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Abstract 

In this article, we give the normal form, in ,nR  of a family of 

distributions, fulfilling everywhere Goursat’s condition [7] but 
satisfying singularities in the small growth vector at the origin:  

( ) =|− 02dim nE ( ) 2dim 03 −=|− nEn  

and  
( ) ( ) .1dimdim 001 −=|=|− nEE nn  

1. Main Theorem 

Theorem 1. Let E be a 2-distribution of nR  satisfying the condition of 
Goursat at any point and the small growth vector [ ( ) ,2,3...,,3,2 knn −−  

( ) ],,1 nn k−  at the point .0
nx R∈  Then there exists a local coordinate 

system ( )Ux,  about ,0x  such that ⊥E  is generated by 
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where ,i
ii xCX +=  with .R∈iC  

Proof. Since E satisfies the Goursat condition, ⊥E  is generated by ([2]) 
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where ,i
ii xCX +=  with .R∈iC  

To prove the theorem we adopt following steps: 

(1) Obtain that .154
3 dxxdx +=ω  

(2) Obtain that necessarily .561
4 dxxdx +=ω  

(3) Finally, obtain that 5
2

1 dxXdx i
i

i +
+ +=ω  for every ...,,6,5=i  

.2−n  

Step 1. We have two possibilities for :3ω   

154
3 dxxdx +=ω    or   =ω3 .451 dxxdx +  

Suppose that .451
3 dxxdx +=ω  In this case ⊥E  is generated by 
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It means E is generated by n∂  and  

( ),115543
54

2
53

1
5

4 −− ∂++∂+∂+∂+∂+∂−= nnppxxxxxpY  

where ( ) ( )nn xxppxxpp ...,,;...,, 6
55

6
44 ==  and ( ),...,,1 ni

ii xxpp +=  

for .1...,,7,6 −= ni  

We have that ( )⊥−4nE  is generated by 321 ,, ωωω  and ( ) =−4dim nE  

( ) .3dim 4 −=− nEn  Therefore, 4−nE  is generated by 

nxxxxxv ∂∂∂+∂+∂+∂−= ;;; 543
54

2
53

1
5

1  

but [ ]., 43 −− = nn EEE  [ ] ( ) ( ) ,0, 1403
4

2
3

1405 ∂−=|∂+∂+∂−=|∂ pxxpY  

so necessarily ( ) .004 ≠p  Now, 

⎩
⎨
⎧

=+=ω
=+=ω== −

−
0
0

143
2

132
13

3
dxxdx
dxxdxEE n

n  

so, { }nn xxZE ∂∂∂∂−∂−∂==− ;;;,span 543
4

2
3

13  and =−3dim nE  

.2−n  Since 

[ ] 3
5

44, ∂=∂ xpY  

[ ] ( ) ,00, 340 ≠∂=| pYZ  

01 |−nE  has a new dimension but 2dim 02 −=|− nEn  which is not 

impossible. 
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Step 2. We prove that .561
4 dxxdx +=ω  In contrary, suppose that 
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4 dxXdx +=ω  then  
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Therefore, { }n
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and hence, E is generated by ( )564
5

3
4

2
3

15 ∂−∂−∂−∂−∂−= XxxxpY  

66∂+ p 11 −− ∂++ nnp  and ,n∂  where ( );...,,7
55

nxxpp =  =6p  

( )nxxp ...,,7
6  and ( ),...,,1 ni

ii xxpp +=  for .1...,,7 −= ni  

Thus ( )⊥−4nE  is generated by 321 ,, ωωω  and ( ) =−4dim nE  

( ) ,3dim 4 −=− nEn  ( ) .4dim 5 −=− nEn  Since [ ] ( ) ,00, 5506 ≠∂−=|∂ pY  

( ) 005 ≠p . It thus follows that [ ]54 , −− = nn EEE  is generated by 
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As [ ] ( ) ,0, 3504 ∂−=|∂ pY  we have a new dimension for 2−nE  but 

02dim |−nE  ,2−= n  which is not possible. 

Step 3. Now, we prove ,5
2

1 dxXdx i
i

i +
+ +=ω  for every ...,,6,5=i  

.2−n  In contrary, suppose that there exists i, ,25 −≤≤ ni  such that =ωi  

,125 +++ ii dxxdx  then 
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and hence E is generated by 

( 4
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and ,n∂  where ( ) ( )ni
ii
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ii xxppxxpp ...,,;...,, 3

22
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++ ==  and 

( ),...,,1 nj
jj xxpp +=  for .1...,,2 −+= nij  

Thus ( )⊥−inE  is generated by 121 ...,,, −ωωω i  and ( ) =−inEdim  

1+− in , ( ) ,2dim 1 +−=+− inE in  and hence ( )⊥−4nE  is generated by ,1ω  

,2ω  .3ω  It means { },;;;span 4
4

n
n TE ∂∂=−  with −∂−∂= 2

3
1 xT  

.4
5

3
4 ∂−∂ xx  
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For ,3−nE  we have the possible new dimension: 

[ ] 4
2

1, ∂−= +
+

i
i xpYT  

with .72 ≥+i  Then [ ] ,0, 0 =|YT  and we deduce that ( ) =− 03dim nE  

( ) ,3dim 04 −=− nEn  which is not possible. 

Step 4. By the previous steps we obtain 
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so, E is generated by ( ) 6754
5

3
4

2
3

1
6 ∂−∂+∂+∂+∂+∂−= XxxxxY  

1−∂+− nnX  and .n∂  

Thus { }n
n xxLE ∂∂∂∂−∂−∂==− ;;;,span 543

4
2

3
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3  and 

3dim −nE   .2−= n  Since 

[ ] 3
6

4, ∂=∂ xY  and [ ] ,, 3
65 ∂= xxYL  

we have 

{ },;;;,,span 543
6

2 nn LxE ∂∂∂∂=−  and .2dim 02 −=|− nEn  

For 

[ ] ( ) [ ] 03703
6

372
26

3
6

1 ,;,: |∂=∂∂+∂=∂− CYxXxYxEn , 

.1dim 01 −=|− nEn  Then necessarily .07 ≠C  

Remark. Since [( ) ] 382
6

7372
26 3, ∂+∂=∂+∂= XxXYXxM  and 
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[ ]YM , ( ( ) ) ,3 392
2
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6 ∂−∂−−= XxXx  [ ] 270, ∂−= CYM  and =|0dim nE  

,1−n  .dim 01 nEn =|+  

Step 5. By the previous steps, we obtain 
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Let .7CC =  Then using the change in variables 

,,,, 4432323211 CyxyCxyCxCyx ====  

,...,,, 6655 nn CyxCyxyx ===  

we obtain 
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with .R∈ik  
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