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Abstract

In this article, we give the normal form, in R”, of a family of

distributions, fulfilling everywhere Goursat’s condition [7] but

satisfying singularities in the small growth vector at the origin:

dim(E,_, o) = dim(E,_3[¢) =n -2
and
dim(E,_;|g) = dim(E, o) = n - 1.

1. Main Theorem

Theorem 1. Let E be a 2-distribution of R" satisfying the condition of
Goursat at any point and the small growth vector (2,3, ..., n =3, (n —2);,

(n—=1), n), at the point xy € R". Then there exists a local coordinate

system (x, U) about x, such that E L is generated by

Received: February 27, 2018; Accepted: June 7, 2018
2010 Mathematics Subject Classification: Primary 58A30, 58A17; Secondary 58A15, 58A10.
Keywords and phrases: Pfaffian systems, vector distributions, abnormal curves.



216 Mohamad H. Cheaito

o) = dx? + x3dx!
®) = dx® + x*dx!
03 = dx* + xOd!
0y = dx! + x8ax®
O = dx® + X 7dx5
0, = dx" 1+ Xndxs,

where X; = C; + x', with C; e R

Proof. Since F satisfies the Goursat condition, £ L s generated by ([2])

o = dx? + x>
) = d> + x*ax!
wy = dx + X°dx3; (is, j3) € {(1, 4), (4,1)}
0y = dx' + Xedx'*; (i, ja) €45, /3), (3. 5)}
®yp = A2+ X,dx 2 (i, jaen) €40 =1, jue3), (U3, n =D},

where X; = C; + x', with C; € R.
To prove the theorem we adopt following steps:
(1) Obtain that ©3 = dx* + x>dx'.

(2) Obtain that necessarily w4 = dx! + x8dx°.

(3) Finally, obtain that o; = dx' 4 X,-+2dx5 for every i =5, 6, ...,
n—2.
Step 1. We have two possibilities for ws:

03 = det + Xdx! or w3 = d! + Xdx*,

Suppose that w3 = dx' + xdx*. In this case E7 is generated by
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o0 = dx? + x3dx!
w, = dx® + x*dx!
0wy = di! + dx*
0y = dx'4 + X6dxj4; (ig, ja)€{(5,4),(4,5)}
() = dxl}%z + Xndxjniz; (in—2= jn—Z) € {(n - L jn—3 )7 (jn—3a n-— 1)}

It means E is generated by 0,, and
Y = p4(— x561 + x3x582 + x4x563 + 84 + p585 + e+ pn_lan_l),

where py = p4(x6, vy X1); ps = p5(x6, .y X") and p; = pl-(xiH, e X,
fori=6,7,..,n—1.

We have that (E"~*)" is generated by o), ©,, 03 and dim(E""*) =
dim(E,_4) = n — 3. Therefore, E" ~4 is generated by
v = —x581 + x3x562 + x4x583 + 04; O5; =+ 0,

but E,_3 = [E, E,_4] [05,Y]lg = pa(= 01 +x°05 +x*03)|g = —p4(0)0y,

so necessarily p4(0) # 0. Now,

E _pn3 o= dx? + x3dx! =0
3 = =
" 0, = de + x*ax! =0

so, E, 3 = span{Z = 0, — x>0, — x*03, 04; 05; -+; 0, } and dimE,, 3 =
n — 2. Since

[04, Y] = pgx’d3

[Z, Y]lo = pa(0)05 # 0,

E, 1]op has a new dimension but dimE,_ 5|y =#n—2 which is not

impossible.
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Step 2. We prove that w4 = dx' + x%ax°. n contrary, suppose that
0y = dx> + X6dx1, then
0 = dx? + x>d! =0
0, = dx® + x*dx! =0
03 = dx* + xdx! =0
Wy = dxs + X6dx1 =0

E, 5= En—S =

Therefore, E"™> = Span{0d; — x382 - x483 - x584 - X¢0s; Og, -.; 0,,} and

o = dx? 1 x3dx!
ap) = dx3 +x4dx1
3 = dx4+x5dx1
Et={ o, = dx® + X gdx!
05 = dxis +X7dxj5;(i5,j5)€{(6,1)a (196)}
®,_> = dxl”‘z +Xndxjn_2 ;(in—z, jn—Z)E {(n_l, jn—3 )’ (jn—3’ n_l)}’

and hence, E is generated by ¥ = ps(— 0| — x°05 — x*03 — x°04 — X¢0s)
+ peOg + -+ py_10,1 and 8,, where ps = ps(x’, .., x"); pe =
p6(x7, vy X") and p; = pi(xiﬂ, o X"), fori="7,..,n-1.

Thus (E"*) is generated by |, @y, 3 and dim(E" %)=
dim(E,_4) = n -3, dim(E"">)=n - 4. Since [, Y]|g = —p5(0)ds # 0,
p5(0) # 0. Tt thus follows that E"~* = [E, E">] is generated by

01 - x°0y — x*03 - x°04; 0551 0,
but E, 5= [E, En—4]' [65, Y] = —p584. Since

0] = dx? + x3dx! = 0

E _3 — En—3 —
" {0)2 =de’ +x*ax =0

s0, E,_3 = span{d — x°0y — x*03, 84; 0s; -++; 0, } and dimE,_3 = n — 2.
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As [04, Y]lp = —p5(0)03, we have a new dimension for E,_, but

dimE,_,|o = n— 2, which is not possible.

Step 3. Now, we prove o; = 't 4 Xl-+2dx5, for every i =5, 6, ...,

n — 2. In contrary, suppose that there exists 7, 5 <i < n — 2, such that ®; =

de + xi+2dxi+1, then

0 = dx? + x3dx!
0, = di® + x*dx!
03 = dx* + X dx!
0y = dx! + x8ax®
EJ_ _ ®; = dx6 +X7dx5
_ d i 5
0, = X"+ X,y dx

0)1 — de +xl+2dxl+1

i iy g . . .
Wy = dxn2 +Xndxjn 2 (ln—2’ ]n—2) € {(I’l—l, ]n—S)v (]n—3a n_l)}

and hence F is generated by
Y = pry (655420, — x5 20, — x*x0x*20; - xSxSxi2g,
i+2 i+2 i+2

- X 85 +X7x 66+---+X,-+1x 6,-+6,-+1)

+ Pi20i42 + 0+ Pp1Op
and 0,, where piiq = pii(X', o X pin = pisa(x'3, . x™) and
pj= pj(xjH, o xt), for j=i+2, ...,n-1.

Thus (E" ')t is generated by [, o, .., »; ; and dim(E"™")=
n—i+1, dim(E") = n—i+2, and hence (E""*)! is generated by oy,
n—-4 _ . .. : _ 3

®y, 3. It means E"" " =span{T; d4; -++; 0,}, with T =0; —x’0, —

x463 — x564.
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For E,_3, we have the possible new dimension:
[T, Y] = —piax*20y

with i+2>7. Then [T, Y]|p =0, and we deduce that dim(E,_3), =

dim(E,_4), = n — 3, which is not possible.

Step 4. By the previous steps we obtain

0 = dx? + x3dx!
®y, = d + x*ax!
03 = dx* + X!
E* = w4 = dx' + xS
05 = dx® + X 7dx5
0, 7 = dx" Xndx5

so, E is generated by Y = x%(= 8, + x°0, + x*03 + x°04) + 05 — X70¢
-+ X,0,_; and 0,,.

Thus E"3 = span{L = 8, — x>0, — x*0;, 04; 05; +++; 0,,} and

dimE, 3 =n—2. Since
[04, Y] = x%05 and [L, Y] = x°x%8;,
we have
E, = span{x663, L, 04; 055 +++; 0, }, and dimE,_5 |g = n — 2.
For
E,y 1 [x%03, Y] = (x°)? 05 + X703; [x°03, Y]y = G103,
dimE,_;|¢ = n —1. Then necessarily Cy # 0.

Remark. Since M =[(x%)?0, + X85, Y] =3X,x%, + X403 and



Local Form of Systems Satisfying Some Conditions ... 221

[M, Y] = 3(-x°Xg — (x7)%)0, — Xod3, [M, Y], = ~C70, and dimE,, |, =

n—1, dmkE, |y = n

Step 5. By the previous steps, we obtain

0 = dx? + xdx!
w, = di + x*ax!
03 = dx* + X!
E* = 0y = di! + xS

®; = dx6 + (C7 + x7)dx5; C7 #0

®, = d" 7 +(C, +x")dx.
Let C = (5. Then using the change in variables
Ao =323 = 0t = ot

x> = ys, x6 = Cy6, B A Cyn,

we obtain
o = dx? + xdx!
0, = de® + x*ax!
_ 4 5,1
03 = dx” + x"dx
pl_] o = dx + x8dx®
05 = dx® + (1+x7)dx’
wg = dx +(k, +x")dx
W,y = dx" "+ (k, +x")dx’
with k; € R.
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