) ( )}
2

2
2 2 2 2 2 2 2 2, , , 2 , ,h h h hRic f f Ric e e g e e g e u g e uα= = − α

λ
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2 2
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